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SUMMARY 


An  in-depth  tutorial  on  the  thermoelastic  constitutive  equations  for  elastic, 
anisotropic  materials  is  presented.  First,  basic  concepts  are  introduced  that 
are  used  to  characterize  materials,  and  then  notions  about  how  anisotropic 
material  deform  are  presented.  Next,  a common  notation  used  to  describe 
stresses  and  strains  is  given,  followed  by  the  rules  of  indicial  notation  used 
herein.  Based  on  this  notation,  Hooke’s  law  and  the  Duhamel-Neuman  law 
for  isotropic  materials  are  presented  and  discussed. 

After  discussing  isotropic  materials,  the  most  general  form  of  Hooke’s  law 
for  elastic  anisotropic  materials  is  presented  and  symmetry  requirements 
that  are  based  on  symmetry  of  the  stress  and  strain  tensors  are  given. 
Additional  symmetry  requirements  are  then  identified  based  on  the 
reversible  nature  of  the  strain  energy  and  complimentary  strain  energy 
densities  of  elastic  materials.  A similar  presentation  is  then  given  for  the 
generalized  Duhamel-Neuman  law  for  elastic,  anisotropic  materials  that 
includes  thermal  effects.  Next,  a common  abridged  notation  for  the 
constitutive  equations  is  introduced  and  physical  meanings  of  the  elastic 
constants  are  discussed. 
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SUMMARY  - CONCLUDED 


As  a prelude  to  establishing  various  material  symmetries,  the 
transformation  equations  for  stress  and  strains  are  presented,  the  most 
general  form  of  the  transformation  equations  for  the  constitutive  matrices 
are  presented. Then,  specialized  transformation  equations  are  presented  for 
dextral  rotations  about  the  coordinate  axes.  Next,  the  concepts  of  material 
symmetry  are  introduced,  the  mathematical  process  used  to  describe 
symmetries  is  discussed,  and  examples  are  given.  After  describing  the 
mathematics  of  symmetry,  the  criteria  for  the  existence  of  material 
symmetries  are  presented  and  the  classes  of  material  symmetries  are  given. 
Then,  the  invariance  conditions  and  simplifications  to  the  constitutive 
equations  are  presented  for  monoclinic,  orthotropic,  trigonal,  tetragonal, 
transversely  isotropic,  and  completely  isotropic  materials. 

After  establishing  a broad  range  of  material  symmetries,  the  engineering 
constants  of  fully  anisotropic,  elastic  materials  are  derived  from  first 
principles  and  then  specialized  to  several  cases  of  practical  importance. 
Lastly,  reduced  constitutive  equations  are  derived  for  states  of  plane  stress, 
generalized  plane  stress,  plane  strain  and  generalized  plane  strain. 
Transformation  equations  are  also  derived  for  these  special  cases. 
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PREFATORY 

COMMENTS 
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MOTIVATION  AND  APPROACH 


• Knowledge  of  anisotropic  materiais  has  become  prominent  in  the  iast 
few  decades  because  of  the  appiications  of  advanced,  iightweight  fiber- 
reinforced  composite  materiais  to  aircraft  and  spacecraft 

• The  materiai  presented  herein  is  redundant  in  severai  sections,  by 
design 

• First,  to  reinforce  concepts  and  enhance  iearning 

• Second,  to  provide  stand-aione  sections  that  can  be  used 
independentiy  for  various  reasons 

• Third,  to  serve  as  a comprehensive  reference  document 
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AND  NOTATIONS 


14 


BASIC  CONCEPTS 


• The  macroscopic  physical,  or  material,  properties  of  a body  are 
specified  by  constitutive  equations 

• For  example,  a relationship  between  stress,  strain,  and  temperature 
is  commonly  specified  for  solid  materials 

• The  material  properties  of  a solid,  regardless  of  its  shape,  are  generally 
functions  of  the  coordinates  of  the  material  particles 

• Solids  for  which  the  material  properties  vary  pointwise  are 
described  as  inhomogeneous  (e.g.,  a bi-metallic  strip) 

• For  homogeneous  solids,  the  material  properties  are  the  same  for 
every  particle  of  the  solid 

• The  material  properties  of  a homogeneous  solid  are  described 
mathematically  as  invariant  with  respect  to  coordinate-frame 
translations 
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BASIC  CONCEPTS  - CONCLUDED 


• A body  is  described  as  isotropic  at  a point  if  its  properties  at  that  point 
are  independent  of  direction 

• A body  that  is  not  isotropic  is  described,  in  the  most  generai  case, 
as  anisotropic 

• A body  that  is  isotropic  at  a given  point  is  described  mathematicaiiy  as 
invariant  with  respect  to  coordinate-frame  rotations  (for  that  point) 

• A body  is  described  as  homogeneous  and isotropic  W its  properties  are 
independent  of  direction,  and  identicai,  at  every  point  of  the  body 

• Distortion  is  defined  as  deformation  that  consists  of  a change  in 
shape  without  a change  in  voiume  (pure  shearing  deformation) 

• Diiatation  is  defined  as  deformation  that  consists  of  a change  in 
voiume  without  a change  in  shape  (pure  expansion-contraction-type 
deformation) 
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BASIC  NOTIONS  OF  DEFORMATION 


• Pure  normal  stresses  acting  within  a homogeneous,  isotropic  soiid 
produce  oniy  voiumetric,  extensionai  (diiatationai)  deformations 

• The  angie  between  every  pair  of  intersecting  materiai  iine  eiements, 
that  iie  in  the  pianes  that  are  perpendicuiar  to  the  normai  stresses 
in  the  soiid,  remains  unchanged  during  deformation  (no  shearing) 
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BASIC  NOTIONS  OF  DEFORMATION  - CONTINUED 


• Pure  shearing  stresses  acting  within  a homogeneous,  isotropic  soiid 

produce  oniy  distortionai,  shearing  (deviatoric)  deformations 

• The  angie  between  every  pair  of  intersecting  materiai  iine  eiements 
that  iie  in  the  pianes  of  the  shearing  stresses  in  the  soiid  change 
during  deformation,  but  the  iength  of  the  iine  eiements  does  not 
change  (no  diiatation) 


Shearing  stress 

Deformed  shape  of 
an  anisotropic  soiid 


Deformed  shape  of 
an  isotropic  soiid 
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BASIC  NOTIONS  OF  DEFORMATION  - CONTINUED 


• Pure  shearing  stresses  acting  within  a homogeneous,  isotropic  soiid 
produce  oniy  distortionai,  shearing  (deviatoric)  deformations  that  are 
oniy  in  the  piane  of  the  shearing  stresses 


Deformed  shape  of  Deformed  shape  of 

an  anisotropic  soiid  an  isotropic  soiid 


• Aii  unrestrained  thermal  expansion  is  voiumetric  and  uniform  within 
a homogeneous,  isotropic  soiid;  not  so  in  a homogeneous,  generaiiy 
anisotropic  soiid 
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BASIC  NOTIONS  OF  DEFORMATION  - CONCLUDED 


• Strains  that  are  caused  by  unconstrained  thermal  expansions,  that 
do  not  produce  stresses,  are  defined  as  free  thermal  strains 

• A so//c/  is  described  as  ideally  elastic  (usuaiiy  just  caiied  eiastic) 
when  it  recovers  to  its  initiai,  stress-  and  strain-free  configuration  upon 
removai  of  the  appiied  ioads  or  temperature  fieid 

• For  this  case,  there  exists  a one-to-one  (unique)  mathematicai 
reiationship  between  the  stresses  and  strains  that  act  within  the 
ioaded  soiid 
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NOTATION  FOR  STRESSES  AND  STRAINS 


• In  the  development  that  follows,  stresses  and  strains  are  defined 
relative  to  standard  rectangular  Cartesian  coordinates  (x„  x^,  X3) 


Normal  stresses 


• The  normal  strains  and  B33  correspond  to  the  normal  stresses 

022,  and  033 , respectively 

• The  shearing  strains  28^2  = Y12,  2e,3  = Yi3>  and  2823  = Y23  correspond  to  the 
shearing  stresses  0,2,  0,3,  and  023 , respectively 
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INDICIAL  NOTATION 


• The  rules  of  indicial  notation  associated  with  Cartesian  tensors  are 
used  herein 

• in  particuiar,  aii  indices  appear  as  subscripts,  uniess  noted  otherwise 

• For  example,  £|j  = ^[(1  + v)a„  - ] 

• Latin  indices  take  on  the  vaiues  (1, 2,  3} , and  repeated  iatin  indices 

3 

impiy  summation  over  this  set;  e.  g.;  o^k  = 2 Okk  = + Ogg  + O33 

• indices  that  are  not  summed  in  an  equation  are  caiied  free  indices  and 
take  on  the  compiete  set  of  possibie  vaiues 

• The  symboi  5jk  is  known  as  the  Kronecker  Delta  Symbol  and  is 
equai  to  one  when  j = k and  is  equai  to  zero  otherwise 
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CONSTITUTIVE  EQUATIONS 
FOR  ISOTROPIC  MATERIALS 
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HOOKE’S  LAW 

HOMOGENEOUS,  ISOTROPIC,  LINEAR-ELASTIC  SOLID 

• In  the  17th  century,  Robert  Hooke  began  developing  a constitutive 
law  for  elastic,  isotropic  solids 

• The  concept  of  elastic  deformation  was  introduced  by  Hooke  in 
1676 


• Hooke’s  work  led  to  the  following  equations  that  are  in  use  today 

Eii  = - v(a22  + agg)] 

E22  = ^[<^22  - “^((>11  + O33)] 

E33  = ^[<^33  - ^(^11  + ^^22)] 


« 2(1  + v) 

2^23  — Y23  “ C ^ 


23 


o 2(1  + v) 

2^13  Yi3  P 


a 


13 


o 2(1  + v) 

2^12  Yi2  P 


a 


12 


or  in  indicial  notation 
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HOOKE’S  LAW  - CONCLUDED 

HOMOGENEOUS,  ISOTROPIC,  LINEAR-ELASTIC  SOLID 
• The  inverted  form  of  Hooke’s  law  is  given  by 


^11-  (1  +v)(1  ^)^11+^(^22+£33)] 

2(1  +v)  (1  +v) 

(1+v)(1-2v)[*‘'  v)e,,  + v(8„+E33)] 

“ 2(171^  “ ■(TT^ 

(1  +v)(1  v)E33  + v(e„  + E,,)] 

2(1  +v)  (1  +v) 

or  in  indicial  notation 


• For  these  equations,  it  is  important  to  remember  that  the  strains  are 
caused  by  the  externally  applied  loads  and  displacements 

• Strains  of  this  type  are  called  (stress-induced)  mechanical 
strains  and  are  the  result  of  the  internal  stresses 
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THE  DUHAMEL-NEUMANN  LAW 

HOMOGENEOUS,  ISOTROPIC,  LINEAR-THERMOELASTIC  SOLID 

• Hooke’s  law  was  extended  by  J.  M.  C.  Duliamel  (circa  1838)  and 

F.  E.  Neumann  (circa  1888)  to  include  the  first-order  effects  of  thermal 
loading 

• This  law  is  based,  in  part,  on  the  premise  that  the  total  strain  E,j  at  a 
point  of  a solid,  subjected  to  thermomechanical  loading,  consists  of 

mechanical  strain  and  strain  caused  by  free  thermal  expansion  e] 


• The  mechanical  strain  el  is  the  stress-Znc/c/cec/ strain  caused  by  the 
externally  applied  loads  and  displacements,  and  the  stress-induced 
strain  caused  by  nonuniformity  in  the  temperature  field  or  in  the 
thermal  expansion  properties  of  the  materiai 


F..  = F-.  + F.. 

where 

< = + ^)^ij  - ] 

j 

eJ  = cLb,.(T  - T,^f) 

the  temperature  fieid,  and  T,^f  is  the  temperature  fieid  at  which  the 
body  is  deemed  stress  and  strain  free  (or  negiigibie) 
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THE  DUHAMEL-NEUMANN  LAW  - CONTINUED 

HOMOGENEOUS,  ISOTROPIC,  LINEAR-THERMOELASTIC  SOLID 

• The  temperature  fields  T and  T^^f  are,  in  general,  functions  of  position 
within  the  body;  that  is,  t = t(x„  x^,  X3)  and  t ref  ^ref(^i’  ^25  ^3) 

• T is,  in  generai,  aiso  time  dependent  and  T,^f  is  typicaiiy  uniform, 
with  a vaiue  equai  to  a nominai  ambient  temperature 

• Thermal  stresses  are  caused  by  two  effects: 

• The  spatial  nonuniformity  in  the  fieid  «(t  - T,^f)  and 

• Geometric  restraints  that  prevent  stress-free  thermai  expansion 

• When  a soiid  is  subjected  to  a nonuniform  temperature  fieid  or  its 
thermai  expansion  properties  vary,  there  arises  a mismatch  in  the 
thermal  expansion  of  neighboring  materiai  particies 

• internai,  "thermal  stresses"  deveiop  to  maintain  continuity  of  the 
materiai  body,  which  induces  mechanicai  strains 
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THE  DUHAMEL-NEUMANN  LAW  - CONTINUED 

HOMOGENEOUS,  ISOTROPIC,  LINEAR-THERMOELASTIC  SOLID 

• The  work  of  Hooke,  Duhamel,  and  Neumann  led  to  the  following 
thermoelastic  constitutive  equations  that  are  used  today 


Eii  = - v(o22  + 033)]  + a(T  - T,3f) 

0 2(1  +v) 

2e^2  Yi2  g ^12 

2(1  +v) 

2^13  Yi3  g ^13 

E22  = ^[<^22  - + 033)]  + a(T  - T,3f) 

« 2(1  +v) 

2E23  ~ y 23  ~ g ^23 

E33  = ^[033  - v(a^i  + 022)]  + a(T  - Tref) 

or  in  indicial  notation 


(1  + V 

J 

+ a6,j(T  - T,ef) 
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THE  DUHAMEL-NEUMANN  LAW  - CONTINUED 

HOMOGENEOUS,  ISOTROPIC,  LINEAR-THERMOELASTIC  SOLID 


The  inverted  form  of  the  Duhamel-Neumann  law  Is  given  by 


Ea(T  - T„,) 


= (1^v)(1-2v)[(^  - - ^2v) 


Ea(T  - T„,) 


(1  - 2v) 


Ea(T  - T„,) 


(1  - 2v) 


^12  “ Yi2  “ /H  . ^12  ^13  “ 


2(1  -I- v)  (1  + v) 


E y = E ^ 
2(1  -I-  v)  (1  + v) 


a„  = 


2(1  -I- (1+v)"^^ 


E 


£23  or  in  indicial  notation 
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THE  DUHAMEL-NEUMANN  LAW  - CONCLUDED 

HOMOGENEOUS,  ISOTROPIC,  LINEAR-THERMOELASTIC  SOLID 


• The  constitutive  equations  show  that  an  isotropic  material  is 

characterized  fully  by  two  independent  E and  v,  and 

by  one  thermal  expansion  coefficient  a 


• E is  the  modulus  of  elasticity,  which  is  aiso  caiied  Young’s 
moduius  and  the  eiastic  moduius 

• V is  Poisson’s  ratio  and  a is  the  coefficient  of  iinear  thermai 
expansion 


• E and  v are  reiated  by 


where  G is  caiied  the 


shear  moduius  or  the  moduius  of  rigidity 
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GENERALIZED  HOOKE’S  LAW 

FOR 

HOMOGENEOUS, 
ANISOTROPIC, 
LINEAR-ELASTIC  SOLIDS 
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GENERAL  FORM  OF  HOOKE’S  LAW 


• The  generalization  of  Hooke’s  law  to  anisotropic  materials  is  attributed 
to  Cauchy  (in  1829)  and  postulates  that  every  component  of  the  stress 
tensor  is  coupled  linearly  with  every  component  of  the  strain  tensor; 
i.e., 


i £ii  ^ 


'22 

^33 

^23 

^13 

£i2 

E32 

^31 


/ 


V ^21  ] 


S1111 

Q 

*^1122 

Q 

*^1133 

Q 

*^1123 

^1113 

S1112 

Q 
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Q 

V3  2222 
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'^2223 
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'^2212 
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*^2231 
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'^2221 
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'^3311 
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*^3333 

Q 
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Q 
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'^1323 
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'^1313 

Q 

'^1312 

Q 
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Q 

'^1331 

Q 
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Q 
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Q 

'^1233 

Q 

'^1223 

Q 

'^1213 

Q 

'^1212 

Q 

'^1232 

Q 

'^1231 

Q 

^^1221 

Q 

'^3211 

Q 

*^3222 

Q 

*^3233 

Q 

*^3223 

Q 

*^3213 

Q 

*^3212 
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*^3232 

Q 

*^3231 

Q 

^^3221 

S3111 

Q 

*^3122 

Q 

*^3133 

Q 

*^3123 

Q 

*^3113 

Q 

*^3112 

Q 

'^3132 

Q 

*^3131 

Q 

^^3121 

S2111 

Q 

'^2122 

Q 

*^2133 

Q 

'^2123 

Q 

*^2113 

Q 

*^2112 

Q 

'^2132 

Q 

*^2131 

Q 

^^2121 

or  in  indicial  notation  by 


• Note  that  Sjj„,  have  units  of  stress'^;  e.g.,  inVib 
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GENERAL  FORM  OF  HOOKE’S  LAW  - CONTINUED 


• Sjji^i  are  called  the  components  of  the  (4th-order)  compliance  tensor 
and  are  often  called  compliances  or  compliance  coefficients 

• Without  further  simplication,  there  are  3^  (or  81)  independent 

compliance  coefficients  that  must  be  determined  from  experiments, 
to  fuiiy  characterize  a given  homogeneous  materiai 


• The  previous  equation  indicates  that  each  normai-stress  component 
produces  shearing  strains  in  aii  three  coordinate  pianes,  in  addition  to 
three  extensionai  strains 


• Simiiariy,  each  shearing-stress  component  produces  extensionai 

strains  aiong  aii  three  coordinate  directions  and  shearing  strains  in  the 
two  pianes  perpendicuiar  to  the  piane  of  the  shearing  stress,  in  addition 
to  a shearing  strain  in  the  piane  of  the  shearing  stress 
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GENERAL  FORM  OF  HOOKE’S  LAW  - CONTINUED 


• Thus,  dilatational  deformation  (expansion-contraction)  and 
distortional  deformation  (shearing)  are  fuiiy  coupied  in  an 
anisotropic  materiai,  uniike  common  isotropic  materiais 

• The  inverted  form  o\  generaiized  Hooke’s  iaw  is  given  by 


i Oii  \ 

O22 

a 
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a 

a 

a 


23 


13 


o 

o 


31 


12 


32 


\or„y 


3311 


'3322  '-'3333  '-'3323  '-'3313 


'3312 


c c c c c c 

'^1111  '^1122  '^1133  '^1123  '^1113  '^1112 

c c c c c c 

'^2211  '^2222  '^2233  '^2223  '^2213  '^2212 

c 
c 
c 
c 
c 
c 
c 


c c 

'^1132  '^1131 

c c 

'^2232  '^2231 


'1121 


'2221 


c c c c c c 

'^2311  '^2322  '^2333  '^2323  '^2313  '^2312 

c c c c c 

1311  '^1322  '^1333  '^1323  '^1313  '^1312 

c c c c c c 

'^1211  '^1222  '^1233  '^1223  '^1213  '^1212 

c c c c c 

3211  '^3222  '^3233  '^3223  '^3213  '^3212 

c c c c c c 

'^3111  '^3122  '^3133  '^3123  '^3113  '^3112 

c c c c c 

2111  '^2122  '^2133  '^2123  '^2113  '^2112 


3332  '-'3331  '-'3321 
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c c 

'^2332  '^2331 

c c 

'^1332  '^1331 

c c 

'^1232  '^1231 

c c 

'^3232  '^3231 
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'^3132  '^3131 

c c 

'^2132  '^2131 


'2321 


'1321 


'1221 


'3221 
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£22 

^33 

j 

^23 

c 

A 

*^13 

Ei2 

£32 

^31 

V ^21  y 

or  in  indiciai  notation  by 


Note  that  Cjj„,  have  units  of  stress;  e.g.,  ib/in' 
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GENERAL  FORM  OF  HOOKE’S  LAW  - CONTINUED 


• Cjji^i  are  called  the  components  of  the  (4th-order)  elasticity  or  stiffness 
tensor  and  are  often  called  stiffness  coefficients 


• Note  that  Syi^,  and  C;j|^,  are  constants  for  a homogeneous  material 

• The  number  of  independent  coefficients  in  £|j  = can  be  reduced 

by  enforcing  symmetry  oi  the  stress  and  strain  tensors 

• £jj  = ^ijki^ki  Is  the  same  as  Eji  — Sjj,^|CF,^i 

• Eij  = Eji  gives  , which  implies  s^j,,  = Sj,,,  for  a general 

stress  state  at  a point  in  a body 

• a„  = a,k  can  be  used  to  show  that  S^j^,  = 


and  SjjK,  = Sjj,^  yield  36  independent  compliance  coefficients 
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GENERAL  FORM  OF  HOOKE’S  LAW  - CONTINUED 


• The  proof  that  Sjj|^,  = Sjj,|^  is  given  as  foiiows 

• The  constitutive  equation  ^ij  “ ^ijkl^kl  can  be  expressed  as 

because  i and  k are  54//77/t7^//9/7//7^a:7^5 and  interchanging  them 
doesn’t  aiter  the  content  of  the  equation 


• Equating  = S^jkiOk,  and  £ij  = gives 


• Next,  enforcing  a^,  = a.^  gives  S^jkiOk,  = , which  impiies 


for  a general  stress  state  a point  in  a body 
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GENERAL  FORM  OF  HOOKE’S  LAW  - CONTINUED 


• The  number  of  independent  coefficients  in  a,j  = can  also  be 
reduced  directly  by  enforcing  symmetry o\  the  stress  and  strain  tensors 

• cFij  = ^ijki^ki  is  the  same  as  cfji  — Cjj,^|E,^i 

• o^ij  = gives  , which  implies  = Cj,,,  for  a general 

strain  state  a point  in  a body 

• Eki  = Eik  can  be  used  to  show  that  Cij„  = Cij„ 


and 


yield  36  //7^6»/7g/7^g/7/stiffness  coefficients 


• Cauchy’s  generalized  form  of  Hooke’s  Law  ends  up  with  36 
independent con\pWar\ce  or  stiffness  coefficients 
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GENERAL  FORM  OF  HOOKE’S  LAW  - CONTINUED 


• The  expanded  form  o\  Cauchy’s  generalized  Hooke’s  law  8,j  = Sijk,a„  is 
obtained  as  follows 

• First,  expanding  the  last  summation  index  gives 

^ij  “ [^ijkl^kl]  ^ [^ijk2^k2]  ^ [^ijkS^ks] 


• Then,  expanding  the  summation  index  k gives 


^ij  = 

I 1 

CO 

c/T 

+ 

C/T 

+ 

C/T 

I I 

+ 

^ij12^12  ^ij22^22  ^ij32^32 

+ 

CO 

CO 

D 

CO 

C/T 

+ 

CO 

CM 

D 

CO 

C/T 

+ 

CO 

D 

CO 

C/T 

I I 

Next,  enforcing  a^,  = a„  yields 

^ij22^22  ^ij33^33 

[^ij23  ^ij32j^23  ^ij3l)^13  ^ij21 
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GENERAL  FORM  OF  HOOKE’S  LAW  - CONTINUED 


Then,  enforcing  the  conditions  = S,j,^  give  the  resuit 


^ij  ^ij22^22  ^ij33^33  2^ij23^23  2^ij13^13  2^ij12^12 


Appiying  this  equation  for  aii,  independent  vaiues  of  the  free  indices 
and  j resuits  in  the  foiiowing  matrix  representation  of  Cauchy’s 


generaiized  Hooke’s  iaw  £jj  = Sjjkia 


kl 
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V ^12  ) 
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GENERAL  FORM  OF  HOOKE’S  LAW  - CONTINUED 


• Similarly,  the  expanded  form  o\  Cauchy’s  generalized  Hooke’s  law 
c^ij  = is  obtained  as  follows 

• First,  expanding  the  last  summation  index  gives 

^ij  “ I^ijk1^k1  I ^ I^ijk2^k2j  ^ l^ijkS^ksJ 


• Then,  expanding  the  summmation  index  k gives 


0ii  = 

^ij11^11  ^ ^ij21^21  ^ ^ij31^31 

+ 

^ij12^12  ^ij22^22 

^ij32^32 

+ 

^ij13^13  ^ij23^23  "*■  ^ij33^33 

• Next,  enforcing  Bki  = £ik  yields 
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GENERAL  FORM  OF  HOOKE’S  LAW  - CONTINUED 


• Then,  enforcing  the  conditions  give  the  resuit 

^ij  ~ ^ij22^22  ^ij33^33  ^^ij23^23  2^ij13^13  2^ij12^12 

• Appiying  this  equation  for  aii,  independent  vaiues  of  the  free  indices 
and  j resuits  in  the  foiiowing  matrix  representation  of  Cauchy’s 

generaiized  Hooke’s  iaw  0jj  = Cjjk|£ki  : 
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GENERAL  FORM  OF  HOOKE’S  LAW  - CONTINUED 


• The  compliance  coefficients  Sjj|^,  and  the  stiffness  coefficients  Cjj|^, 

are  described  as  components  of  a fourth-order  tensor  (field)  because 
each  are  the  components  of  a linear  transformation  that  relates 
components  of  the  second-order  stress  tensor  (field)  to  components  of 
the  second-order  strain  tensor  (field) 
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REDUCTION  TO  21  INDEPENDENT  CONSTANTS 


• The  number  of  independent  elastic,  compliance  and  stiffness 
coefficients  is  reduced  from  36  to  21  by  enforcing  the 
thermodynamic  properties  of  reversible,  elastic  deformations 

• The  key  quantity  to  be  examined  is  the  strain-energy  density  of 
an  elastic  solid 

• The  reduction  to  21  is  attributed  to  George  Green  (1793-1841) 


• The  strain-energy  density  % of  a generally  elastic  solid  is  defined  as 
the  work  of  the  internal  stresses,  done  through  stress-induced 
mechanical  deformations,  that  is  stored  in  a loaded  body 

• In  an  ideaiiy  eiastic  solid,  experimental  evidence  indicates  that  M of 
the  work  done  by  external  forces  is  converted  into  elastic-strain  energy 
that  can  be  recovered  upon  unloading,  thus  a loaded  body  has  the 
potential  to  perform  work 
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REDUCTION  TO  21  INDEPENDENT  CONSTANTS 

CONCLUDED 


• The  existence  a strain-energy  density  function  for  linear-  and 
nonlinear-elastic  materials  can  be  shown  directly  by  using  the  first  and 
second  iaws  of  thermodynamics 

• The  term  'density"\s  used  herein  to  indicate  that  the  strain  energy 
is  defined  per  unit  voiume  of  materiai 


• The  expression  for  the  strain-energy  density  function  ft  is  obtained  by 

determining  the  strain-energy-density  increment  diTC  associated  with 
an  infinitesimai  change  in  the  deformation  of  a body 

• diTt  can  be  obtained  directiy\xovc\  the  iaws  of  thermodynamics  or  by 
determining  the  work  done  by  the  internai  forces  of  a body  on  a 
differentiai  voiume  eiement  of  materiai 
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STRAIN-ENERGY  DENSITY 


• The  strain-energy-density  increment  d!U  is  given  by 


d^^  — 0-|-|d8-|-|  + ^22^^22  ^ ^33^^33  ^ 2cF23d£23  ^ ^^13^^13  ^ 2cJi2d£-|2 


where  the  stresses  depend  on  the  mechanicai  strains;  that  is, 


^ij  “ ^ij(^11J^22J^335^23J^135^12) 


• This  expression  is  written  compactiy  in  indiciai  form  as 


= Oij(Bpq)  de,j 


• The  strain-energy  density  ft  is  obtained  by  integrating  dU  over  the 
deformation  associated  with  a ioading  process,  that  starts  at  a strain- 
free  state  and  ends  at  a particuiar  strain  state;  that  is. 
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STRAIN-ENERGY  DENSITY  - CONTINUED 


• For  an  arbitrary  process  that  involves  loading  followed  by  total 

unloading,  the  strain-energy  density  ft  is  given  by  the  circuit  integral 


• In  addition,  because  strain-energy  density  is  not  lost  during  an  arbitrary 
elastic  loading-unloading  process  (conservation  of  energy  - first  law 
of  thermodynamics),  it  follows  that 

^ = (6  ofij(epq)  d8ij  = 0 


• For  the  condition  that  ^ = 0 for  an  elastic  loading-unloading  process  to 
be  true,  it  requires  that  there  must  exists  strain-energy  density  function 


7i  for  which  d%  is  an  exact  differential;  that  is. 


46 


STRAIN-ENERGY  DENSITY  - CONTINUED 

ILLUSTRATION  OF  ELASTIC  LOADING-UNLOADING  PROCESSES 


Two  Independent  Loading  Systems 


47 


STRAIN-ENERGY  DENSITY  - CONTINUED 

ILLUSTRATION  OF  ELASTIC  LOADING-UNLOADING  PROCESSES 

One  Loading  System 


Elastic  loading-unloading  cycle 


Stress 
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STRAIN-ENERGY  DENSITY  - CONTINUED 


• Because  71  - 7i[z^^  , it  follows  mathematically  that  an  exact 
different/ath^iS  the  property  that  <^7C  = dE^j 

• A function  with  this  property  is  described  in  mathematics  as  a 
potential  function,  thus  7i  is  sometimes  referred  to  as  the  elastic 
potential 


• Equating  dTf  = with  d^=^^d£ij  gives 

• The  last  equation  on  the  right  indicates  that  the  stress-strain 
relations  are  derivable  from  a potential  function  when  the 
deformation  process  is  elastic 

• A material  of  this  type  is  called  a hyperelastic  or  a Green- 
elastic  material 
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STRAIN-ENERGY  DENSITY  - CONCLUDED 


• The  statement 


4 


6^  = 0 


also  indicates  that  an  arbitrary  elastic 


loading-unloading  process  is  a path-independent  process 


• This  result  arises  because  the  integrai  of  an  exact  differential 
depends  oniy  on  the  iimits  of  integration  (end  points  of  the 
process),  according  to  the  fundamental  theorem  of  calculus 


necessary  conditionior  diiuncWon  ^ = ^(£pq)  to  be  path  independent 


is  for  the  foiiowing  condition  to  be  vaiid: 


_ 

dE;;  a£„| 

dE^i  d£ii 

This  condition  arises  from  the  connection  of  the  path  integrai  with 
Stokes^  integral  theorem 
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PROOF  THAT  = 


• First,  note  that 


aEjj  dE^  aEjj 


and 


dTt 

^ = 9’''® 


do.i  _ do^ 

^£ki  ^£ji 


9 Th©ll)  0|j  ^ijrs^rs 


© AISO)  Okl  ^klpq^pq 


SOii  d p 

g'ves  ^ = ^[C 


dE 


kl 


F 1 = C 

ijrs*^rsj 


dE 


“ ^ijrs^rk^sl  “ ^ijkl 
kl 


gives 


do 


kl 


aE=:  aE:: 


[^klpq^pq]  ^ 


aE 


aEij 


^ — P — C 

~ '^klpq^pi'^qj  “ '^klij 


Thus, 


aoij  _ aa^, 


aE 


kl 


aE: 


yieids 


C—  c 

ijkl  “ ^klij 


, which  reduces  the  number  of 


independent  stiffness  coefficients  to  21 
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ILLUSTRATION  OF  THE  PATH-INDEPENDENCE  CONDITION 


• The  function  = ^11  J ^225^335  ^235  ^135  ^12  ) can  be  viewed  as  an  ordinary, 

simpiy  connected,  continuous,  smooth  function  of  six  independent 
variabies 

• To  enabie  visuaiization  of  the  path-independence  condition,  consider 
the  case  of  a simiiar  function  of  two  independent  variabies,  ^2) 

• The  chain  rule  of  differentiation  gives  = ^^dx^  + ^dx2 

(jjC.  -|  (jJC.  2 

• The  vector  form  of  dp  is  given  by 
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ILLUSTRATION  OF  THE  PATH-INDEPENDENCE  CONDITION 

CONTINUED 

• Let  V denote  a path  traversed  in  a loading-unloading  cycle,  then 

becomes 


i 


V^*dx  = 0 


• Recall  that  StokesTheorem\s  given  by  ^g*dx  = J"J'n»[vx  g]dA 
where 

• g(xi,  X,)  is  an  arbitrary  vector  field  with  continuous  first  derivatives 

• n(x„  X,)  is  the  unit-magnitude  normal-vector  field  for  any  smooth 
surface  S enclosed  by  the  curve  ds 
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ILLUSTRATION  OF  THE  PATH-INDEPENDENCE  CONDITION 

CONTINUED 


• Applying  Stokes^  theorem  to  ^ V^*dx  = 0 


gives 


where  S(P)  is  the  surface  enclosed  by  the  path  P 


• For  a simply  connected  region,  the  necessary  and  sufficient  conditions 
for  the  iine  integrai  to  vanish  are  given  by  the  requirement  that  the 
integrand  in  the  doubie  integrai  vanish;  that  is, 
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ILLUSTRATION  OF  THE  PATH-INDEPENDENCE  CONDITION 

CONTINUED 


• Because  the  unit-magnitude  normai-vector  field  for  an  arbitrary 
smooth  surface  is  generally  nonzero,  the  necessary  and 

sufficient  conditions  for  the  line  integral  to  vanish  become 

Vx^  = 6 


Expanding  v x = 0 gives  + * 


axi 


ax. 


X + '2-^  = 

\ axi  ax2 1 


which  simplifies  to 


I 

axiax2 

(f,  X u] 

k I 

ax2axi 

(u  X f,] 

to 

II 

• Simplifying  further  gives 


which  yields 


the  condition 


a"7  _ a“7 

ax^axg  ~ ax2axi 
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to 


ILLUSTRATION  OF  THE  PATH-INDEPENDENCE  CONDITION 

CONTINUED 


• The  condition 


a‘7  _ 

a? 

ax^axs 

ax2axi 

is,  in  fact,  a statement  of  path 


independence  at  the  local  level,  which  is  illustrated  in  the  following 
figure 

57(Xi,X2)  in  the 
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ILLUSTRATION  OF  THE  PATH-INDEPENDENCE  CONDITION 

CONCLUDED 


By  following  path  ABC,  the  value  of  *P  at  point  C is  given  by 


By  following  path  ADC,  the  value  of  *P  at  point  C is  given  by 


For  path  independence,  it  follows  that  these  two  expressions  must  be 
equal,  hence 

aXiaX2  " dx^dx^ 
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COMPLEMENTARY  STRAIN-ENERGY  DENSITY 


• The  symmetry  condition  = Sj^nj  is  obtained  by  examining  the 
compiementary  strain-energy  density  functionai  ft* 

• The  strain-energy  density  functionai  ft  was  obtained  by  expressing 

the  stresses  in  terms  of  the  strains  and  integrating  = a,jd£,j  from  the 
initiai  stress-  and  strain-  free  state  to  the  current  strain  state 

• An  expression  for  ft*  is  obtained  by  first  requiring  that  a one-to-one 
relationship  e)iC\sXs  between  the  stresses  and  strains,  and  by  using  the 

product  rule  of  differentiation  to  get  ci(aijEij)  = dEjj  + Ejjdajj 

• in  the  part  a,jdE,j , the  strains  are  taken  as  the  independent  variabies 

• in  the  part  £ijda,j , the  stresses  are  taken  as  the  independent 
variabies 
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COMPLEMENTARY  STRAIN-ENERGY  DENSITY 

CONTINUED 


• Next,  the  expression  d(aijEij)  = is  integrated  from  the 

initial  stress-  and  strain-  free  state  to  the  current  stress  and  strain  state; 
i.e., 


In  the  term  cl(^ij^ij)  > it  is  presumed  that  the  stresses  are  known  as 
functions  of  the  strains 

r<^pq 

• This  term  can  also  be  expressed  as  cl((^ij£ij)  , where  it  is 
presumed  that  the  strains  are  known  as  functions  of  the  stresses 

• Both  terms  yield  0^8^ , the  product  of  the  current  values  of  the 
stresses  and  strains 
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COMPLEMENTARY  STRAIN-ENERGY  DENSITY 

CONCLUDED 

• Using  the  previous  expression  and  the  definition  of  the  strain-energy 
density  function  tt  gives  = ^(£pq)  + J £ij(Opq)  doij 


• The  complementary  (or  conjugate)  strain-energy  density  function  ft* 
is  defined  as  ^ = J da,j  such  that 


OijEij  = ^(Epq)  + ^(apq) 


• Note  that  = Eij(apq)  60,^ 


The  form  SITlapj  = a.y^Ey^  - ‘^(epq) 


is  known  as  the  Legendre 


transformation 


• The  compiementary  or  conjugate  reiationship  of  the  strain-energy 

density  function  and  the  compiementary  strain-energy  density  function 
are  iiiustrated  on  the  next  chart  for  a one-dimensionai  case 
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ILLUSTRATION  OF  ENERGY  DENSITY  FUNCTIONALS 

ONE-DIMENSIONAL  CASE 


ae  = ^{e)  + 

(a) 

Single-parameter 
loading  system 

Stress  Stress  Stress 


Area  = oe 


o{z)  d£  = 7i{t)  Area  = e(o)  da  = 7(*{o) 

0 Jo 
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ILLUSTRATION  OF  ENERGY  DENSITY  FUNCTIONALS 

ONE-DIMENSIONAL  CASE  - CONCLUDED 


• The  previous  figure  indicates  that  because  strain-energy  density  is  not 
lost  in  an  arbitrary  elastic  loading  process,  neither  is  the 
complementary  strain-energy  density 

• Thus,  the  complementary  strain-energy  density  function  is  also 
path  independent  and  conserved  in  an  elastic  loading-unloading 
process 


• Thus, 


-4 


d^  = 0 


and  d^  = da, 

oO.. 


• Equating  d^  = £ij(apj  60,^  with  da,j  gives 

C7U  jj 

• The  equations  given  above  indicate  that  the  strain-stress  relations 
are  derivable  from  a potential  function  when  the  deformation 
process  is  elastic  (hyperelastic  material) 
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PROOF  THAT  = 


• The  necessary  and  sufficient  conditions  for  - ^(Opj  to  be  path 


independent  are  for  the  conditions 


do,^  aa„,  aa„,  do,^ 


to  be  vaiid 


• First  note  that 


dOn  do^  do^  dOn 


and 


dff* 

aoij 


give 


ao„  ~ ao,j 


0£  d do 

Then,  £„  = gives  ^ = ^[S„„a,3]  = S„„  ^ = S„„6,.6.,  = S 


kl  kl 


ijrs  ijrs'^rk^sl  '^ijkl 


And,  Eki  = Sk,p,Op,  gives 


flEki  a 


do. 


do  5cF..  ^klpq  ^klpq^pi^qj  ^klij 


ij 


Thus,  ^ yieids 

’ aa^,  dOy^  ^ 


S-  Q 

ijkl  “ '^klij 


, which  reduces  the  number  of 


independent  compiiance  coefficients  to  21 
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STANDARD  FORMS  FOR  GENERALIZED  HOOKE’S  LAW 


• The  standard  forms  of  the  generalized  Hooke’s  law  are  now  given  by 


' Ell  '' 

^1111 
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2Sii23 

( ^11 
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w»2222 
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2S 
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2S 
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= 
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Q 
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2S 
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2S 
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2S 

^'^3312 

CO 

CO 

0 

\ 

2823 

2Sii23 

2S 
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2S 

^'-'3323 

4S 

^^^2323 

4S 

^^^2313 

4S 

^^^2312 

\ 

^23 

/ 

2^13 

2S 

^'^2213 

2S 

^^^3313 

4S 

^^^2313 

4^1313 

4^1312 

^13 

^ 2Ei2  j 

2S1112 

2S 

^'^2212 

2S 

^^^3312 

4S 

^'^2312 

4^1312 

4^1212  _ 

V ^12  y 

0..  \ 

<-1111 

^1122 

'^1133 

^1123 

^1113 

^1112 

/ £ 
C11 

CM 

- CM 

0 

^1122 

P 

V^2222 

P 

'^2233 

P 

'^2223 

P 

'^2213 

P 

^^2212 

£22 

0^33 

y _ 

^1133 

P 

'^2233 

P 

'-'3333 

P 

'-'3323 

P 

^^3313 

P 

'^3312 

/ 

£33 

CO 

CM 

0 

^ ~ 

P 

'^1123 

P 

'^2223 

P 

'-^3323 

P 

'^2323 

P 

'^2313 

P 

'^2312 

CO 

CM 

CO 

CM 

0^13 

^1113 

P 

'^2213 

P 

^^3313 

P 

'^2313 

P 

^^1313 

P 

'^1312 

2£i3 

^12  ) 

^1112 

P 

'^2212 

P 

'^3312 

P 

'^2312 

P 

'^1312 

P 

'^1212 

^ 2£i2  y 
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CLAPEYRON’S  FORMULA 


• For  a linear-elastic  solid,  strain-energy-density  increment 

d^  = aij(Epq)  dEij  is  combined  with  to  get  d^  = 

• Now  consider,  ^ d[Cijk,eij£ki]  = ^ [Cijk,d8ij8ki  + Cijk,£ijdEk,] 

• Because  all  indices  are  summation  indices,  this  expression  can  be 
expressed  as 


2 ^[^ijkl^ij^kl]  “ 2 [^ijkl^kl^^ij  ^klij^kl^^ij j “ 2 [^'jkl  ^klijj^kl^^i 


• By  using  the  path-independence  condition 
that 


Cijki  — C 


klij 


it  follows 


2 ^[^ijkl^ij^kl]  “ ^ijkl^kl^^ij  SOd  thSt  d^^  — 2 ^1  |C jj|^|8jj8|^|| 
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CLAPEYRON’S  FORMULA  - CONCLUDED 


• Integrating  the  last  expression  gives  7i  = ^Cij^iEijEki  + K where  K is  a 
constant  of  integration 

• Noting  that  % = 0 when  the  strain  field  is  zero-valued  gives  K = o 

• Next,  using  a,j  = gives  the  desired  resuit,  ^ 

• This  expression  for  the  strain-energy  density  of  a homogeneous,  iinear- 
eiastic,  anisotropic  soiid  is  attributed  to  B.  P.  E.  Clapeyron  (1799-1864) 

• A simiiar  procedure  can  be  foiiowed  to  show  that  7c  = = 71 

for  a homogeneous,  iinear-eiastic,  anisotropic  soiid 
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POSITIVE-DEFINITENESS  OF  THE  STRAIN-ENERGY 

DENSITY  FUNCTION 


• The  strain-energy  density  of  a solid  in  its  stress-  and  strain-free 
state  is  defined  to  be  zero-valued 

• As  a solid  deforms  load,  it  stores  strain  energy  and  develops 
the  potential  to  perform  work  upon  removal  of  the  loads 

• Thus,  it  follows  that  the  strain-energy  density  function  is  a non- 
negative-valued  function  for  all  physically  admissible  elastic  strain 
states 


• Hence,  ^ ^ ® for  a nonlinear-elastic  material 


For  a linear-elastic  material. 


must  hold,  which  places 


some  thermodynamic  restrictions  on  the  stiffness  coefficients  that 
must  hoid  for  reversibie  (eiastic)  ioading-unioading  processes 
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POSITIVE-DEFINITENESS  OF  THE  STRAIN-ENERGY 
DENSITY  FUNCTION  - CONTINUED 


• The  strain-energy  density  oi  a linear-elastic  material  can  be 
expressed  in  matrix  form  by 


• Positive-definiteness  of  the  strain-energy  density  is  satisfied  by 

positive-definiteness  of  the  matrix  containing  the  stiffness  coefficients 

• Enforcing  positive-definiteness  defines  reiationships  that  the 
stiffness  coefficients  must  obey;  e.g.,  aii  the  diagonai  eiements  of 
the  matrix  must  be  positive-vaiued 
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POSITIVE-DEFINITENESS  OF  THE  STRAIN-ENERGY 
DENSITY  FUNCTION  - CONCLUDED 


• Positive-definiteness  of  the  strain-energy  density  is  used  in  the  iinear 
theory  of  eiasticity  to  estabiish: 

• Uniqueness  of  soiutions 

• The  theorem  of  minimum  potentiai  energy 

• The  theorem  of  minimum  compiementary  energy 

• Some  aspects  of  St,  VenanVs  principie 
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GENERALIZED 
DUHAMEL-NEUMANN  LAW 

FOR 

HOMOGENEOUS, 
ANISOTROPIC, 
LINEAR-ELASTIC  SOLIDS 
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THE  GENERALIZED  DUHAMEL-NEUMANN  LAW 


• In  general,  when  an  elastic  solid  is  subjected  to  heating  or  cooling,  the 
equations  of  elasticity  are  coupled\N\Xh  the  equations  of 
thermodynamics  and  heat  transfer 

• When  the  heat  generated  by  deformations  is  negligible,  the 
equations  uncouple  and  the  temperature  field be  solved  for 
independently  of  the  structural  deformations 

• The  temperature  field  becomes  a known  quantity  (ioading)  in  the 
soiution  of  the  linear  thermoelasticity  equations 

• in  generai,  when  an  eiastic  soiid  is  subjected  to  heating  or  cooiing,  the 
stress-strain  reiations  depend  on  the  temperature  of  the  body 

• The  extent  of  the  temperature  dependence  depends  on  the  extent  of 
the  heating  or  cooiing 
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THE  GENERALIZED  DUHAMEL-NEUMANN  LAW 

CONTINUED 


• To  obtain  a simple  working  theoryXhaX  is  linear  and  that  includes 
thermal  effects,  a constitutive  laivwas  developed  with  the  following 
attributes: 

• Thermal  expansion  effects  are  included 

• Variations  in  the  elastic  constants  and  coefficients  of  thermal 
expansion  with  temperature  are  neglected 

• Inertial  effects  associated  with  heating  rates  are  neglected 

• A relatively  simple  extension  of  Hooke’s  law  that  predicted 
accurately  experimentally  observed  phenomenon  was  the  desired 
result 

• The  resulting  equations  are  typically  referred  to  as  the  linear- 
thermoelastic  constitutive  equations 
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THE  GENERALIZED  DUHAMEL-NEUMANN  LAW 

CONTINUED 


• The  generalized  Hooke’s  law  was  extended  by  J.  M.  C.  Duhamel 
(1797- 1872)  and  F.  E.  Neumann  (1798-1895)  to  include  the  first-order, 
linear  effects  of  thermal  loading 

• This  law  states,  in  part,  that  the  total  strain  E,j  at  a point  of  a solid, 
subjected  to  thermomechanical  loading,  consists  of  stress-induced 

mechanical  strain  ej  and  strain  caused  by  free  thermal  expansion  ej 


• The  mechanical  strain  is  the  strain  caused  by  the  externally 
applied  loads  and  displacements,  and  the  strain  caused  by 
nonuniformity  in  the  temperature  field  or  in  the  thermal 
expansion  properties  of  the  material,  or  both 

• Eij  = eJ  + eJ  where  eIJ  = , eJ  = ct,j(T  - , t is  the  temperature 

field,  and  T^^f  is  the  temperature  field  at  which  the  body  is  stress 
and  strain  free 
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THE  GENERALIZED  DUHAMEL-NEUMANN  LAW 

CONTINUED 


The  general  form  of  the  Duhamel-Neumann  law  is  given  in  expanded 
form  by 


f ^11  ^ 
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V ^21  J 


and  in  indicial  form  by  = SjjkiOki  + (T  - T,gf) 


[ Gill  ^ 

022 

0.22 

^33 

G^33 

0^23 

Ct23 

Oi3 

(*{ 

Cti3 

Oi2 

Cti2 

0^32 

032 

0^31 

Ct31 

\o„) 

\02i  y 

w_ 


( 


(T  - Te,) 


• Sjji^i  are  the  components  of  the  (4th-order)  compliance  tensor,  at  T =T^gf, 
that  appear  in  the  generalized  Hooke’s  law  and  ay  are  the  coefficients 
of  linear  thermal  expansion  (with  units  of  temperature'^) 
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THE  GENERALIZED  DUHAMEL-NEUMANN  LAW 

CONTINUED 

• The  inverted  form  of  the  Duhamel-Neumann  law  is  given  in  expanded 
form  by 
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and  in  indicial  form  by  = Cij„|(£|„  - (T  - T^et))  = Ciji„£ki 


• Cjji^i  are  the  components  of  the  (4th-order)  stiffness  tensor,  at  T = T,^,, 

that  appear  in  the  generalized  Hooke’s  law  and  the  column  vector  on 
right-hand  side  of  the  matrix  equation  contains  the  mechanical  strains 
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THE  GENERALIZED  DUHAMEL-NEUMANN  LAW 

CONTINUED 


The  inverted  form  o\  the  Duhamel-Neumann  law  is  also  expressed  often 
in  matrix  form  by 
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and  in  indicial 


form  by  Cfjj  — Cjjk|£ki  + Pij  (T  - T,^,) 


• Pjj  are  called  the  thermal  moduli 
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THE  GENERALIZED  DUHAMEL-NEUMANN  LAW 

CONTINUED 


• By  noting  that  the  Duhamel-Neumann  law  becomes  the  generalized 
Hooke’s  law  when  T = the  following  symmetry  conditions  vcwx^X 
hold 


_(/) 

II 

J/) 

II 

_(/) 

s - s 

^ijkl  “ '-'klij 

p 

II 

Jp 

p 

II 

p 

Jp 

II 

o 

which  indicates  21  independent  compliance  or  stiffness  coefficients 

• Symmetry  of  the  strain  tensor  also  yields  a.^  = a., , and  reduces  the 

number  of  independent  coefficients  of  iinear  thermai expansion\xovc\ 

9 to  6 


Likewise,  symmetry  of  the  stress  tensor  aiso  yieids  [p,,  = p,, 


reduces  the  number  of  independent  thermai moduii\xovc\  9 


, and 
to  6 
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THE  GENERALIZED  DUHAMEL-NEUMANN  LAW 

CONCLUDED 

• The  expanded  forms  of  the  Duhamel-Neumann  law  are  now  given  by 
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EQUATIONS  FOR  THE  THERMAL  MODULI 


• The  thermal  moduli  Pjj  are  related  to  the  coefficients  of  linear  thermal 


expansion  by  P ,j  = - C 
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or  by 
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\ 

20^23 

Pl3 

CCCCCC 

^1113  ^2213  ^^3313  ^2313  '^1313  ^1312 

2cx^3 

V P12  j 

CCCCCC 

^1112  ^2212  '^3312  ^2312  '^1312  ^1212 

V 2^12  ) 

• Note  that  Pjj  have  units  of  stress/  temperature;  e.g.,  lb/in^-°F 

• Similarly,  ajj  have  units  of  temperature'^ 
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STRAIN-ENERGY  DENSITY  FOR  THERMAL  LOADING 


• The  syimnefiy  relations  Cjj„,  = C„,jj  for  a thermoelastic  solid  can  also  be 
obtained  from  first  principies  by  enforcing  path  independence  of  the 
strain-energy  density  function  7i 

• The  strain-energy  density  % of  a generaiiy  thermoelastic  soHd\s 
defined  as  the  work  of  the  internal  stresses  done  through 
mechanical  deformations 

• The  strain-energy-density  increment  d2l  is  given  for  this  case  by 

6Ui  = CTiid£°i  + 022d£22  + ^33^^33  + 2023d£23  + 20i3d£^3  + 20^2^E^2 

where  the  stress-induced,  mechanicai  strains  are  given  by  = Cu  - 
and  the  stresses  depend  on  the  mechanical  strains;  that  is, 
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STRAIN-ENERGY  DENSITY  FOR  THERMAL  LOADING 

CONTINUED 


• It  is  important  to  emphasize  that  the  mechanical  strains  ~ 

include  strains  generated  by  thermal  stresses  associated  with  a 
nonuniform  temperature  field  or  spatial  variations  in  the  coefficients  of 
thermal  expansion 

• The  expression 

d^  = aiid£°i  + 022dE22  + ^33^^33  + 2a23dE23  + 2oi3dE^3  + 2ai2d£°2 

is  written  compactly  in  indicial  form  as 


= Oij(8pJ  de 


a 


81 


STRAIN-ENERGY  DENSITY  FOR  THERMAL  LOADING 

CONTINUED 

• The  strain-energy  density  is  obtained  by  integrating  d%  over  the 
deformation  associated  with  a thermomechanical  loading  process 
that  starts  at  a stress-  and  strain-free  state  and  ends  at  a particular 
stress  and  strain  state;  that  is, 


a 


• Because  no  mechanical  work  of  the  internal  forces  within  a body  is 
lost  during  a conservative,  elastic,  thermomechanical  loading- 


unloading process,  it  follows  that 


, which 


implies 


and 


CT  CT 

asi,  a£|,i 

Cl  CT 

acki 
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STRAIN-ENERGY  DENSITY  FOR  THERMAL  LOADING 

CONCLUDED 


Equating  = a„(EpJ  dej  and  d%  = ^ dsil  gives  ^ = 0,1(8^) 


Thrn  ^ - tr  (r“  1 nivr  ~ 

XnGrij  a-.a“  -.a-.a  3110  a ^ij(^pqj  QIV© 

OE:: 


3E||  aCki  dz„  3E|J 


CT  ■ ^ r o ~\ 

0|,  = C„,se,p  gives  ^ = ^[ClirsErs]  = Ci| 

OEri  OEri  urORi 


= C„„6.k6.,  = C, 


ijrs  -»  o ijrs^rk'^sl  ^ijkl 

oEi 


do. 


del 


^ij  “ ^ijpq^pq  QIVGS  [^klpq^pq]  “ ^klpq  “ ^klpq^pi^qj  “ ^klij 


aEij  aEjj 


Thus,  ^ = 


60ji  6cFr. 

yields 


df"’ 

kl 


C—  c 

ijki  “ ^klij 
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COMPLEMENTARY  STRAIN-ENERGY  DENSITY  FOR 

THERMAL  LOADING 

• The  symmetry  condition  Sj,„,  = is  obtained  by  examining  the 
complementary  strain-energy  density  function 

• An  expression  for  ft*  is  obtained  by  first  requiring  that  a one-to-one 
re/et/ons/?/p  exists  between  the  stresses  and  strains,  and  by  expressing 

ofijEij  = aij(Ej  + - T,3,))  or  aijEij= 

• Next,  the  product  ruie  of  differentiation  is  used  to  get 

d(aijEij)  = OijdE^  + EjdOij  + d[aijaij(T  - 


• in  the  part  ajjdE? , the  stress-induced,  mechanicai  strains  are  taken 
as  the  independent  variabies 

• in  the  part  ej^dOjj , the  stresses  are  taken  as  the  independent 
variabies 
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COMPLEMENTARY  STRAIN-ENERGY  DENSITY  FOR 
THERMAL  LOADING  - CONTINUED 


• Next,  the  expression  d(aijEij)  = a.,^die^  + + d[aijaij(T  - T,e,)]  is 

integrated  from  the  initiai  stress-  and  strain-  free  state  to  the  current 
stress  and  strain  state;  i.e., 


"d(a,|e,|)  = J 

[ au(Epq)  dej  + J 

f 8j(ap,)  da,|  + J 

1 d[aiia,|(T  - T^,)] 

J*^pq 

d(a,j8,j)  it  is  presumed  that  the  stresses  are  known  as 

0 

functions  of  the  strains 

• This  term  can  aiso  be  expressed  as  J d(o,j8,j)  , where  it  is 

presumed  that  the  strains  are  known  as  functions  of  the  stresses 

• Both  terms  yieid  0^8^ , the  current  vaiues  of  the  stresses  and 
strains 
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COMPLEMENTARY  STRAIN-ENERGY  DENSITY  FOR 
THERMAL  LOADING  - CONCLUDED 


• Using  the  previous  expression  and  the  definition  of  the  strain-energy 
density  function  gives  = ^(epq)  + J £u(ofpq)  6oy^  + Oy^a.y^(T  - T.^,) 


• The  complementary  strain-energy  density  function  ft*  is  defined  as 

^*  = J £j(apq)  da,j  + Oy^a.y^(T  - T^^f)  such  that  Oy^Ey^  = ^(EpJ  + ^(apq,T) 


• Note  that  d^  = E^dOij  + d[aijaij(T  - 


• Legendre’s  transformation  takes  the  form  ^(apq,T)  = g,jEij  - ‘^(£pq) 

• The  complementary  relationship  of  the  strain-energy  density  function 
and  the  complementary  strain-energy  density  function  for  the 
thermoelastic  case  are  illustrated  on  the  next  two  charts  for  a one- 
dimensional and  strain  state 
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ILLUSTRATION  OF  THERMOELASTIC  ENERGY  DENSITIES 

ONE-DIMENSIONAL  CASE 


ae  = ^(e°) 

+ ^(o,T) 

Stress 

Stress 

Stress 

Area  = 08  Area=  f o(e“)  d£“  = %(e°)  Area=  rE°(o)do  + oa(T-T„,)=jr(o,T) 

Jo  Jo 


Loading  process  = mechanical  loading  followed  by  thermal  loading 
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ILLUSTRATION  OF  THERMOELASTIC  ENERGY  DENSITIES 

ONE-DIMENSIONAL  CASE  - CONTINUED 


as  = ^{e”)  + ^T'(a,T) 


Stress 


Total  strain 


Stress  Stress 


Mechanical  strain  Total  strain 


Area  = oe  Area  = a(e")  de"  = Area  = £ E"(a)da  + aa(T  - ^T(aJ) 


Loading  process  = thermal  loading  followed  by  mechanical  loading 
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ILLUSTRATION  OF  THERMOELASTIC  ENERGY  DENSITIES 

ONE-DIMENSIONAL  CASE  - CONTINUED 


• The  previous  figures  illustrate  that  path  independence  of  the  eiastic 
ioading-unioading  process  impiies  path  independence  of  the 
complementary  strain-energy  density  function 

• if  the  materiai  were  ineiastic,  the  quantity  of  compiementary  strain- 
energy  density  function  wouid  depend  on  the  ioading  process 


Thus,  ^(apq,T) 


-4 


d^  = 0 and  = 


do.. 


do.;  + 


dTC 

dT 


dT 


• d^jT  = Ejdajj  + d[aijajj(T  - T,gf)]  gives  d^*  = - T,^,))do,^  + o.^Oy^dT 


which  reduces  to 


d^*  = EijdOij  + OjjajjdT 
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ILLUSTRATION  OF  THERMOELASTIC  ENERGY  DENSITIES 

ONE-DIMENSIONAL  CASE  - CONCLUDED 


• Equating  dOi,  + dT  with  <yzc  = Endoi,  + 0||a,|dT  gives 


dO-,i 


— ^ij  — £ij  + <*ij(T  - T,^f)  and 


dT 


OijCtij 


• Now, 


d^  = 0 


implies,  and  is  implied  by,  the  conditions 


aOij  do,^ 


5(jjj  5T  3T  3(jjj 


don  aa^i  aa^i  aQjj 


and 


toll  " 


give 


de^  _ 3£|,i 

aoki  dOij 
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PROOF  THAT  = FOR  THERMOELASTIC  SOLIDS 


satisfy 


acjjj  aT  aT  acjjj 


identically 


• 

^ij  “ ^ijrs^rs  ^ ^ij(T  T^gf) 

gives 

dE. 

a / \ 

1 ^ acj„  _ _ 

Oj  , 

Q I 

E -= 

II 

[^ijrs^rs  ^ ^ ^ ref  j 

] — ^ijrs  — Sijrs^rkbsi  — Sjj^i 

• 

^ij  ^ijpq^pq  ^ ^ij(T  T,.gf 

I gives 

de 


kl 


do. 


aoij 


[^klpq^pq  ^ Tef)]  ^ 


do 


kipq 


do 


^ - S - S 

“ '^klpq'^pi'^qj  “ '^klij 
■j 


• Thus, 


ae,| 

_ aE|^i 

^»Okl 

aa,| 

yields 
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CLAPEYRON’S  FORMULA  FOR  THERMOELASTIC  SOLIDS 


• Clapeyron’s  formula  remains  the  same  because  the 

strain-energy  density  is  based  on  stress-induced,  mechanicai  work 


• Ciapeyron’s  formuia  is  expressed  in  terms  of  the  totai  strains  by  using 

Eu  = ^ii  - - Tef)  to  get 


^ ^ref) 
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STRAIN-ENERGY  DENSITY  EXPRESSIONS 


• By  definition,  H for  a homogeneous,  anisotropic,  iinear- 

thermoeiastic  soiid 

• Using  ^ij  = gives 


• For  isotropic  materiais,  71  = ^[(1  + v)a,jaij  - v(akk)^] 

• in  expanded  form. 


(a„)'+  (022)'  + (033)^ 

] ^(Oii022  + O22O33  + 0^^033)  + 

^ e''[(Oi2)  + (023)  + (Ois)  ] 
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STRAIN-ENERGY  DENSITY  EXPRESSIONS 

CONCLUDED 


Using  O;,  = C„„e“  gives 


a a 
'kl 


£n  = - «ij® 

j 

© 

II 

H 

1 

H 

<D 

and  c„„  = c,|„ 

^ = iC|,i,i(E|iEki  - 2Ei,ai„e  + aiiak,0*) 


For  isotropic  materiais, 
71=  E E 


2(1  2(1  -2v)®“[(l  +v) 


Ekk  - a® 


+ , — -a^0^ 


2(1  - 2v) 


or 


“U  = 


vE 


2(1  + v)(l  - 2v) 


(Eii  + 822  + £33) 


2(1  + v) 


[(811)  +(822)  +(£33)  +2(812)  +2(823)  +2(813)] 


aE 


3a'E 


(1  - 2v) 


(811  + 822  + £33)®  + 2J1  _ 2v)^ 
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ABRIDGED  NOTATION 

AND 

ELASTIC  CONSTANTS 
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ABRIDGED  NOTATION  FOR  CONSTITUTIVE  EQUATIONS 


• The  abridged  notation  presented  subsequently  is  attributed  to 
Woldemar  t/olgf  (1850-1919),  and  was  developed  for  expressing  the 
constitutive  equations  in  the  simpler,  more  intuitive  matrix  notation 

• The  components  of  the  stress,  strain,  thermal  expansion,  and  thermal 
moduli  tensors  are  written  as  column  vectors 


• The  order  of  the  elements  is  obtained  from  cyclic  permutations 
of  the  numbers  1 , 2,  and  3 


Pii 

P22 

P33 

P 
P 

P12 } 


'23 


'13 


P, 

P2 
Ps 
P4 

p= 

Ps  ] 


a 

a 

a 


11 


22 


33 


2a 

2a 

2a 


23 


13 


12 


«1  \ 
a2 

^3 

a^ 

a. 


• The  term  "tensor,"  as  it  is  used  today,  was  introduced  by  Voigt  in  1899 
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ABRIDGED  NOTATION  FOR  CONSTITUTIVE  EQUATIONS 

CONTINUED 


• The  components  of  the  compliance  and  stiffness  tensors  are 
expressed  as 


Sim 

Q 

^^1122 

Q 

^^1133 

2Sii23 

2S 

1113 

2S 

1112 

Q 

^^2211 

Q 

v^2222 

Q 

^^2233 

2S 

^'^2223 

2S 

2213 

2S 

2212 

Q 

^^3311 

Q 

^^3322 

Q 

^^3333 

2S 

^^^3323 

2S 

3313 

2S 

3312 

2S2311 

2S 

^^^2322 

2S 

^^^2333 

4S 

^^^2323 

4S 

2313 

4S 

2312 

2Si3ii 

2S 

^^^1322 

2S 

^^^1333 

4S 

^'^1323 

4S 

1313 

4S 

1312 

2S1211 

2S 

^^^1222 

2S 

^^^1233 

4S 

^^^1223 

4S 

1213 

4S 

1212 

Sii  S-I2  Si3  Si4  Si5  S-16 
S21  S22  S23  S24  S25  S26 
S31  S32  S33  S34  S35  S36 
S41  S42  S43  S44  S45  S46 
S51  S52  S53  S54  S55  S56 
^61  Se2  Se3  Sg4  Sgs  See 


^1111  c 


C. 


112 


^2211  C 

r c 

*^3311  '^3322 

^2311  C 
^1311  C 


^1211  C 


c c c 

1122  '^1133  ^^1123  '^1113 

c c c c 

2222  ^^2233  '^2223  '^2213  '^2212 

c c c c 

'^3333  ^^3323  ^^3313  ^^3312 

c c c c 

2322  '^2333  '^2323  '^2313  '^2312 

c c c c 

1322  '^1333  '^1323  ^^1313  '^1312 

c c c c 

1222  '^1233  '^1223  '^1213  '^1212 


^11  ^12  Ci3  Ci4  Ci5  Cie 
^21  ^22  ^23  ^24  ^25  ^26 
^31  ^32  ^33  ^34  ^35  ^36 
C41  C42  C43  C44  C45  C4e 
C5I  ^52  C53  C54  C55  Cge 
^61  ^62  ^63  ^64  ^65  ^66 


• Materials  that  can  be  characterized  by  the  matrices  given  above  when 
they  are  symmetric  are  said  to  possess  complete  Voigt  symmetry 
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ABRIDGED  NOTATION  FOR  CONSTITUTIVE  EQUATIONS 

CONTINUED 


• The  constitutive  equations  are  often  expressed  in  a nontensorial, 
indicial  form  given  by 


£j  = SjjOj  + CXj  (T  - T,3f) 


a,  = Cij£j  + Pi  (t-t,3,) 


• Similarly,  the  constitutive  equations  are  often  expressed  in  matrix  form 
given  by 

{e}  = [S]{o}  + {a}  (T-T„,) 

and 

(a}  = [C]{(£}-{a}  (T-T„,)} 

or 

{a}  = [C]{e}  + {p}  (T-TJ 


98 


ABRIDGED  NOTATION  FOR  CONSTITUTIVE  EQUATIONS 

CONTINUED 


{e}  = [S]{o}  + {a}(T-Tj 


{a}  = [C]{e}  + {p}(T-Tj 
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ABRIDGED  NOTATION  FOR  CONSTITUTIVE  EQUATIONS 

CONTINUED 


• Often,  the  following  mixed-abridged  notation  is  used 


£22 

y £33 
2E23 
2^13 

V 2Ei2  J 


^11  ^12  ^13  ^14  ^15  ^ 

S12  S22  S23  S24  S25  s 

^13  ^23  ^33  ^34  ^35  ^ 

^14  ^24  S34  S44  S45  ^ 
^15  ^25  S35  S45  S55  S 

^16  ^26  ^36  ^46  ^56  ^ 


16 


66 


a 
a 
o 
o 
o 

V ^12  y 


11 


22 


33 


23 


13 


a 

a 


11 


22 


a 


33 


2a 

2a 


23 


13 


V 2a.|2  y 


(T- 


T„,) 


11  \ 

^11  ^12  ^13  ^14  ^15  ^16 

1 E \ 

*'11 

fPiO 

11 

22 

C12  C22  C23  C24  C25  C26 

E22 

P22 

33 

^ _ 

^13  ^23  ^33  ^34  ^35  ^36 

y 

£33 

V 4.  / 

p33 

23 

/ “ 

^14  ^24  ^34  ^44  ^45  ^46 

2^23 

f ] 

P23 

13 

^15  C25  C35  C45  C55  C56 

2^13 

Pl3 

12  y 

^16  ^26  ^36  ^46  ^56  ^66 

2ei2  y 

V P12  y 

(T-TJ 


100 


ABRIDGED  NOTATION  FOR  CONSTITUTIVE  EQUATIONS 

CONCLUDED 


• The  thermal  moduli  are  given  by 


^11  ^12  ^13  ^14  ^15  C 

Ci2  C22  C23  C24  C25  C 

^13  ^23  ^33  ^34  ^35  ^ 

Ci4  C24  C34  C44  C45  C 

^15  ^25  C35  C45  C55  C 

^16  ^26  ^36  ^46  ^56  ^ 


16 


66 


0.2 

J ^3  \ 

\ 2a^  I 

2as 

V^ag  y 


fp’O 

^11  ^12  ^13  ^14  ^15  ^16 

^ «ii  ^ 

P22 

C12  C22  C23  C24  C25  C26 

CX22 

y 

P33 

to 

CO 

0 

in 

CO 

0 

CO 

0 

CO 

CO 

0 

CO 

CM 

0 

CO 

0^ 

y 

d.33 

V 

P23 

y ^ 

Ci4  C24  C34  C44  C45  C46 

2(X23 

1 

Pl3 

^15  ^25  C35  C45  C55  ^56 

2(X-|3 

V P12  y 

^16  ^26  ^36  ^46  ^56  ^66 

^ 2<Xi2  J 
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CLAPEYRON’S  FORMULA  IN  ABRIDGED  NOTATION 


• Clapeyron’s  formula  for  the  strain-energy  density  of  a linear- 

thermoelastic  soiid  was  given  previousiy  by  7t  = or 

^ - ^Oijaij(T  - T,3f)  where  eJ  = E,j  - aij(T  - T,,,) 

• A convenient  matrix  form  of  Ciapeyron’s  formuia  is  obtained  by 
using  the  foiiowing  notation 

lOy"  — 1^11*^22^33*^23^13*^12/  ^ “ ( ^11  ^22  ^33  ^^23  ^^13  ^^12  / 

— I ^11  ^22  ^33  ^^23  ^^13  ^^12  / \^/  ” { *^33  ^*^23  ^*^13  ^*^12  / 

where  the  superscript  T denotes  matrix  or  vector  transposition 

• First,  by  inspection,  it  foiiows  that  {e"}  = {e}  - {cx}©  where 
© = T - T,,, 
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CLAPEYRON’S  FORMULA  IN  ABRIDGED  NOTATION 

CONTINUED 


• Next,  noting  that  + 0^2^22  + 0^33^33  + 0^232^23  + ^13^^13  + ^12^^12  it 

follows  that  aijEj  = {a}^{E"}  = {E"}^{a}  in  matrix  notation 

• Therefore, Clapeyron’s  formula  for  the  strain-energy  density  of  a 
linear-thermoelastic  soiid  is  given  in  matrix  from  by 

^ = or 

• An  alternate  form  of  Ciapeyron’s  formuia  is  obtained  as  foiiows 

• First,  define  {a®}  = [C]{a}0  such  that  {a}  = [C]{e"}  becomes 

{0}  = [C]{E}  - {O*} 


^ = l{a) 

(aj 

^0 
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CLAPEYRON’S  FORMULA  IN  ABRIDGED  NOTATION 

CONTINUED 

• Then,  {a®}  = [C]{a}0  gives  {a}0  = [C]”'{a®} 

• Next,  {el  = {£}  - (a}0  becomes  (e"}  = {e}  - [C]”'{a®} 

• Also,  (a}^{El  = {a}^(E}  - (a}"[C]-\al 

• Transposition  of  (a)  = [C1(e}  - {a®}  gives  {a}^  = (e}^[C]  - {a®}^ , 

where  symmetry  of  [C]  has  been  used 

• Using  the  last  expression  with  = {a>^{e>  - {a}^[C]  ’{a'’}  gives 

{a}'{E">  = {a}\z}  - {e}"[C][C]  '{a*’}  + which  simpiifies 

to  {o}''{e°>  = {o^IIIe}  + {a‘’>^[C]''{o'’} 
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CLAPEYRON’S  FORMULA  IN  ABRIDGED  NOTATION 

CONCLUDED 


• Next,  using  {a®}  = [C]{a}e  gives  {a®}'^[C]''{a®}  = {a}^[C]{a}©" 

• Using  the  iast  equation  with  = ({a}^-  {a®}){E}  + {a®}^[C]  '{a®} 

gives  {a}^{E"}  = (a®}){E}  + {a}^[C]{a}©' 


• Therefore,  Clapeyron’s  formula  ^ = ^{o}^{e"}  becomes 


%=i( 

{oy~  \ 

Q 

© 

D{e}  +^{a}'[C] 

(a}0^ 
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PHYSICAL  MEANING  OF  THE  ELASTIC  CONSTANTS 


• The  shaded  terms  shown  below  correspond  to  independent  interaction 
between  pure  extensional  stresses  and  strains 


S,3 

S,3 

c„ 

C,3 

C,3 

c„ 

C,s 

C,e 

S22 

^23 

S24 

Sas 

^26 

C12 

C22 

^23 

C24 

^25 

^26 

Si3 

^23 

S33 

S34 

S35 

S36 

^13 

^23 

^33 

C34 

C35 

^36 

Si4 

S24 

S34 

S44 

S45 

S46 

Ci4 

C24 

C34 

C44 

C45 

C46 

S,s 

S2S 

S3S 

S4S 

Sss 

Sse 

C,s 

C2S 

C3S 

C« 

c. 

Cse 

^26 

S36 

S4S 

Sse 

See 

C,e 

^26 

^36 

C. 

C. 

^66 

• The  shaded  terms  shown  below  correspond  to  independent  interaction 
between  pure  shearing  stresses  and  strains 


s„ 

S,3 

S,3 

S„ 

S,3 

S,s 

c„ 

C,3 

C,3 

C„ 

C,s 

C,s 

S,3 

S22 

S23 

S24 

S3S 

S2e 

C,3 

C22 

^23 

C24 

Css 

C2e 

S„ 

S23 

S33 

S34 

Sss 

S36 

C,3 

^23 

CO 

CO 

0 ( 

C34 

Css 

C36 

Si4 

S24 

S34 

S44 

S45 

S46 

Ci4 

C24 

^34 

C44 

C45 

C46 

Sis 

S25 

S3S 

S45 

Sss 

Sse 

Cis 

C2S 

^3S 

C45 

Css 

Cse 

S16 

S26 

S36 

S46 

Sse 

See 

Cie 

^2e 

^3e 

C46 

Cse 

Cse 
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PHYSICAL  MEANING  OF  THE  ELASTIC  CONSTANTS 

CONTINUED 

• The  shaded  terms  shown  below  correspond  to  coupling  of  interactions 
between  pure  extensional  stresses  and  strains 


c„ 

C22 

C,3 

^23 

c„ 

C24 

C,3 

C. 

^26 

S11 

Si2 

^13 

Si4 

Sis 

S16 

Si2 

S22 

^23 

S24 

S25 

S26 

Si3 

S23 

S33 

S34 

S35 

S36 

Ci3 

^23 

C33 

C34 

C35 

C36 

Si4 

S24 

S34 

S44 

S45 

S46 

Ci4 

C24 

C34 

C44 

C45 

C46 

S,s 

S25 

S35 

S45 

Sss 

Ss6 

C,s 

C26 

C3S 

C4S 

C. 

Cs6 

^26 

^36 

S46 

Sse 

Ss6 

C,e 

^26 

^36 

C46 

C. 

^66 

The  shaded  terms  shown  below  correspond  to  coupling  of  interactions 
between  pure  shearing  stresses  and  strains 


S^i  Si,  s 


12 


'13 


Si2  So,  S 


22 


'23 


Si3  So,  S 


23 


'33 


S^4  s 


24 


'34 


Si5  s 


25 


'35 


Si6  s,«  s 


26 


'36 


s„ 

S,s 

S,e 

S24 

S^s 

S26 

S34 

Sas 

S36 

S44 

S45 

S46 

S45 

S55 

S56 

S46 

S56 

Ss6 

Ci,  C 


12 


22 


23 


24 


25 


26 


13 


c^2  o„  c 


23 


Ci3  Co,  C 


33 


C^4  Co4  C 


34 


Ci5  Cor  C 


'35 


Ci6  Ooc  C 


36 


c„ 

C,s 

C,e 

C24 

Cas 

^26 

C34 

Cas 

^36 

C44 

C45 

C46 

C45 

C55 

C56 

^46 

^56 

^66 
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PHYSICAL  MEANING  OF  THE  ELASTIC  CONSTANTS 

CONCLUDED 

• The  shaded  terms  shown  below  correspond  to  coupling  or  interactions 
between  extensional  and  shearing  behavior 


S„ 

S„ 

S,3 

S,3 

S22 

^23 

S,3 

^23 

S33 

S,4 

S24 

S34 

S,s 

Sas 

Sss 

S,e 

^26 

S36 

c„ 

C,a 

C,3 

C,3 

C22 

^23 

CO  CO  CO 

1-  CM  CO 

0 0 0 ( 

C,4 

C24 

C34 

C,3 

Cas 

Cas 

C,e 

^26 

C36 

Si4 

S24 

S34 

S44 

S45 

S46 

Ci4 

C24 

C44 

C45 

C46 

S,s 

S25 

S3S 

S4S 

Sss 

Sse 

C,3 

C2S 

C3S 

C4S 

Cas 

Cse 

S,e 

^26 

S36 

S46 

Sse 

See 

C,e 

^26 

^36 

C4S 

C33 

^66 
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TRANSFORMATION 

EQUATIONS 
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TRANSFORMATION  OF  [C]  AND  [S] 


• Consider  a general  orthogonal  transformation  between  the  Cartesian 
coordinates  (x^,  x^,  X3)  and  (x^,,  x^,,  X3,)  at  a fixed  point  P of  a body 


• The  orthonormai  bases  for  the  two  coordinate  systems,  for  an 
arbitrary  point  P of  a body,  are  indicated  on  the  figure  below 


• Because  only  a fixed  point  P 
is  considered,  coordinate 
translations  are  excluded 

• Although  two  right-handed 
coordinate  systems  are 
shown  in  the  figure,  there  is 
no  such  restriction  on  the 
following  development  of  the 
transformation  equations 
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TRANSFORMATION  OF  [C]  AND  [S]  - continued 


• The  general  relationship  between  the  two  orthonormal  bases  is  given 
by  the  following  matrix  representations 


^1'2  ^1'3 
a 2-2  32-3 
^3'2  ^3'3 


or,  in  abridged  form, 


^1'1  ^2'1  ^3'1 
^1'2  ^2'2  ^3'2 
^1'3  ^2'3  ^3'3 


1' 


2’ 


3' 


or,  in  abridged  form. 


} = [a]Hr'} 


• Examining  these  two  matrices  indicates  that 


¥ 


• Transformations  of  this  type  are  known  as  orthogonal 

transformations  and  preserve  the  iengths  of,  and  the  angies 
between,  vectors 

and 


p'q 


. (i, . = (i, . i J = 


qp' 
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TRANSFORMATION  OF  [C]  AND  [S]  - continued 


The  matrix  equation  {i')  = [a]{i}  is  expressed  in  indicial  notation  by 


I k'  “ ^k'qlq 


Likewise,  \i  / = [^J  \i  / is  expressed  in  indiciai  notation  by  ip  = a,. pi,. 


• important  reiationships  between  the  direction  cosines  a„q  are  obtained 
by  enforcing  the  two  orthonormality  conditions  K * Ip  = 6„p  and 

\ *\  =b 

■ m ■ n ^mn 

• These  conditions  yieid  the  reiationships 

and 

• Each  indiciai  equation  possesses  six  independent  reiations 


®q'k®q'p  ^kp 


112 


TRANSFORMATION  OF  [C]  AND  [S]  - continued 

• The  total  of  twelve  independent  relations  are  given  in  tabular  form 
below: 


k 

P 

^k'q^p'q  “ ^kp 

1 

1 

II 

CM 

CO 

+ 

CM 

CM 

g 

+ 

CM 

2 

1 

^2'1^ri  ^ Q2'2^1'2  ^ ^2'3^1'3  “ ^ 

3 

1 

^3'1^ri  ^ ^3'2^1'2  ^ ^3'3^1'3  “ ^ 

2 

2 

II 

CM 

CO 

CM 

g 

+ 

CM 

CM 

CM 

g 

+ 

CM 

1— 

CM 

g 

3 

2 

®3'1®2'1  ^ ®3'2®2’2  ^ ®3'3®2'3  0 

3 

3 

(83.,)^ + (33.)^  + (a, 3^  = 1 

k 

P 

^q'k^q'p  “ ^kp 

1 

1 

(a,,r+(a,,r  + (a3,r  = 1 

2 

1 

^1’2^1'1  ^ a2'232'1  ^ ^3'2^3'1  “ ^ 

3 

1 

^1'3^1'1  ^ ^2'3^2'1  ^ ^3'3^3'1  “ ^ 

2 

2 

(a.2)^+(a2.)^  + (a3-2)^  = 1 

3 

2 

a-i'3a-i>2  + a2'3a2'2  + a3-3a3-2  — 0 

3 

3 

(a,3)^+(a2,)^  + (a3.3)^  = 1 
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TRANSFORMATION  OF  [C]  AND  [S]  - continued 


• By  using  the  abridged  notation,  matrix  forms  of  the  stress  and  strain 
transformation  equations  can  be  obtained  that  are  given  by 

{o'}  = [T„]{a}  and  (e'}  = [TJ{8} 

where 
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TRANSFORMATION  OF  [C]  AND  [S]  - continued 


(a-.)’ 

(a..)’ 

(a,,)“ 

2ay,ay, 

23i,3i3 

2a,,a,2 

(a„)“ 

^^2'2^2’3 

232'^32'3 

2321  ®2'2 

(a,3)“ 

2ay2^3'3 

2333^333 

233'i33'2 

^2'2^3'2 

®2'3®3'3 

(32'233'3  + 32'3®3'2) 

(®2'1®3'3  32'3®3'i) 

(32'i33'2  32'233'i) 

^^•2^3'2 

3i'3®3'3 

(3i-233'3  + 

(^V^^3■3  + ^V3^3■^) 

(3i'i33'2  3i'233'i) 

3i'i32'i 

^^'2^2'2 

3i'3®2'3 

(3i'232'3  3i'3®2'2) 

{^V^^2’3  3i'3®2'i) 

(3i'i32'2  3i'232'1  ) 

(a,.,)“ 

(a.3|' 

(a„|“ 

3i'23i'3 

3i,3i.3 

3i,3i.2 

(83,)“ 

(a33)' 

(a3,)“ 

32'232'3 

32,33.3 

32,32.2 

(a3.r 

(a33|' 

(a33|“ 

33'233’3 

33'1®3'3 

®3'1®3'2 

232,33, 

232'233'2 

232'3®3'3 

(32’233'3  + 32'3®3'2) 

(®2'1®3'3  32'3®3'i) 

(32,33.2  + 32'2®3'i) 

23^,33, 

23i'233'2 

23^3333 

(31.233.3  + 31.333.2) 

(3i'i33'3  ®1'3®3'1  ) 

[^^’^^3•2  + 3i'233'i) 

23^,32, 

23i'232'2 

23i'332'3 

(3i'2®2'3  3i'3®2'2) 

(3i,32'3  + 3i.332,  ) 

{^1’1^2'2  ^^’2^2'^  ) 

• Inspection  of  the  matrices  shown  above  indicates  that  when  the  off- 
diagonal  terms  vanish,  which  happens  for  certain  transformations, 
the  two  matrices  are  identical 
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TRANSFORMATION  OF  [C]  AND  [S]  - continued 


Initial  coordinate  frame 


Initial  and  new 
coordinate  frame 
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TRANSFORMATION  OF  [C]  AND  [S]  - continued 


• Recall  that  the  thermoelastic  constitutive  equations  are 
expressed  in  symbolic  form  by 

(e)  = [S](a}  + (a)0  and  (a)  = [C]{£)  + (P}0 


where 


© = T - 


• In  the  {x, , x^,  X3 } coordinate  frame  the  thermoelastic  constitutive 
equations  are  expressed  in  symboiic  form  by 

(e'}  = [S']{a'}  + (a'}0  and  (a'}  = [C'](£'}  + (p'}0 

• By  using  the  matrix  form  of  the  stress  and  strain  transformation 
equations, 

{0}  = [C]{£}  + {P}0  becomes  [Tj"'{a'}  = [C][TJ-’{e'}  + {p}0 
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TRANSFORMATION  OF  [C]  AND  [S]  - continued 


• Premultiplying  by  [T^]  gives 


{o'}  = [TJ[C][TJ-\e'}  + [Tj{p}0 


• Comparing  this  equation  with 
that 


(a'}  = [C']{£'}  + (P^}0  it  follows 


[C']  = [TJ[C][T.]"|  and  |{P'>  = [T„]{P> 


Thus,  [C]  — [C  ].T 


118 


TRANSFORMATION  OF  [C]  AND  [S]  - continued 


Next,  by  using  the  matrix  form  of  the  stress  and  strain  transformation 
equations,  {£}  = [S]{a}  + {a}0  becomes 

[TJ‘'{e'}  = [S][T„]-V}  + {«}0 

Premultiplying  by  [T^]  gives 

{E'}  = [Tj[S][T„r'{o'}  + [Tj{a}0 

Comparing  this  equation  with  + |a'}0  itfoiiows 

that 


[S']  = [T.][S][T„: 


Thus,  [S']  = [TJ[S][TJ  gives  [S]  = [Tj  [S'][TJ 
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TRANSFORMATION  OF  [C]  AND  [S] 

CONCLUDED 


• In  summary: 


[S’] 

= [T.]| 

S][TJ‘ 

[C'j 

= [TJ 

[C][TJ 

{«'}  = [Tj{a} 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 

ABOUT  THE  Xg  AXIS 


• The  term  "dextral"  refers  to  a right-handed  rotation 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

• The  matrix  form  of  the  stress-tensor  transformation  iaw  is  given  by 


fS;) 

I 0,3  \ _ 

\ o,,  I “ 
V Ov2  y 

COS^03 

■ 

sin  03 

0 

0 

0 

2sin03cos03 

O22  I 
/ ^33  \ 
\ 0,3  I 

0,3 

[o,J 

sin^03 

cos  ^03 

0 

0 

0 

- 2sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

- sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- sin03cos03 

sin03cos03 

0 

0 

0 

cos ^03  - sin^03 

and  is  expressed  symboiicaiiy  by 


T„(e3)]{a} 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

• Similarly,  the  matrix  form  of  the  inverse  transformation  law  is  given  by 


022 

/ 0^33  1 _ 

W23  ( " 

(>13 

V ^12  j 

COS  ^03 

■ 

sin  03 

0 

0 

0 

- 2sin03cos03 

I Orr  ^ 
O22 

I 0,3  [ 

O2-3. 

0,3 

V Of '2'  y 

sin\ 

cos  ^03 

0 

0 

0 

2sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

sin03 

0 

0 

0 

0 

- sin03 

COS03 

0 

sin03cos03 

- sin03cos03 

0 

0 

0 

cos\  - sin\ 

and  is  expressed  symbolically  by 


{a}  = [T„(03) 


where  [TjQs)]  — [T„(-  63)] 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUTTHE  X3  AXIS  - CONTINUED 


By  using  the  second-order,  symmetric  tensor  transformation  equations, 
the  transformation  law  for  the  vector  of  engineering  strains  is  given  by 


( 


■ ^ 

'i'i' 


£2-2' 


^3'3'  V 
( 


COS  ^03 

■ 

sin  03 

0 

0 

0 

sin03cos03 

sin^03 

cos  ^03 

0 

0 

0 

- sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

- sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- 2sin03cos03 

2sin03cos03 

0 

0 

0 

cos ^03  - sin^03 

\ 2E2.3- 
2£i.3' 
2£i-2’  j 


which  is  expressed  symbolically  by 


'11 


'22 


'33 


2e 
2e 

V ^^12 ) 


23 


13 


{£'}  = [T,(03)]{e} 


Note  that 


[T.(e.); 

r=i 

- 1 

1 =1 

[T„(-e.)] 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 


Similarly,  the  matrix  form  of  the  inverse  transformation  law  is  given  by 


'11 


'22 


'33 


COS  ^03 

■ 

Sin  03 

0 

0 

0 - sin03cos03 

■ 

Sin  03 

COS  ^03 

0 

0 

0 sin03cos03 

0 

0 

1 

0 

0 0 

0 

0 

0 

COS03 

sin03  0 

0 

0 

0 

- sin03 

COS03  0 

2sin03cos03 

- 2sin03cos03 

0 

0 

0 cos^03  - sin^03 

\ 2E23 

2e,3 
2e,3  j 


and  is  expressed  symbolically  by 


E,t  \ 

£2-2' 
^3’3' 

2 £2-3. 

2£i-3' 
2£i'2'  J 


where 


[T.(e.) 

] =l 

[T.(-  0.); 

I=l 

[T„(0.)]' 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 


• The  general  expression  for  the  transformation  of  the  stiffness 
coefficients  and  thermal  moduli  are 

[C']  = [TJ[C][TJ  ’ and  |P'}  = [TJ{P} 


• Noting  that 


for  a dextral  rotation  about  the  X3  axis  gives 


[C']  = [TJ[C][TJ^ 


• Simiiariy,  the  generai  expression  for  the  inverse  transformation  of  the 
stiffness  coefficients  is  [C]  = [T^,]  [C'][Tg] 


• Noting  that 


for  a dextrai  rotation  about  the  X3  axis  gives 


[C]  = [TJ^[C'][TJ 


126 


TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

• The  general  expression  for  the  transformation  of  the  compliance 
coefficients  and  thermal  expansion  coefficients  are 

[S']  = [TJ[S][T„]  ’ and  {a'}  = [Tj{a} 


• Noting  that 


for  a dextral  rotation  about  the  X3  axis  gives 


[S']  = [TJ[S][TJ^ 


• Simiiariy,  the  generai  expression  for  the  inverse  transformation  of  the 
compiiance  coefficients  is  [S]  = [T^]  [S'][T^] 


• Noting  that 


for  a dextrai  rotation  about  the  X3  axis  gives 


[S]  = [T„]^[S'][TJ 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS  ABOUT 

THE  X3  AXIS  - SUMMARY 


[S']  = [ 

TjfS][Tj' 

[C']  = [ 

T„lfCl[T„]- 

[S]  = 

[T„r[S'lfT„l 

[C]  = 

[Tel'[C'][Tj 

cos"03 

sin"03 

0 

0 

0 

2sin03cos03 

sin"03 

cos"03 

0 

0 

0 

- 2sin03cos03 

[TJ  = 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

-sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- sin03cos03 

sin03cos03 

0 

0 

0 

cos"03  - sin'03 

cos"03 

■ 

Sin  03 

0 

0 

0 

sin03cos03 

sin"03 

cos'03 

0 

0 

0 

- sin03cos03 

[T.]  = 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

- sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- 2sin03cos03 

2sin03cos03 

0 

0 

0 

cos"03  - sin"03 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS  ABOUT 

THE  X3  AXIS  - SUMMARY 


{«}  = 

lTj'{a') 

(P}  = 

fTj'O'} 

{«'}  = [ 

Te] 

{a} 

{P'}  = l 

xm 

cos"03 

sin"03 

0 

0 

0 

2sin03cos03 

sin"03 

cos"03 

0 

0 

0 

- 2sin03cos03 

[TJ  = 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

- sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- sin03cos03 

sin03cos03 

0 

0 

0 

cos"03  - sin"03 

cos"03 

sin"03 

0 

0 

0 

sin03cos03 

sin'03 

cos"03 

0 

0 

0 

- sin03cos03 

m- 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

-sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- 2sin03cos03 

2sin03cos03 

0 

0 

0 

cos"03  - sin"03 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

• Let  m = COS03  and  n = sinOj  for  convenience 

• Performing  the  calculations  given  by  [C']  = [Tg][C][Tg]  yields 

C,T  = rn’Ci,  + 2m^n^(C,2  + 20^^)  + 4mn(m^C,6  + n^Csg)  + 

C,2.  = m^n^(C„  + C22  - 4Cse)  - 2mn(m"-  n^)(C,e  - C^g)  + (m“  + n“)C,2 

C,3.  = m"C,3  + n"C23  + 2mnC3s 

C,4,  = m"C,4  + m"n(2C43  - C,s)  - mn^(2C5e  - - n'C^^ 

C,5.  = m"C,5  + m"n(2C56  + C,,)  + mn“(2C43  + C25)  + 

C,e.  = m'(m'-  3n')C,6  - m'n(C„  - - 2Ce6) 

+ mn'(C22  - C,2  - 2Cee)  - n'(n'-  am'jc^e 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

C2,,.  = m‘'C22  + 2m^n^(C,2  + 2Cb6)  - 4mn(m“C26  + n^Cis)  + n’C,, 
C23  = + n"C,3  - 2mnC35 

C24  = m"C24  - m"n(2C43  + C25)  + mn“(2C53  + C„)  - n'‘C,5 

C25  = m’C25  - m^n(2C33  - C24)  - mn"(2C4s  - C,s)  + n"C,4 

Cjs.  = m'(m'-  Sn'jCjs  + m'n(C22  - C,2  - 2Cee) 

- mn'(C„  - C,2  - 2Cee)  - n“(n'-  3m")C,e 

^3'3'  “ ^33 

^3'4'  “ ^^34  ^^35 

C35  = mCgs  + nC34 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

C3.6.  = (m"-  n'jCje  + mn(C23  - 0,3) 

C44  = m"C44  + n'Css  - 2mnC45 

C45.  = (m'-  n')C43  + mn(C44  - C55) 

C4.3.  = m"C46  - m"n(C36  + C,4  - C34)  - mn"(C46  - C,3  + C35)  + n’Cjs 

C55  = + n"C44  + 2mnC45 

C3.3.  = m'Cse  + m“n(C43  + C35  - C,^)  - mn^lCjs  + C,4  - C34)  - n'‘C43 

Cse-  = m'n'(C„  + C33  - 20,3)  - 2mn(m'-  n^)(C,e  - C33)  + (m'  - n^j^Cee 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

• Again,  let  m = COS63  and  n = sinBj 

• Performing  the  calculations  given  by  [^]  = [1'e]  [^']['^e]  yields 

C„  = + 2m^n“(C,2,  + 20^,^.)  - 4mn(m^C,e.  + n^Cje  ) + 

C,2  = m"n"(C,.,.  + C2.2,  - 4Ce8.)  + 2mn(m^-  n")(C,.e,  - C^e)  + (m"  + 
C,3  = m"C,3  + n"C23.  - 2mnC33. 

C,4  = m'C,,.  - m''n(2C4.3.  - C,.^.)  - mn"(2C56  - ) + n'C^j 

C,5  = m'‘C,  3,  - m“n(2C53.  + C,  ,..)  + mn“(2C46  + ) - n'C^,.. 

C,s  = m^(m^-  Sn^jCi  j,  + m“n(C,.,.  - - 2Ce6.) 

- mn^(C22.  - C,2.  - 2C6  6.)  - n^(n^- 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

C22  = + 2m^n^(Ci2  + 2Cg6)  + 4mn(m^C26  + ) + n^^Cyy 

C23  = m"C23  + n"C,3  + 2mnC36 

C24  = m^C24  + m"n(2C46  + C25 ) + mn^(2C56  + 

C25  = m^C25  + m^n(2C56  - C24 ) - mn^(2C46  - C^s ) - n"Ci4 

C26  = m^(m^-  Sn^jCge  - m^n(C22  - C12  - 2C66 ) 

+ mn^(Ci  1 - C12  - 2C66 ) - n^(n^- 

C33  — C3.3.  C34  “ ITIC3.4-  + 1103.5.  ^35  “ ^^3'5'  ^^3'4' 

C36  = (m^-  n")C3.6.  - mn(C2.3-  - 0^.3.) 

C44  = m^C44  + n^Css  + 2mnC45 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 


C„  = (m'-  n')C„.  - mn(C„.  - C„.) 

C4S  = + m"n(C5s.  + C,,..  - 

^2'4' 

) - mn  (C4e  - C,5  + C25 ) - n C^e 

C55  = m'Css  + n"C44  - 2mnC45. 

Cse  = m’Cse  - m"n(C46.  + C^.^.  - C.^.)  - mn"(C5e  + C,„.  - C^,..)  + 

Cee  = m'n'(C,.,.  + C22.  - 2C,2.)  + 2mn(m"-  n")(C,e-  - C^.,.)  + (m“  - n^j^Cee- 


• Note  that  [C'j  and  [C]  can  be  expressed  as 

[C']  = [T„(63)][C][T.(-e,)]  and  [C]  = [T„(- e,)][C'][T3(03)] 

• Thus,  one  set  of  transformed  stiffness  expressions  can  be 
obtained  from  the  other  by  simpiy  interchanging  the  primed  and 
unprimed  indices  and  repiacing  n with  -n 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

• Let  m = cos03  and  nssinGs 

• Performing  the  calculations  given  by  [S']  = [Tg][S][Tj]  yields 

S,r  = m’S,,  + m^n^(2S,2  + Sge)  + 2mn(m^S,6  + n^Ssg)  + 

S,2,  = m^n^(S„  + S22  - See)  - mn(m^-  n")(S,e  - S^e)  + (m“  + n“)Si2 

S,3  = m"S,3  + + mnS3e 

3.4.  = m"S,4  + m"n(See  - S,e)  - mn"(See  - S24)  - n^S^e 

5.5.  = m^S,5  + m^n(See  + S,e)  + mn“(S4e  + S^e)  + n^S^^ 

S,e.  = m'(m"-  3n")S,e  - m'n(2S„  - 2S,2  - See) 

+ mn'(2S22  - 2S,2  - See)  - n'(n'-  3m")S2e 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 


Sj...  = m‘'S22  + m^n^(2S,2  + Sge)  - 2mn(m“S26  + n^S,s)  + n“S„ 

S23  = + n^S,3  - mnS35 

824  = m"S24  - m"n(S43  + S25)  + mn"(S56  + S,^)  - 
S25  = m"S25  - m^n(S33  - S24)  - mn^(S4s  - 8,5)  + n"8,4 

S26.  = m'(m"-  Sn'jSje  + m'n(2S22  - 28,2  - See) 

- mn'(2S„  - 28,2  - See)  - n"(n'-  3m')8,e 

^3'3'  “ ^33 

^3'4'  “ ^^^34  — 11035 
S35  = 1T1S35  + n034 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 


Sjs.  = (m"-  n")S3e  + 2mn(S23  - 8,3) 

S4.4  = m"S44  + n'Sss  - 2mnS45 
84,5.  = (m'-  n')843  + mn(844  - 855) 

84.3  = m"843  - m^n(853  + 28,4  - 2834)  - mn''(843  - 28,5  + 2835)  + n"856 

855  = 111^855  + n"844  + 2mn845 

83.3  = m"833  + m"n(843  + 2835  - 28,5)  - mn"(833  + 28,4  - 2834)  - n"843 
83.3.  = 4m  n^(8„  + 833  - 28,3)  - 4mn(m'-  n^)(843  - S36)  + (m'  - n')  833 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

• Let  m = cos03  and  nssinGs 

• Performing  the  calculations  given  by  [S]  = [T„]  [S'][T„]  yields 

S„  = + m“n“(2S,,2'  + See  ) - 2mn(m“S,,6’  + n^Sje  ) + 

5.2  = m^n^(S,.,.  + S22,  - See  ) + mn(m"-  n^)(Si,e.  - Se,e.)  + (m“  + n'‘)S,,2, 

5.3  = m"S,3  + 0^833.  - mnSje 

S,e  = - m“n(Ses.  - S,5 ) - mn"(Se.e  - Sj.,.)  + n'S^.j. 

S,5  = m"S,5.  - m"n(Se.e  + S,,. ) + mn'lS^  + S3.5.)  - n'S^,.. 

S,s  = 3n^)S,e  + m^n(2S,.,  - 2S,2.  - See ) 

- mn^(2S22.  - 2S,2-  - Sje ) - n“(n^-  Sm^jS^e 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 


522  = + m^n^(2Si2  + Sge ) + 2mn(m^S2  6 + 

523  = 01^823  + 3 + mnS36 

524  = m^S24  + m^n(S46  + S25 ) + mn^(S56  + S,.^.)  + 5 

525  = m^S25  + m^n(S56  - S24 ) - mn^(S46  - 5 ) - n"Si4 


S26  = m^(m^-  Sn^jSge  - m^n(2S22  - 2Si2  - Sge ) 

+ mn^(2Sii  - 2Si2  - Sgg ) - n^(n^-  Sm^jS^g 

S33  — 83,3.  S34  — 11183.4-  + 1183.5.  ^35  “ ^^3.4. 

835  = (m"-  n")83.6.  - 2mn(82>3'  - 

844  = 111^844  + 11^855  + 2mn84  5 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUTTHE  X3  AXIS  - CONTINUED 

S45  = (m'-  n')S4,5.  - mn(S4.4.  - S,.,.) 


S4e  = m"S4e.  + m''n(S5.e  + 2S,4, 

- 2S2.4.)  - mn'(S4.e.  - 2S,,e.  + 282.3.)  - n'Se.e. 

S55  = m'Sss  + n"S44  - 2mnS45 

S55  = m'Sss.  - m"n(S46.  + 2S25. 

- 2S4.3  ) - mn^(Se.e  + 2S,4.  - 2S24.)  + n"S4e 

See  = 4m'n'(Si.,.  + - 2S,,2.) 

+ 4mn(m^-  n")(S,.e.  - S^e  ) + (m^  - n")  See. 

• Note  that  [S']  and  [S]  can  be  expressed  as 

[S']  = [tj03)][S][tj-  03)]  and  [S]  = [tj-  0a)][S'][Tj03)] 

• Thus,  one  set  of  transformed  compliance  expressions  can  be 
obtained  from  the  other  by  simply  interchanging  the  primed  and 
unprimed  indices  and  replacing  n with  -n 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

• Let  m = cos03  and  nssinGs 

• Performing  the  calculations  given  by  («'}  = [TE]{a}  yields 


GLyy  = + 2mnai2  + ^^^22 

CX22'  = m^a22  - 2mna,i2  + 

Ctg-g,  = 0133 

Ctl-3.  — mcti3  ^ ^^23 

a.y2'  — (m^-  n^)oti2  + nnn(a,22  - otii) 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONTINUED 

• Let  m = cos03  and  n = sin03 


• Performing  the  calculations  given  by  {a}  = [T„]  (a'}  yields 

— 2mnoii,2'  + 

<X22  “ m oi2'2'  "I"  2mn<x-|.2'  + n 

^33  “ Cl3'3' 

0123  nrict2'3'  ^ ncti-3- 
^13  “ rnct-1.3-  — nct2'3' 

tti2  = (m^-  n^jai,2-  - mn|a2-2'  - 


Note  that 

[T„(03)]'  = [T,(-03)] 

and  hence 

(a}  = [Te(-03)]{a'} 

So,  the  expressions  given  here 
for  o.\\  can  be  obtained  from  the 
those  previously  given  for 
by  switching  the  primed  and 
unprimed  indices  and  replacing 
n with  -n 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUTTHE  X3  AXIS  - CONTINUED 

• Let  m = cos03  and  n = sin03 

• Performing  the  calculations  given  by  {P'}  = [T^j]{P}  yields 


+ 2mnPi2  + ^^^22 
P22  = m^P22  - 2mnPi2  + n^p^ 

Ps'S'  “ P33 

P2'3'  “ rnp23  nPi3 
Pi'3'  “ rnPi3  + 0^23 

p,2.  = (m^-  n')p„  + mn(p,,  - p„) 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  Xg  AXIS  - CONCLUDED 

• Let  m = cos03  and  nssinBa 


• Performing  the  calculations  given  by  {P}  = [T^]  {P'}  yields 


p„  = m'p, ,,  - 2mnp,3  + n^p^.^. 

Note  that 

[Tj03)]'  = [T„(-e3)] 

P22  = m^P22  + 2mnPi2  + 

and  hence 

P33  “ P3'3' 

{P}  = [T„(-03)]{P'} 

P23  ~ P^P2'3'  *^Pl'3' 

Pl3  ~ iriPl'3'  ~ ^P2'3' 

So,  the  expressions  given  here 
for  Pij  can  be  obtained  from  the 
those  previousiy  given  for  Pn 
by  switching  the  primed  and 
unprimed  indices  and  repiacing 
n with  -n 

p,3  = (m^-  n')p,.3,  - mn(P33.  - p,,,,) 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 

ABOUT  THE  x,  AXIS 


Plane  = 0 


a,,  = (I  • tj) 


• The  term  "dextral"  refers  to  a right-handed  rotation 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• The  matrix  form  of  the  stress-tensor  transformation  iaw  is  given  by 


to  \ 
0^2'2' 

/ ^3'3'  \ _ 

\ 1 “ 
Qi3 

V ^12  y 

1 

0 

0 

0 

0 

0 

f 

I ^22 

/ ^33  \ 

I ^23  I 

(>13 

\OTiJ 

0 

cos  ^01 

sin^0i 

2sin0^cos0i 

0 

0 

0 

■ 

sin  0^ 

cos  ^01 

- 2sin0iCos0i 

0 

0 

0 

- sin0iCOS0i 

sin0iCos0^ 

cos  ^01  - sin^0i 

0 

0 

0 

0 

0 

0 

COS01 

- sin0i 

0 

0 

0 

0 

sin0^ 

COS01 

and  is  expressed  symboiicaiiy  by 


{&}  = [T„(e,)]{o} 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Similarly,  the  matrix  form  of  the  inverse  transformation  law  is  given  by 


^22 

I ^33  [- 

\ ^23 

0^13 

1 

0 

0 

0 

0 

0 

I 0,T  '' 

I 0^2-2' 

/ ^3'3'  V 
I ^2'3' 

or,. 3. 

V ofi'2- 1 

0 

COS^01 

sin^0i 

- 2sin0iCos0i 

0 

0 

0 

■ 

sin  0^ 

cos  ^01 

2sin0^cos0i 

0 

0 

0 

sin0^cos0i 

- sin0iCos0i 

cos  ^01  - sin^0i 

0 

0 

0 

0 

0 

0 

COS01 

sin0^ 

0 

0 

0 

0 

- sin0i 

COS01 

and  is  expressed  symbolically  by 


= [T„(e,)]’  {o'} 


where  [T(,(Qil]  -[T„(-9i)l 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 


By  using  the  second-order,  symmetric  tensor  transformation  equations, 
the  transformation  iaw  for  the  vector  of  engineering  strains  is  given  by 


1 

0 

0 

0 

0 

0 

0 

COS^01 

sin^0i 

sin0iCOS0i 

0 

0 

0 

■ 

Sin  01 

COS  ^01 

- sin0iCOS0i 

0 

0 

0 

- 2sin0iCOS0i 

2sin0iCOS0i 

COS ^01  - sin^0i 

0 

0 

0 

0 

0 

0 

COS01 

- sin0i 

0 

0 

0 

0 

sin0i 

COS01 

'11 


'22 


'33 


2e 
28 

2£i2  ) 


23 


13 


which  is  expressed  symboiicaiiy  by 


Note  that 


[T.ie.i; 

r=i 

[T„(e,); 

- 1 

I H 

[T„(-  e,)] 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Similarly,  the  matrix  form  of  the  inverse  transformation  law  is  given  by 


iz\ 

t = 

2e,3 

^ 2b, 2 y 

1 

0 

0 

0 

0 

0 

( E \ 

^2'2' 

1 ^3’3'  1 

\ 282.3.  / 
2e,3 
V 2ei.2.  ) 

0 

cos  ^01 

sin^0i 

- sin0iCOS0i 

0 

0 

0 

■ 

sin  6^ 

COS^0i 

sin0^cos0i 

0 

0 

0 

2sin0iCOS0i 

- 2sin0iCOS0i 

cos ^01  - sin^0i 

0 

0 

0 

0 

0 

0 

COS01 

sin0^ 

0 

0 

0 

0 

- sin0i 

COS01 

and  is  expressed  symbolically  by 


where 


{e>  = [T,(0,)]  '{e'} 


[T,(9.) 

1=1 

[T.(-  9.): 

1=1 

[Tje,)] 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 


• The  general  expression  for  the  transformation  of  the  stiffness 
coefficients  and  thermal  moduli  are 


[C']  = [TJ[C][TJ-'  and  {P'}  = [TJ{P} 


• Noting  that 


for  a dextral  rotation  about  the  axis  gives 


[C']  = [TJ[C][TJ^ 


• Simiiariy,  the  generai  expression  for  the  inverse  transformation  of  the 
stiffness  coefficients  is  [C]  = [T^]  [C'][Tg] 


• Noting  that 


for  a dextrai  rotation  about  the  x^  axis  gives 


[C]  = [TJ^[C'][TJ 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• The  general  expression  for  the  transformation  of  the  compliance 
coefficients  and  thermal  expansion  coefficients  are 

[S']  = [TJ[S][TJ"'  and  {a'}  = [Tj{a} 


• Noting  that 


for  a dextral  rotation  about  the  axis  gives 


[S']  = [TJ[S][TJ^ 


• Simiiariy,  the  generai  expression  for  the  inverse  transformation  of  the 
compiiance  coefficients  is  [S]  = [T^]  [S'][T^] 


• Noting  that 


for  a dextrai  rotation  about  the  x^  axis  gives 


[S]  = [TJ^[S'][TJ 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS  ABOUT 

THE  AXIS  - SUMMARY 


[S]  = | 

T„r[S'l[T„l 

[C]  = 

fTel'fC'l[Tj 

[S']  = I 

Tj[S]fTj- 

[C']  = [ 

T„l[ClfT„l' 

1 

0 

0 

0 

0 

0 

0 

cos'01 

. 2 : 

sin  0, 

2sin0,cos0, 

0 

0 

[TJ  = 

0 

■ 

sin  0, 

cos"0i 

-2sin0iCOS0i 

0 

0 

0 

- sin0,cos0, 

sin0,cos0, 

cos"0i  - sin"0j 

0 

0 

0 

0 

0 

0 

COS0ii 

-sin0i 

0 

0 

0 

0 

sin0, 

COS01 

[T.]  = 

1 

0 

0 

0 

0 

0 

0 

cos'Gi 

■ 

sin  0, 

i sin0,cos0, 

0 

0 

0 

■ 

sin  0, 

cos"0i 

-sin0iCos0i 

0 

0 

0 

- 2sin0,cos0, 

2sin0,cos0, 

cos"0i  - sin"0i 

0 

0 

0 

0 

0 

0 

COS0, 

-sin0i 

0 

0 

0 

0 

sin0, 

COS0, 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS  ABOUT 

THE  AXIS  - SUMMARY 


{«}  = I 

T„r(a') 

(P}  = 

[TJ'(P'} 

{«'}  = [ 

Te] 

{a} 

{P'}  = [ 

Tj{p} 

[TJ  = 

1 

0 

0 

0 

0 

0 

0 

cos"0i 

■ 

sin  0, 

2sin0,cos0, 

0 

0 

0 

■ 

Sin  0, 

cos"0i 

-2sin0,cos0i 

0 

0 

0 

i-  sin0,cos0, 

sin0,cos0,  ( 

cos"0i  - sin'0ii 

0 

0 

0 

0 

0 

0 I 

COS01 

-sin0i 

0 

0 

0 

0 

sin0, 

COS01 

[T.]  = 

1 

0 

0 

0 

0 

0 

0 

cos"0i 

■ 

sin  0, 

i sin0,cos0, 

0 

0 

0 

■ 

Sin  0, 

cos"0i 

I -sin0iCos0i 

0 

0 

0 

- 2sin0,cos0, 

2sin0,cos0, 

cos"0i  - sin'0i 

0 

0 

0 

0 

0 

COS0, 

-sin0i 

0 

0 

0 

0 

sin0, 

COS0, 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Let  m = COS01  and  n = sine^ 

• Performing  the  calculations  given  by  [C']  = [To][C][T^]^  yields 

Cyy  = 

Cy2  = m^Ci2  + n^Ci3  + 2mnCi4 
Cyy  = m^Ci3  + n^Ci2  - 2mnCi4 
C,4  = (m^-  n')C,4  + mn(C,3  - C,^) 

C,  3 = mCls  - nC,e 
C,e  = mC,e  + nC,5 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 


Cj.^.  = rn’Csj  + 2m^n^(C23  + 2C44)  + 4mn(m^C24  + n^Cj^)  + n''C33 
C23.  = m^n^(C23  + C33  - 4C44)  - 2mn(m"-  n^)(C34  - C34)  + (m"  + n‘‘)C23 
C24.  = 3n“)C24  - m^n(C22  - C23  - 2C44) 

+ mn'(C33  - C23  - 2C44)  - n'(n'-  3m')C34 

C25  = m"C25  + m"n(2C45  - C2s)  - mn''(2C43  - C35)  - n"C36 

C23  = m"C23  + m"n(2C43  + C25)  + mn^(2C45  + Cjs)  + 11^035 
C33.  = rn’Cas  + 2m^n^(C23  + 2C44)  - 4mn(m“C34  + 

C34.  = m'(m'-  3n')C34  + m'n(C33  - C,,  - 2CJ 

- mn^(C22  - C23  - 2C44)  - n"(n“-  3m")C24 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 


C3.5.  = m"C35  - m^n(2C45  + C36)  + mn"(2C,6  + C33)  - 

C33.  = m'‘C33  - m"n(2C^3  - C35)  - mn^(2C43  - C23)  + 

C^.,.  = m"n"(C33  + C33  - 2C33)  - 2mn(m"-  n')(C34  - C34)  + (m"  - n")"c„ 
C„.  = - m"n(C46  + C35  - C35)  - + C33)  + 

= m"C46  + m''n(C43  + C33  - C^j)  - mn''(C43  + C33  - C35)  - 

C5.5.  = m'Css  + n'Cse  - 2mnC5j 

C33  = (m'-  n'jCjs  + mn(C33  - C^) 

C5.6  = m^Ces  + n'Css  + 2mnC56 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Let  m = COS01  and  n = sine^ 

• Performing  the  calculations  given  by  [C]  = [T£]^[C'][Tg]  yields 

^11  “ 

Ci2  = m^Ci2  + n^Ci  3,  - 2mnCi4, 

Ci3  = m^Ci3,  + n^Ci2  + 2mnCi4 

C,4  = (m'-  n")C,-4.  - mn(C,.3-  - C,-2-) 

Ci5  = mCi  5 + nCi  6 

C,6  = mC,  3 - nC,  5 

C22  = m'‘C22  + 2m^n^(C23  + 2C44.)  - 4mn(m^C24  + 0^03,4 ) + n"‘C33- 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

Cj3  = m"n"(C22.  + C33.  - 4C4.4.)  + 2mn(m^-  n^)(C24.  - C3.4  ) + (m"  + n‘‘)C33. 

C24  = 3n^)C24.  + m^n(C22  - C23  - 2C4.4,) 

- mn^(C33.  - C23.  - 2C44.)  - n^(n^- 

C25  = m"C25  - m''n(2C4.3.  - €23 ) - mn"(2C43  - C3.5.)  + n"C33. 

C26  = m"C26  - m“n(2C46.  + C25 ) + mn"(2C45  + C36 ) - 

C33  = m“C3.3.  + 2m^n^(C23.  + 204,4.)  + 4mn(m^C34.  + n^Cj,^)  + n“C2,2, 

C34  = 3n^)C34.  - m’n(C33.  - C23  - 2C4.4,) 

+ mn’(C22  - C23  - 2C4.4.)  - n^(n“-  3m^)C24, 

C35  = m"C3.5.  + m“n(2C4.3.  + C36 ) + mn"(2C4.6  + C25 ) + n"C23 

C33  = m"C3.3  + m"n(2C46  - C3.5 ) - mn“(2C4.3.  - C26 ) - n"C25 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 


C„  = + C3.3  - 2C3.3.)  + 

2mn(m^-  n^)(C24  - C34 ) + (m^  - n^)^ 

^4-4' 

C43  = m"C„.  + m"n(C„.  + C35.  - 

^3'5')  “ mn  (04,5,  — + Cg.g.)  — n C4,g, 

C43  = m"C„.  - m^n(C^5  + C3.3.  - 

C^-g,)  - mn'(C4.g.  + C2.5.  - C3.5.)  + n'^C4.5. 

C55  = + n'Cee-  + 2mnC55. 

C„  = (m  - n jCse.  - mn(C35.  - Ce.3.) 

Cs6  = rn'Ces-  + n'Css  - 2mnC56. 

• Note  that  [C'j  and  [C]  can  be  expressed  as 

[C']  = [T„(0.)][C][T,(-  00]  and  [C]  = [t„(-  0O][C'][tj0O] 

• Thus,  one  set  of  transformed  stiffness  expressions  can  be 

obtained  from  the  other  by  simpiy  interchanging  the  primed  and 
unprimed  indices  and  repiacing  n with  -n 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Let  m = cose,  and  n = sine, 

• Performing  the  calculations  given  by  [S']  = [1'e][S]['r£]  yields 

Si-1-  = S-I-, 

Si2  = nri^Si2  + n^Si3  + rnnSi4 

3 = m"Si3  + n"S,2  - mnS,4 

S,4.  = (m'-  n')S,4  + 2mn(S,3  - S,^) 

S,  3.  = mS,3  - nS,6 

S,e  = mS,4  + nS,5 

S22.  = m’Sjj  + m^n^(2S23  + S44)  + 2mn(m^S24  + 0^834)  + n‘'S33 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 


823,  = m''i 

n"(822  + 833  - 844)  - mn(m"-  n'')(824  - 834)  + 

(1x1"+  n‘')823 

S24  = m^l 

(m  - 3n  )S24  - m n(2S22  - 2833  - S44) 

+ mn"(2S33  - 2S33  - S44)  - n"| 

[n"-  3m')S34 

S25.  = + m"n(S„  - - mn"(S,6  - S35)  - n"S3j 

S3.5  = + m^n(S46  + S25)  + mn“(S„  + 835)  + 11^835 

53.3.  = m“833  + m^n^(2823  + 844)  - 21x111(1x1^834  + 11^824)  + n“822 

53.4.  = m'(m"-  3n")S34  + m’n(2S33  - 2S33  - S44) 

- mn“(2S22  - 2833  - S44)  - n^(n^-  3m")S24 

83.5.  = 1x1^833  - m"n(843  + Sae)  + mn"(846  + S25)  - n"82s 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 


S3.6.  = m’Sjs  - m"n(S,6  - S35)  - mn"(S„  - S33)  + 

2 

S„.  = 4m  n'(S33  + S33  - 2S33)  - 4mn(m“-  n")(S33  - S34)  + (m“  - n")  S„ 

84.3.  = m"S„  - m^n(S^s  + 2S35  - 2S35)  - mn^(S45  - 2833  + 2833)  + n"843 

83.3.  = m"833  + m"n(835  + 2833  - 2833)  - mn"(843  + 2835  - 2833)  - n'“843 

83.3.  = m"833  + n"833  - 2mn833 

83.3,  = (m'-  n')833  + mn(833  - 833) 

85  s = m"83s  + n"833  + 2mn853 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Let  m = COS01  and  n = sine^ 

• Performing  the  calculations  given  by  [S]  = [T^]  [S'][T^]  yields 

^11  = Si-|, 

512  = m^Si  2 + n^Si  3.  - rnnSi  4, 

513  = m^Si3.  + n^Si2  + mnSi4. 

5.4  = (m'-  n')S,,4.  - 2mn(S,,3.  - S,.^,) 

5.5  = mS,5  + nS,6 

5.6  = mS,  e.  - nS,  3 

S22  = m‘'S2.2.  + m“n“(2S23.  + S4.4.)  - 2mn(m“S24.  + n^Sj^.)  + n''S33, 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 


ABOUT  THE  AXIS  - CONTINUED 

S23  = m n (S22  + S33  - S44)  + mn(m  - n )(S24  - S34)  + 

(m  + n )82  3 

S24  = 3n^)S24,  + m“n(2S2,2,  - 232,3  - S44,) 

- mn'(2S3.3,  - 282,3,  - S4.4  ) - n'( 

n^-  3m^)834, 

S25  = m’S25  - m"n(S4,5,  - 823 ) - mn^(S4,3  - 83,5,)  + 

823  = m"S23  - m^n(S43,  + S25 ) + mn"(S43,  + S33,)  - n'Sjj 

S33  = m S33  + m n (2833  + S44 ) + 2mn(m  S34  + n 834 ) 

+ n 822 

834  = 3n^)834  - m^n(2833  - 2833  - S44 ) 

+ mn^(2822  - 2823  - S44 ) - n^( 

n^-  3m^)824 

S35  = m'Sjs.  + m"n(S4,.  + 83,3 ) + mn^(S46.  + S3, 5,)  + n'*S3,s, 
S33  = + m"n(S4.3.  - S35.)  - mn“(S4.5.  - 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

2 

= 4m  n'(S22.  + S3.3.  - 2S3.3.)  + 4mn(m^-  - S34.)  + (m'  - n")  S„. 

545  = m"S„  + m"n(S43.  + 2S3.5.  - 2S3.3.)  - mn“(S„  - 2S3.3.  + 2S3.3 ) - n"S„ 

546  = - m“n(S45,  + 2S33.  - 2S3.3 ) - + 2S3.3.  - 2S35.)  + 

Ss5  = m'Sss,  + n^'See.  + 2mnS56.  853  = (m"-  - mn(S55.  - S5.3.) 

See  = m^See-  + n^Ssj.  - 2mnS5s. 


• Note  that  [S']  and  [S]  can  be  expressed  as 

[S']  = [Tj0,)][S][T„(-0,)]  and  [S]  = [T.{- 0,)][S'][T„(0,)] 

• Thus,  one  set  of  transformed  compliance  expressions  can  be 
obtained  from  the  other  by  simply  interchanging  the  primed  and 
unprimed  indices  and  replacing  n with  -n 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Let  m = cose,  and  n = sine, 

• Performing  the  caicuiations  given  by  (a'}  = [T,](a}  yieids 

CLyy  — 

<x2'2'  = m^(X22  + 2mnoi23  + ^1^0^33 
cxg.g,  = m^a,33  - 2mna23  + n^a22 

^2'3'  ""  ( ~ ^ )^23  ^ ~ ^22) 

cx^,3,  = mcii3  “ na.,2 

GLy2'  — 0101^2  I^*X^3 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Let  m = cose,  and  n = sine, 

• Performing  the  calculations  given  by  {o.  } = [T„l'{a’)  yields 


Ctii  — 

0.22  — rn^oi2'2'  “ 2mncx2'3'  + ^013,3, 

(X33  — m 013-3-  + 2mri<x2'3'  ^ ^ <X2'2' 

(X23  “ ^ )^2'3'  ~ mn^C)t3>3.  — Ct2'2') 

Oti3  = moii.3.  FIOIi.2' 
oti2  = moil, 2'  “ n<Xi,3> 


Note  that 

[Tg(e,)]'  = [T,(-e,)] 

and  hence 

{a}  = [Te(-ei)]{a'} 

So,  the  expressions  given  here 
for  cijj  can  be  obtained  from  the 
those  previously  given  for 
by  switching  the  primed  and 
unprimed  indices  and  replacing 
n with  -n 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Let  m = COS01  and  n = sine^ 

• Performing  the  calculations  given  by  |P'}  = [T^]{P}  yields 

Pii  = Pii 

P22  = m^P22  + 2mnP23  + n^Pgg 
P3.3  = m^^33  - 2mnP23  + n"P22 
P23  = (m"-  n")p23  + mn(P33  - P22) 

Pi'3'  ~ mPi3  — nPi2 

Pi'2'  ~ mPi2  nPi3 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Let  m = COS01  and  n = sine^ 

• Performing  the  calculations  given  by  (P}  = yields 


Pii  = Prr 

^22  = - 2mnP23  + 

^33  = m"p33,  + 2mnP23.  + 

P23  = (m'-  n")p33,  - mn(P33,  - ) 

Pi3  = mp,3,  + np,2, 

P12  — mp^,2-  — np^,3. 


Note  that 

[T,(ej]'  = [T„(-e,)] 

and  hence 

|{P}  = [TJ-e,)]{P'} 


So,  the  expressions  given  here 
for  Pij  can  be  obtained  from  the 
those  previously  given  for  Pn 
by  switching  the  primed  and 
unprimed  indices  and  replacing 
n with  -n 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• The  algebra  involved  in  computing 


[C']  = [T„][C][T„]^ 

[S']  = [T.][S][TJ 

(«'}  = [TeHa} 

[C]  = [T,]^[C'][T,] 

[S]  = [T„]^[S'][T„] 

{a}  = [T„]^{«'} 

{P'}  = |T„]{|i)  (P)  = [T.HP'} 

is  definitely  tedious  when  done  by  hand 

• When  the  expressions  for  these  matrix  operations  are  known  for  either 
dextral  rotations  about  the  X3  axis  or  about  the  X2  axis,  a simpler  and 
much  less  tedious  method  for  obtaining  the  transformed  stiffnesses, 
compliances,  thermal  moduli,  and  thermal-expansion  coefficients  for 
dextral  rotations  about  the  x^  axis  is  available 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Consider  the  case  in  which  the  transformation  expressions  are  known 
for  dextrai  rotations  about  the  X3  axis  and  one  wishes  to  find  simiiar 
expressions  for  dextrai  rotations  about  the  x^  axis 

• The  desired  tranformation  equations  are  found  by  simpiy  determining 
the  renumbering  of  the  indices  that  brings  the  foiiowing  figure  shown 
for  dextrai  rotations  about  the  X3  axis  into  congruence  with  the  foiiowing 
figure  shown  for  dextrai  rotations  about  the  x^  axis 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Inspection  of  the  figures  indicates  the  following  transformation  of  the 
indices:  1 ^ 2,  2 ^ 3,  and  3^1 

• Next,  it  must  be  realized  that  the  exchanging  of  indices  must  be  used 
with  the  indices  of  tensors  to  determine  the  indices  used  with  the 
abridged  notation  (matrix) 

• The  foiiowing  index  pairs  reiate  the  tensor  indices  to  the  matrix 
indices 


tensor  notation  1 1 

22 

33 

23,  32 

31,  13 

12,  21 

matrix  notation  1 

2 

3 

4 

5 

6 

• Using  this  information  aiong  with  1 ^ 2,  2 ^ 3,  and  3^1  gives  the 
reiations:  4 ^ 5,  5 ^ 6,  and  6^4 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONTINUED 

• Likewise,  the  transformation  of  index  pairs  that  appear  in  the  abridged 
notation  are  given  by 

11  ^22 

12^23  22^33 

13^  12  23^13  33^11 

14^25  24^35  34^15  44^55 

15^26  25^36  35^16  45^56  55^66 

16^24  26^34  36^  14  46^45  56^46  66^44 

• Consider  ^ + 2m"n^(Ci2  + 2C66)  + 4mn(m"Ci6  + n^C26)  + ^"*^22  , 

where  m = cos03  and  n = sin03 

• The  transformation  of  indices  gives  m = cos0^ , n = sin0^ , and 

C22  = m'^C22  + 2m^n^(C23  + 2C44)  + 4mn(m^C24  + n^C34)  + n'‘C33 
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TRANSFORMATIONS  FOR  DEXTRAL  ROTATIONS 
ABOUT  THE  x,  AXIS  - CONCLUDED 

• Applying  the  index  transformation  to  the  transformed  stiffnesses, 
compliances,  thermal  moduli,  and  thermal-expansion  coefficients  for 
dextral  rotations  about  the  X3  axis  yields  exactly  the  same  expressions 
given  herein  previousiy  for  dextrai  rotations  about  the  x^  axis 
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MATERIAL  SYMMETRIES 
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MATERIAL  SYMMETRIES 


• The  next  logical  step  in  the  development  of  linear  thermoelastic 
constitutive  equations  is  the  search  for  analytical  conditions  for  which 
dilatation  and  distortion  uncouple 

• For  example,  experience  with  common  metals  indicates  that  there 
are  classes  of  materials  for  which  diiatation  and  distortion 
uncouple 

• Also,  from  a practical  viewpoint,  there  is  a need  to  find  ways  to 
minimize  the  number  of  iaboratory  experiments  needed  to  fuiiy 
characterize  a given  materiai 

• Together,  these  considerations  suggest  a need  for  a systematic  way  to 
reduce  the  number  of  independent  elastic  constants  and  the  number  of 
independent  thermai-expansion  coefficients 

• Previousiy,  it  was  shown  herein  that  there  exists  21  independent  elastic 
constants  for  an  eiastic  anisotropic  materiai  - a finding  that  is 
substantiated  by  experimentai  evidence 
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MATERIAL  SYMMETRIES  - CONCLUDED 


• However,  the  number  of  independent  constants  needed  to  fully 
characterize  an  anisotropic  material  was  the  subject  of  a lengthy 
controversy 

• In  the  early  to  mid  19th  century,  A.  L.  Cauchy  (1789-1857)  and 
S.  D.  Poisson  (1781-1840)  formulated  specialized  mathematical 
models  of  the  molecular  interaction  in  solids,  and  argued  that  the 
number  of  independent  constants  could  not  exceed  15 

• Investigations  have  indicated  that  when  a solid  exhibits  a geometry 
symmetry,  the  elastic  properties  are  identical  in  certain  directions 

• However,  experience  has  shown  that  geometric  symmetry  is  not 
equivalent  to  elastic  symmetry;  that  is,  it  is  possible  to  have  elastic 
symmetry  in  directions  that  do  not  exhibit  geometric  symmetry 

• Just  as  concepts  of  symmetry  are  used  to  reduce  complexity  of 
geometric  objects,  they  are  also  used  to  reduce  the  complexity  of 
material  properties 
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MATHEMATICAL  CHARACTERIZATION  OF  SYMMETRY 


• The  commonplace  notion  of  symmetry  is  usually  concerned  with 
geometric  objects 

• For  example,  a two-dimensional  geometric  object  may  possess  a shape 
that  can  be  rotated  about  a central  point  by  a finite  angie  with  no 
appearent  change  in  shape 


Five-fold 

symmetry 


72  deg.  144  deg. 


A 


A 


Originai 

position 


A 


288  deg.  360  deg. 


180 


MATHEMATICAL  CHARACTERIZATION  OF  SYMMETRY 

CONTINUED 

• For  the  object  shown  in  the  previous  figure,  it  can  be  rotated 
incrementally  by  72  degrees  into  the  identical  shape 


360  deg  _ 
• = ® 


and  the  shape  is  said  to  possess  five-fold  symmetry 


• A situation  of  particular  interest  herein 
is  the  case  when  a geometric  object 
possesses  oniy  two-foid  symmetry 

• For  this  object,  the  iine  B-B  is  described 
as  a iine  of  reflective  symmetry 

(or  mirror  symmetry) 


• For  each  of  the  geometric  objects, 
undergoing  the  given  rotations,  a 
transformation  occurs  in  which  the  objects  appears  unchanged;  it  is 
said  to  remain  invariant  under  the  transformation 
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MATHEMATICAL  CHARACTERIZATION  OF  SYMMETRY 

CONTINUED 


• For  any  geometric  object  in  three-dimensional  Euclidean  space,  the 
object  can  be  represented  by  a set  of  points,  whose  position  in  space 
can  be  determined  by  a coordinate  frame  and  a coordinate  domain 
for  the  set  of  points 


• For  the  figure,  a generic  point  P of  the 
region  tR  has  the  coordinates  (x,y),  with 
respect  to  the  coordinate  frame  shown 

• The  coordinate  domain  is  given  by 

- Iw  < X < Iw  and  - ^h  < y < Ih  , 

where  w and  h are  the  width  and  height 
of  the  rectangle,  respectively 

• For  other  geometries,  curvilinear 
coordinates  may  be  more  suitable 
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MATHEMATICAL  CHARACTERIZATION  OF  SYMMETRY 

CONTINUED 


• For  the  purpose  of  investigating  symmetry,  it  is  convenient  to  place  the 
origin  at  the  central  point  of  the  rectangle 

• Now  consider  a second  set  of 
coordinates  (4;,^),  for  which 

and 

• This  domain  also  describes  the 
same  rectangle  with  respect  to 
a rotated  coordinate  frame,  as 
shown  in  the  figure 

• For  values  of  the  angle  ^ equal  to 
180  and  360  deg,  the  rectangle  is 
brought  into  coincidence  with  the 
initial  configuration 


- Tw  < it  < Tw 


% - 

\ ’ 0 \ 

\ ''' 

\ '' 

\ ''' 

\ '' 

\ '' 

\ ''' 
\ " 

ixis 

Coordinates 
(x,^)  of  point  P 

v-^v  . 

r V ^ X~aXlo 

\\  \ 

\ Region  ^ 

\ \\  ^ 

\ '' 

♦ 

183 


MATHEMATICAL  CHARACTERIZATION  OF  SYMMETRY 

CONTINUED 


• For  (|)  = 180  deg  and  ^ = 360  deg,  the  geometric  shape  is  invariant,  and 
the  transformation  of  coordinates  given  symbolically  by  * = ^;(x,y)  and 

^ = ^(x,y)  is  called  a symmetry  transformation  for  the  rectangle 

• Obviously,  this  process  of  characterizing  symmetry  is  easily  extended 
to  three  dimensions 

• Moreover,  the  functional  characterization  of  symmetry  in  geometric 
shapes  can  be  extended  intuitively  to  symmetry  in  functions 

• A transformation  of  coordinates  that  leaves  the  structural  form  of 
the  rule  that  defines  a given  function  unchanged  (invariant)  is 
defined  as  a symmetry  transformation  for  that  function 

• The  use  of  algebraic  structure  and  sets  of  transformations  for 
quantifying  symmetry  in  (real  and  abstract)  objects  is  part  of  a branch 
of  mathematics  known  as  group  theory 
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MATHEMATICAL  CHARACTERIZATION  OF  SYMMETRY 

CONCLUDED 

• Consider  the  function  F(x,  y)  = x%  and  the  transformation  of 
coordinates  given  by  x = - and  y = - ^ 

• Appiying  the  transformation  of  coordinates  gives 

2 2 

F(x,  y)^(-it)  +(-^)  =z"  + ^"  = p(z,^)  = F(-x,-y) 


• The  structurai  ruies  given  by  F(x,  y)  = x%  y^  and  ^)  = z^  + 

are  identicai;  thus,  x = -z  and  y = - ^ define  a symmetry 
transformation  for  the  function 


The  more  common,  and  more  succinct,  way  of  describing  the 


symmetry  is  given  by  writing  f(x,  y)  = f(-  x,  - y) 
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SOME  TYPES  OF  SYMMETRY  IN  TWO  DIMENSIONS 

GRAPHS  OF  FUNCTIONS 


Line  of  reflective  symmetry 
f(-x)  = f(x) 


Line  of  reflective  antisymmetry 
f(-x)  = -f(x) 
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SOME  TYPES  OF  SYMMETRY  IN  THREE  DIMENSIONS 

PLANE  OF  REFLECTIVE  SYMMETRY 
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SOME  TYPES  OF  SYMMETRY  IN  THREE  DIMENSIONS 

PLANE  OF  REFLECTIVE  SYMMETRY 

F(-x,y)  = F(x,  y) 


F(x,  y)  = y cos|^jsin|^j  -1<X<1  0<y<2 
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SOME  TYPES  OF  SYMMETRY  IN  THREE  DIMENSIONS 

PLANE  OF  REFLECTIVE  ANTISYMMETRY 

F(-x,y)  = -F(x,y) 


Contour  plot  of  F(x,  y) 


F(-x,y) 


y-axis 


F(x,  y) 


^x-axis 


■(x,  y)  = y sin(jtx)sin|^j 


(f) 

- 1 < X < 1 

0 < y < 2 
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SOME  TYPES  OF  SYMMETRY  IN  THREE  DIMENSIONS 

CENTRAL  POINT  OF  INVERSION  SYMMETRY  (POLAR  SYMMETRY) 

F(-x, -y)  = F(x,y) 


Contour  plot  of  F(x,  y) 


i y-axis 


F(x,  y)  = sin 


JC  X - 


9y 

10 


sin(jcy) 


— 1<x<1  0<y<1 
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SOME  TYPES  OF  SYMMETRY  IN  THREE  DIMENSIONS 

CENTRAL  POINT  OF  INVERSION  ANTISYMMETRY 

F(-x, -y)  = -F(x,y) 
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CRITERIA  FOR  MATERIAL  SYMMETRY 


• To  define  the  conditions  on  the  stiffness  or  compiiance  coefficients  for 
a given  type  of  symmetry  to  exist,  one  must  first  reaiize  that  the 
stresses,  strains,  and  stiffness  or  compiiance  coefficients  are  functions 
of  position  within  a given  materiai  body 


Let  the  coordinates  (x„  x„  x,)  and  the  corresponding  coordinate 
frame  be  a coordinate  system  for  a materiai  body  and  its  properties 


The  point  P of  the  materiai  body 
shown  in  the  figure  has 

coordinates  (x„  x„  X3) 

The  stresses,  strains,  stiffness 
and  compiiance  matrices,  thermai 
moduii,  and  thermai-expansion 
coefficients  for  this  coordinate 
system  are  0^,  8^,  [C],  [S],  and 
Qjj,  respectiveiy 
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CRITERIA  FOR  MATERIAL  SYMMETRY  - CONTINUED 


• Recall  that  the  abridged  forms  of  the  thermoelastic  constitutive 
equations  for  the  material  in  the  (x„  x„  X3)  coordinates  are  given  by 


{a}  = [C]{£}  + {P}  (T-T,J  or  {£}  = [S]{a}  + {a}  (T-T,J 

• Now,  consider  a general  orthogonal  transformation  between  the 

rectangular  Cartesian  coordinates  (x„  x,,  X3)  and  (x, , x^,  X3 ) , that 
define  a generic  point  P of  the  material  body 

• There  is  no  need  to  place  the  restriction  that  (x,  , x^,  X3 ) be  the 
coordinates  of  a right-handed  (dextral)  coordinate  system 

• The  stresses,  strains,  stiffness  and  compliance  matrices,  thermal 
moduli,  and  thermal-expansion  coefficients  for  this  coordinate 

system  are  Ejj,  [C'],  [S'],  Pij,  and  a-,^. , respectively 
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CRITERIA  FOR  MATERIAL  SYMMETRY  - CONTINUED 


• The  abridged  forms  of  the  thermoelastic  constitutive  equations  for  the 
material  in  the  (x,  , x,,  X3 ) coordinate  system  are  given  by 

{o'}  = [C']{£'}  + {P'}(T-T.J  or  {£'}  = [S']{o'}  + {a'}(T-T.J 

• Moreover,  it  was  shown  previously  that,  for  the  given  arbitrary 
transformation  (rotation)  of  coordinates. 


[C']  = [T„][C][T,]’ 

{P')  = [T„J{P} 

[S']  = [T,][S][T„]’ 

{«'}  = [Te]{a} 

• When  the  mathematical  description  of  the  material  properties  are 
identical  for  two  different  coordinate  systems  (reference  frames),  a 
certain  type  of  symmetry  exists,  whose  character  depends  on  the  type 
of  transformation  between  the  two  coordinates  systems 
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CRITERIA  FOR  MATERIAL  SYMMETRY  - CONCLUDED 


• Now,  for  X,  = x,(x, , X,,  X3 ) to  define  a symmetry  transformation,  such 

that  a predetermined  state  of  sym/netryexisX  at  a point  P of  the  body, 
the  structurai  form  (ruie)  of  the  constitutive  equations  must  remain 
invariant;  specificaiiy: 


• The  matrix  [C']  must  be  invariant  under  the  transformation  given 


[C']  = [T„][C][TJ  ' ; that  is,  fC1  = [TJ[C1[TJ  | must  hoid 


[U 

[SI 

ttj 

{«}  = [TJ{a}  L and  {P}  = [TJ{p}|  must 


hoid 


• Coiiectiveiy,  these  invariance  conditions  are  the  criteria  for  a state  of 
material symmetryXo  exist,  and  are  sufficient  conditions  because 

X,  = x,(x, , X3,  X3 ) is  presumed  to  be  a symmetry  transformation 
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CLASSES  OF  MATERIAL  SYMMETRY 


• Presently,  there  exists  eight  distinct  ciasses  of  elastic-material 
symmetry 

• Many  of  these  classes  were  discovered  while  studying  the 
composition  of  various  crystais 

• The  ciasses  are  distinguished  by  the  number  of,  and  orientation  of, 
pianes  of  eiastic  symmetry 

• A piane  of  eiastic  symmetry,  at  a point  of  an  eiastic  materiai  body,  is 
defined  as  a piane  for  which  the  materiai  exhibits  refiective  symmetry 

• A piane  of  isotropy,  at  a point  of  an  eiastic  materiai  body,  is  defined 
as  a piane  for  which  there  exists  an  infinite  number  of  perpendicular 
planes  of  elastic  symmetry  (aiso  caiied  axisymmetry) 
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CLASSES  OF  MATERIAL  SYMMETRY 

CONTINUED 


• The  eight  distinct  ciasses  of  elastic-material  symmetry  are  given  by: 

• Triciinic  materials  - no  inherent  symmetry  (fully  anisotropic) 

• Monociinic  materials  - one  plane  of  symmetry 

• Orthotropic  materials  - three  perpendicular  planes  of  symmetry 

• Trigonai  materials  - three  aligned  planes  of  symmetry  that  are 
spaced  60  degrees  apart 

• Tetragonai  materials  - four  aligned  planes  of  symmetry  that  are 
spaced  45  degrees  apart  and  that  are  all  perpendicular  to  one 
additional  symmetry  plane 

• Transverseiy  isotropic  materials  - one  plane  of  isotropy  that  is 
perpendicular  to  two  other  mutually  perpendicular  symmetry 
planes 
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CLASSES  OF  MATERIAL  SYMMETRY 

CONTINUED 


• Cubic  materials  - three  mutually  perpendicular  planes  of  symmetry 
and  six  additional  symmetry  planes,  in  which  two  of  the  six  are 
aligned  with  one  of  the  perpendicuiar  planes  and  intersect  it  at  45 
degrees 

• Compieteiy  isotropic  materiais  - an  infinite  number  of  pianes  of 
isotropy  exist 


• There  are  four  ciasses  of  eiastic  materiais  that  are  of  great  practicai 
importance  in  engineering 

• These  ciasses  of  materiais  are  monociinic,  orthotropic, 
transverseiy  isotropic,  and  isotropic  materiais 
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CLASSES  OF  MATERIAL  SYMMETRY 

PICTORIAL  REPRESENTATIONS 


Trigonal 


Orthotropic 


Tetragonal  Transversely  Cubic 

isotropic 


Isotropic 


• The  blue  lines  represent  the  edge  of  a symmetry  plane 
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MONOCLINIC 

MATERIALS 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 

• First,  consider  the  case  in  which  the  material  exhibits  elastic  symmetry 
about  the  plane  x^  = 0 


• The  coordinate  transformation  for 
this  symmetry  is  shown  in  the 

figure  and  is  given  by  x,,  = - x, , 
X2  = X2 , and  X3  = X3 

• The  corresponding  matrix  of 
direction  cosines  is  given  by 


Q-ff-f  a^-2  ^^'3 

-10  0 

Sg'i  a 2-2  ^2'3 

II 

0 1 0 

^3'1  ^3'2  ^3'3 

0 0 1 

201 


MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


• For  this  special  case,  the  general  transformation  matrix 


[TJ  = 

(a.il' 

(a,.)" 

(a,,)' 

23i23i3 

2811813 

28ii8i2 

(a..,)’ 

(a„)” 

(a„)' 

2822823 

2821823 

2a2ia22 

(a,.,)’ 

(a,..)' 

(a,.)“ 

283,833 

283,83, 

2831832 

322832 

82'383'3 

(82.283.3  + 82.383.2) 

(82.183.3  + 82.383.1) 

(82.183.2  + 8 2.2a  3.1) 

31.183.1 

812832 

81.383.3 

(81.283.3  + 81.383.2) 

(81.183.3  + 81.383.1) 

(81.183.2  + 81.283.1) 

31.182.1 

3 123  2.2 

81.3823 

(81.282.3  + ai'382’2) 

(81.182.3  + ai'382'l) 

(81.182.2  + ai.282.1) 

reduces  to 


the  diagonal  matrix 


1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

[T„]  = 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

- 1 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


Moreover,  because  [T  1 is  a diagonal  matrix,  it  foiiows  that 


a 


it  is  worthwhiie  to  mention  that 


o 


can  be  deduced  directly,  and 


quickly,  by  a direction  comparison  of  the  positive-vaiued  stresses  that 
act  on  a differentiai  voiume  eiement 


• First,  sketch  the  positive-vaiued  stresses  that  act  on  a differentiai 
voiume  eiement  when  described  by  the  (x„  x,,  X3)  coordinates 


Normai  stresses  Shearing  stresses 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


• Then,  sketch  the  positive-valued  stresses  that  act  on  a differential 
volume  element  when  described  by  the  (x, , x,,  X3 ) coordinates 


• Direct  comparison  of  the  stresses  yields  the  relationships 


o,,  = o,,  o,,  = a,,  033  = 0^33 

02  3 = 0^23  ^13  = - 0^13  0,  2 = - O,, 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


Expressing  the  relationships  in  matrix  form  gives 


1 

0 

0 

0 

0 0 

0 

1 

0 

0 

0 I 0 

0 

0 

1 

0 

0 I 0 

0 

0 

0 

1 

0 I 0 

0 

0 

0 

0 

- 1|  0 

0 

0 

0 

0 

0 I-  1 

a 

a 

a 

a 

a 


11 


22 


33 


23 


13 


V ^12  J 


• Thus,  {o'}  = [Ta]{a}  gives 


1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

[TJ  = 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

- 1 

directly 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


• Now,  for  a state  of  reflective  symmetry  about  the  plane  = 0 to  exist  at 

a point  P of  the  body,  it  was  shown  herein  that  the  matrix  [C'j  must  be 

invariant  under  the  transformation  given  by  [C']  = [T„][C][TJ 
• That  is,  [C']  = [TJ[C][TJ  ' must  become  [C]  = [TJ[C][TJ  ' 

• A more  convenient  form  of  this  invariance  condition  is  obtained  for  this 
particular  transformation  as  follows 


• First,  postmultiplying  the  last  expression  by 
as  the  (sufficient)  condition  for  symmetry 


gives  [C][T,]  = [T„][C] 


Next,  noting  that  [T^]  = T^]  for  this  particuiar  symmetry  transformation, 
it  foiiows  that  [C][T^]  = [T„][C]  becomes  [C][T„]  = [T„][C] 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


• Also,  because 


for  this  particular  symmetry  transformation 


and  [C]  = [C]\  it  follows  that  ([C][T„])^  = [T„]^[C]^  = [T„][C] 


• Thus,  the  sufficient  condition  for  symmetry,  [C][T^|  = [Ta][C] , becomes 

[C]|T^j  = ([^]["^a])  ’ must  be  a symmetric  matrix 

• Computing  [C][T^]  gives 


[C][TJ  = 


Cii  Ci2  Ci3  Ci4  Ci5  Ci6 

Ci2  C22  C23  C24  C25  C26 

Ci3  C23  C33  C34  C35  C36 
Ci4  C24  C34  C44  C45  C46 
Ci5  C25  C35  C45  C55  C56 

C16  C26  C36  C46  Cgg  Cgg 


1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

- 1 

C. 

0 

to 

to 

C23 

C.3 

CO 

CM 

0 

C33 

C.4 

C24 

CO 

0 

C. 

C25 

in 

CO 

0 

C. 

C26 

C36 

^14 

C24 

1 

in 

CM 

0 

1 

^26 

C3. 

-C3.- 

^36 

C44 

-C„- 

C. 

C.3 

-C„- 

C. 

C4S 

-C„- 

^66 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


• Enforcing  fCj[T^]  = |[Cj[T^]  yields  the  following  requirements  on  the 

stiffnesses  in  order  to  exhibit  a state  of  elastic  reflective  symmetry 
about  the  plane  x^  = 0: 

^15  ” ® J ^16  ” ® J ^25  ” ® J ^26  ” ® J ^35  ” ^ J ^36  ” ^ J ^45  ” ^ J ^46  ” ^ 

• Thus,  the  stiffness  matrix  for  a monoclinic  materiai,  which  exhibits 
elastic  reflective  symmetry  about  the  plane  x^  = 0,  has  the  form 


p 

C,3 

C,3 

0 

0 

Csl 

o 

C22 

^23 

C24 

0 

0 

C,3 

CO 

CM 

0 

^33 

CO 

0 

0 

0 

C,4 

C24 

^34 

C44 

0 

0 

0 

0 

0 

0 

Css 

Css 

0 

0 

0 

0 

Css 

Ces 

- 

- 

which  has  13  independent  stiffnesses 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


• Similarly,  for  a state  of  elastic  reflective  symmetry  about  the  plane  = 0 

to  exist  at  a point  P of  the  body,  the  matrix  [S'j  must  be  invariant 

under  the  transformation  given  by  [S']  = [TJ[S1[T„] 

• That  is,  [S']  = [TJ[S][TJ  ' must  become  [S]  = [TJ[S][TJ  ' 


Postmuitipiying  the  iast  expressing  by 
(sufficient)  condition  for  symmetry 


a 


gives  [S][T„]  = [T^][S]  as  the 


Next,  noting  that  [T^]  = [T^  for  this  particuiar  transformation,  it  foiiows 
that  [S][T„]  = [T,][S]  becomes  [S][T„]  = [tJs] 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


Like  before,  because  T^  = [T^]^  for  this  particular  transformation  and 
[S]  = [S]^ , it  follows  that  ([S][T„])^  = [T„]>]^  = [T„][S] 


• Thus,  the  sufficient  condition  for  symmetry,  [S][T^|  = [Ta][S] , becomes 

T 

; that  is,  [^][Ta]  must  be  a symmetric  matrix 


|slM  = (|s]M) 


Like  for  the  stiffness  matrix,  computing  [^][To]  and  enforcing 


= 

f[sl 

fT  I 

) 

a 

/ 

yields  the  following  requirements  on  the 

compliances  in  order  to  exhibit  a state  of  elastic  reflective  symmetry 
about  the  plane  x^  = 0: 


^15  ” ® J ^16  ” ® J ^25  ” ® J ^26  ” ® J ^35  ” ^ J ^36  ” ^ J ^45  ” ^ J ^nd  S^g  — 0 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 

• Thus,  the  compliance  matrix  for  a monoclinic  material  that  a state  of 
elastic  reflective  symmetry  the  plane  x^  = 0 has  the  form 


S„ 

S,3 

S„ 

0 

0 

S„ 

S22 

^23 

^24 

0 

0 

S„ 

^23 

^33 

^34 

0 

0 

S„ 

^24 

^34 

S44 

0 

0 

0 

0 

0 

0 

S55 

Sss 

0 

0 

0 

0 

Ss6 

^66 

which  has  13  independent  compliances 


• Comparison  of  the  compliance  and  stiffness  matrices  for  this  case 
indicates  that  they  have  the  same  form 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 

• The  requirements  on  the  coefficients  of  thermal  expansion  and  the 
thermal  moduli  for  a state  of  reflective  symmetry ^o\x\  the  plane  x^  = 0 
to  exist  are  simpler  than  those  for  the  stiffnesses  and  compliances 

• The  requirements  on  the  coefficients  of  thermal  expansion  are  given  by 
the  requirement  that  the  vector  (a'}  must  be  invariant  under  the 

transformation  given  by  («'}  = 

• That  is,  {a'}  = [T^]{ot}  must  become  {a}  = [T^]{ct} 

• Similarly,  (p'}  must  be  invariant  under  the  transformation  given  by 
(P'}  = [T„]{p);that  is,  = [T^|{P}  must  become  (P)  = [T„]{P} 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


• Computing  {«}  = [TeKa}  gives 


Ct22 

1 

0 

0 

0 

0 

0 

OL22 

0 

1 

0 

0 

0 

0 

) 

\ _ 

0 

0 

1 

0 

0 

0 

/ 

0133 

\ 2tt23 

1 ~ 

0 

0 

0 

1 

0 

0 

2(X23 

2(x^3 
V 2cIi2  ) 

0 

0 

0 

0 

- 1 

0 

CO  CM 

d d 

CM  CM 

0 

0 

0 

0 

0 

- 1 

which  reduces  to 


^ «11  ^ 

0.22 

022 

y 

€*■33 

-/ 

d33 

V 

2d23 

“ \ 

2d23 

I 

2d^3 

— 2d^3 

2d^2  j 

^ — 2d^2  j 

• Thus,  enforcing  {a}  = [T^]{ot}  requires  = «13  = 0 order  for  a state 

of  reflective  symmetry  about  the  plane  = 0 to  exist 


Similarly,  enforcing  (p)  = 


a 


(P)  requires  p,^  = P,3  = 0 


in  order  for  a 


state  of  reflective  symmetry  about  the  piane  x^  = 0 to  exist 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONTINUED) 


• Applying  all  the  simplifications,  the  linear  thermoelastic 
constitutive  equations  become 


'11 


'22 


/ 


V 


'33 

\ 2e,3  i 


13 


2e 

\ 2e^2  ) 


^11  ^12  ^13  ^14  0 0 

Si2  S22  S23  S24  0 0 

^13  ^23  ^33  ^34  ^ ^ 

Si4  S24  S34  S44  0 0 

0 0 0 0 S55  Sgg 

0 0 0 0 Sgg  Sgg 


^OiO 

1 a \ 

iXii 

022 

0.22 

/ ^33 

V + i 

®33  V 

^23 

2tt23 

^13 

0 

V ^12  y 

[ 0 i 

(t-TJ 


a 

a 

a 


11 


22 


33 

O23  ^ 


a 

a 


13 


12  y 


^11  ^12  ^13  ^14  0 0 

^12  ^22  ^23  ^24  ^ ^ 

^13  ^23  ^33  ^34  ^ 0 

Ci4  C24  C34  C44  0 0 

0 0 0 0 C55  Cgg 

0 ^56  ^66 


0 0 0 


'11 


'22 


'33 


2e 
2e 

V ^^12  J 


23 


13 


V + ^ 

P 


l^u\ 

P22 
P33 


23 


(T-TJ 


0 

0 / 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  = 0 (CONCLUDED) 


• Finally,  the  nonzero  thermal  moduli  are  given  in  terms  of  the 
coefficients  of  thermal  expansion  by 


Pii 

j P22 
"j  P33 
VP23 


C11  C12  Ci3  Ci4 
C12  C22  C23  C24 

^13  ^23  ^33  ^34 
Ci4  C24  C34  C44 


• The  constitutive  equations  show  that  the  normal  stresses,  or  a 

temperature  change,  produce  shearing  deformations  only  in  the  plane 
x^  = 0 

• Extension  and  shearing  are  totally  uncoupled  in  the  planes  X2  = 0 
and  X3  = 0 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  X2  = 0 


• Next,  consider  the  case  in  which  the  material  exhibits  elastic  symmetry 
about  the  plane  X2  = 0 


• The  coordinate  transformation  for 
this  symmetry  is  shown  in  the 

figure  and  is  given  by  x,  = x, , 

X2  = - X2 , and  X3  = X3 

• The  corresponding  matrix  of 
direction  cosines  is  given  by 


Q-ff-f  a^-2  ^^'3 

10  0 

Sg'i  a 2-2  ^2'3 

II 

0-10 

^3'1  ^3'2  ^3'3 

0 0 1 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  X2  = 0 (CONTINUED) 


• For  this  special  case,  the  general  transformation  matrix 


[T„]  = 

CM 

CM 

(a,.)' 

2a„a,, 

2a,, a,,, 

2a,,a„ 

(a.,)' 

(a,.)' 

2a,,a„ 

2a„a„ 

2a„a„ 

(®3’2) 

(83'3) 

233233.3 

233133.3 

2831332 

822832 

82'383'3 

(82.283.3  + 32.333,2) 

(82^1 8 3,3  + 32.333,1) 

(32,183,2  + 82,233,1) 

31.183,1 

812832 

8v383'3 

(81.283.3  + ai'3a3’2) 

(81,183,3  + 81.383,1) 

(81.183,2  + 31,283,1) 

8128  2'2 

81.332.3 

(3i,232.3  + ai'3a2’2) 

(8i.i32.3  + 31.382.1) 

(3i.i32.2  + 8i,232.i) 

reduces  to 


the  diagonal  matrix 


1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

[T„]  = 

0 

0 

1 

0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

- 1 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  X2  = 0 (CONTINUED) 


Also,  because  [T  1 is  a diagonal  matrix,  it  foiiows  that 


a 


Like  before,  the  sufficient  conditions  for  a state  of  elastic  reflective 
symmetry 2iQQw\  the  piane  X2  = 0 to  exist  are  found  from 


[C][T„]  = ([C][T„])^  [S][T„]  = ([S][T„])^  {«}  = [Te]M  (P)  = [T„](P} 


• Computing  [C][T  1 gives 


[C][TJ  = 


Cii  Ci2  Ci3  Ci4  Ci5  Cig 

Ci2  C22  C23  C24  C25  C26 
Ci3  C23  C33  C34  C35  C36 
Ci4  C24  C34  C44  C45  C46 
Ci5  C25  C35  C45  C55  C56 

C16  C26  C36  C4g  Cgg  Cgg 


1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 
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0 

0 
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0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

- 1 

C. 

C. 

C.3 

-C,4 

C. 

-c„ 

C. 

C22 

C23 

- C24 

C2S 

“ ^2g 

C.3 

C23 

C33 

-C34 

C3S 

~ Cgg 

C.4 

C24 

C34 

- C44 

C.3 

-C4a 

C. 

C2S 

C35 

-C43 

Cas 

-Cgg 

C.a 

C26 

C36 

-C4e 

Caa 

“ Cgg 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  X2  = 0 (CONTINUED) 


• Enforcing  fCj[T^]  = |[Cj[T^]  yields  the  following  requirements  on  the 
stiffnesses: 

^14  = 0 , C^g  = 0 , C24  = 0 , Cgg  = 0 , C34  = 0 , Cgg  = 0 , C45  = 0 , and  Cgg  = 0 

• Thus,  the  stiffness  matrix  for  a monoclinic  material  that  a state  of 
elastic  reflective  symmetry  ebouX  the  plane  X2  = 0 has  the  form 


p 

CM 

0 

0 

CO 

0 

c,. 

0 

CM 

CM 

0 

CO 

CM 

0 

0 

0 

C,3 

CO 

CM 

0 

CO 

CO 

0 

0 

C3. 

0 

0 

0 

0 

C44 

0 

C^e 

p 

cn 

Lf> 

CM 

0 

in 

CO 

0 

0 

C33 

0 

0 

0 

0 

0 

^66 

- 

which  also  has  13  independent  stiffnesses 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  X2  = 0 (CONTINUED) 

• Likewise,  the  compiiance  matrix  for  a monociinic  materiai  that  a state  of 
elastic  reflective  symmetry  dhouX  the  piane  X2  = 0 has  the  form 


S„ 

S,3 

S,3 

0 

S,3 

0 

CM 

CM 

C/) 

CO 

CM 

C/) 

0 

S33 

0 

S,3 

CO 

CM 

C/) 

CO 

CO 

C/) 

0 

S33 

0 

0 

0 

0 

S44 

0 

S,3 

S35 

0 

S33 

0 

0 

0 

0 

0 

^66 

which  aiso  has  13  independent  compliances 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  X2  = 0 (CONTINUED) 


• Next,  computing 


{a}  gives 


f ctii  "l 

1 

0 

0 

0 

0 

0 

1 a \ 

OL22 

0 

1 

0 

0 

0 

0 

CX22 

/ 

\ _ 

0 

0 

1 

0 

0 

0 

/ 

^33 

V 

\ 

2cx23 

/ ” 

0 

0 

0 

- 1 

0 

0 

\ 

2g123 

2cx^3 

0 

0 

0 

0 

1 

0 

2gIi3 

V ^^12  y 

0 

0 

0 

0 

0 

- 1 

V 2cti2  y 

which  reduces  to 


/ a 

CI11 

a.22 

CX22 

y ^^33 

0^33 

2C123 

" 1 

- 2tt2 

2gi^3 

2gi^3 

V 2®^i2  y 

V“2a, 

• Thus,  enforcing  {a}  = [T^]{ot}  requires  = 0^23  = 0 in  order  for  a state 
of  elastic  reflective  symmetry  ?kio\x\  the  piane  Xg  = 0 to  exist 


• Simiiariy,  enforcing  {p}  = [T^,|{p}  requires  p^2  = ^23  = ® 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  X2  = 0 (CONTINUED) 

• Applying  all  the  simplifications,  the  linear  thermoelastic 
constitutive  equations  become 


E11 

S,3 

Si,  0 

0 

[ Ohh  \ 

E22 

^12 

S22 

S3,  0 

^25 

0 

^11  \ 
(J22 
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^ _ 
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^23 

S„  0 

s„ 

0 

y 

03,1 

CO 

CM 

CM 

I ~ 

0 

0 

0 S„ 

0 

^46 

^23 

CO 

CM 

S,3 
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S„  0 

0 

^13 
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0 

0 

0 s« 

0 

^66 

V ^12  y 

f 


V 


0.22 

^33 

0 
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(t-T,) 
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[ On  \ 

^11  ^12  ^13  0 ^15  0 

[ E ^ 

*'11 

j ^11 

022 

C12  C22  C23  0 C25  0 

E22 

1 0^ 

^ _ 

^13  ^23  ^33  0 ^35  ^ 

y 

£33 

^ ^23 

1 ~ 

0 0 0 C44  0 C40 

2E23 

^13 

^15  ^25  ^35  0 ^55  ^ 

2^13 

[^12/ 

0 0 0 C4g  0 Cgg 

V 2Ei2  j 

P22 

P33 

0 

Pl3 

V 0 y 


(T-T.,) 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  X2  = 0 (CONCLUDED) 


• The  nonzero  thermal  moduli  are  given  in  terms  of  the  coefficients  of 
thermal  expansion  by 


• The  constitutive  equations  show  that  the  normal  stresses,  or  a 

temperature  change,  produce  shearing  deformations  only  in  the  plane 

X2  = 0 

• Extension  and  shearing  are  totally  uncoupled  in  the  planes  x^  = 0 
and  X3  = 0 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  X3  = 0 


• Now,  consider  the  case  in  which  the 
material  exhibits  symmetry  about  the 
plane  X3  = 0 

• The  coordinate  transformation  for  this 
symmetry  is  shown  in  the  figure  and  is 

given  by  x^,  = x^ , X2,  = X2 , and  X3  = - Xg 

• The  corresponding  matrix  of 
direction  cosines  is  given  by 


a, 

1 ®1'2 

®1'3 

1 

0 

0 

32' 

1 ®2'2 

®2'3 

0 

1 

0 

^3' 

CM 

CO 

(0 

^3'3 

0 

0 

- 1 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  Xg  = 0 (CONTINUED) 


• For  this  special  case,  the  general  transformation  matrix 


[TJ  = 

0) 

to 

to 

(a, .3)“ 

23,38,3 

CO 

<0 

CM 

2a,, a, 3 

(®2'2) 

232'2^2'3 

CO 

(0 

CM 

(0 

CM 

282,182,2 

(a.,)” 

(®3'2) 

(®3'3) 

^^3'2^3'3 

CM 

CO 

« 

CO 

(0 

CM 

32'2®3'2 

^2'3^3'3 

(32'2®3'3  ^ ^2'3^3'2) 

(32'1®3'3  ^ ®2'3®3'l) 

(82,133,2  + 32'2®3'i) 

®1'2®3'2 

®1'3®3'3 

(®1'2®3'3  ^ ®1’3®3'2) 

(31,183.3  + 81.333,1) 

(^r^^3'2  + ^^'2^3■^) 

®1'2®2'2 

®1'3®2'3 

(®1'2®2'3  ^ ®1’3®2'2) 

(31,182,3  + ai-3a2'i) 

(81,182,2  + &V2^2'l) 

reduces  to 


the  diagonal  matrix 


1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

[T„]  = 

0 

0 

1 

0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

1 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  Xg  = 0 (CONTINUED) 


• Also,  because 


is  a diagonal  matrix,  it  follows  that 


• Like  before,  the  sufficient  conditions  for  a state  of  elastic  reflective 
symmetry  about  the  piane  Xg  = 0 to  exist  are  found  from 


[C][T„]  = ([C][T„])^ 

[s] 

[To] 

l=( 

|S||T.| 

r 

{«}  = [TsKa} 

{P}  = [T„]{P} 

• Computing  [C][T^]  gives 


[C][TJ  = 


Cii  Ci2  Ci3  Ci4  Ci5  Cig 

Ci2  C22  C23  C24  C25  C26 

Ci3  C23  C33  C34  C35  C3g 
Ci4  C24  C34  C44  C45  C4g 

Ci5  C25  C35  C45  C55  Cgg 

Cig  C2g  Cgg  C4g  Cgg  Cgg 


1 

0 

0 

0 

0 

0 

0 

1 

0 
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0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

1 

C„ 

C.2 

C.3 

-C,4 

-C„ 

C. 

C. 

C22 

C23 

- C24 

-c,. 

C26 

C.3 

C23 

C33 

-C34 

-C„ 

C36 

C.4 

C24 

C34 

- C44 

-C„ 

C4S 

C. 

C25 

C35 

-C43 

-C„ 

Cae 

C.a 

C26 

C36 

-C43 

-C,e 

^66 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  Xg  = 0 (CONTINUED) 


• Enforcing  fCj[T^]  = |[Cj[T^]  yields  the  following  requirements  on  the 
stiffnesses: 

^14  = 0 , C^5  = 0 , C24  = 0 , C25  = 0 , C34  = 0 , C35  = 0 , C4g  = 0 , and  Cgg  = 0 

• Thus,  the  stiffness  matrix  for  a monoclinic  material  that  a state  of 
elastic  reflective  symmetry  obouX  the  plane  Xg  = 0 has  the  form 


CO 

0 

0 

0 

CM 

0 

CM 

CM 

0 

CO 

CM 

0 

0 

0 

^26 

C.3 

CO 

CM 

0 
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CO 

0 

0 

^36 

0 

0 

0 

C44 

C45 

0 

0 

0 

0 

C45 

Cs5 

0 

p 

o> 

^26 

^36 

0 

0 

^66 

which  also  has  13  independent  stiffnesses 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  Xg  = 0 (CONTINUED) 


• Likewise,  the  compiiance  matrix  for  a monociinic  materiai  that  a state  of 
elastic  reflective  symmetry  dhouX  the  piane  Xg  = 0 has  the  form 


S,3 

S,3 

0 

0 

S,e 

S22 

^23 

0 

0 

^26 

S,3 

^23 

^33 

0 

0 

^36 

0 

0 

0 

S44 

S45 

0 

0 

0 

0 

S45 

Ss5 

0 

S,e 

^26 

^36 

0 

0 

^66 

which  aiso  has  13  independent  compliances 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  Xg  = 0 (CONTINUED) 


• Next,  computing 


{a}  gives 


/ 

i a \ 

»Xii 

tt22 

1 

0 

0 

0 

0 

0 

/ 

f a ] 

CX22 

^33  V 
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0 

0 

0 

0 

1 

0 

0 

0 

\ 

2cx23 

f 

0 

0 

0 

- 1 

0 

0 

\ 
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0 

0 

0 

0 

- 1 

0 

CO 

CM  ( 

\ 2cXi2  y 
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0 

0 

0 

0 

1 

V 2«i2  y 

which  reduces  to 


«11  ' 

0.22 

CX22 

j ®^33 

- J 

0^33 

2ci23 

II 

CO 

CM 

s 

CM 

I 

2(x^3 

2gi^3 

V 2cti2  j 

^ 2gi^2  j 

• Thus,  enforcing  {a}  = [T^]{ot}  requires  a^3  = agg  = 0 in  order  for  a state 
of  elastic  reflective  symmetry  ?kio\x\  the  piane  Xg  = 0 to  exist 


Simiiariy,  enforcing  (p)  = 


a 


(P)  requires  p, 3 = P23  = 0 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  Xg  = 0 (CONTINUED) 

• Applying  all  the  simplifications,  the  linear  thermoelastic 
constitutive  equations  become 
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MONOCLINIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANE  Xg  = 0 (CONCLUDED) 


• The  nonzero  thermal  moduli  are  given  in  terms  of  the  coefficients  of 
thermal  expansion  by 


• The  constitutive  equations  show  that  the  normal  stresses,  or  a 

temperature  change,  produce  shearing  deformations  only  in  the  plane 
X3  = 0 

• Extension  and  shearing  are  totally  uncoupled  in  the  planes  x^  = 0 
and  X2  = 0 
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ORTHOTROPIC 

MATERIALS 
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ORTHOTROPIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANES  = 0 AND  X2  = 0 

• Now,  consider  the  case  in  which  a monoclinic  material,  which  exhibits 
symmetry  about  the  plane  x^  = 0,  also  exhibits  symmetry  about  the 
plane  X2  = 0,  which  is  perpendicular  to  the  plane  x^  = 0 


• For  this  monocUnic  materia!^  it  was  shown  previously  that  the  material 
properties  are  given  by 
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ORTHOTROPIC  MATERIALS  - continued 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANES  = 0 AND  X2  = 0 


I 
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^33  V — 
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23 


• To  determine  the  effects  of  the  second  symmetry  plane,  X2  = 0,  the 

coordinate  transformation  given  by  x^,  = x^ , X2  = - X2 , and  Xg,  = Xg  is 
applied  to  the  materiai  properties  of  the  monociinic  materiai 

• This  process  is  the  same  as  appiying  the  transformation  for 
symmetry  about  the  plane  X2  = 0 in  succession  to  appiying  the 
transformation  for  symmetry  about  the  piane  x^  = 0 to  the  initiai 
anisotropic-materiai  properties 
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ORTHOTROPIC  MATERIALS  - continued 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANES  = 0 AND  X2  = 0 

• The  effect  of  the  second  transformation,  for  symmetry  about  the  plane 
X2  = 0,  is  obtained  directly  from  the  results  given  previously  for  a 
monoclinic  material  that  exhibits  symmetry  about  the  plane  X2  = 0 

• That  is,  the  second  coordinate 
transformation  was  given  by 

, X2  = - X2 , and  X3,  = X3 

• And,  the  corresponding  matrix 
of  direction  cosines  were 
shown  to  be  given  by 
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ORTHOTROPIC  MATERIALS  - continued 

REFLECTIVESYMMETRY  ABOUT  THE  PLANES  = 0 AND  X2 


• For  this  case, 
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• It  was  also  shown  that,  for  symmetry  about  the  plane  X2  = 0, 

C^4  = 0 , C^g  = 0 , C24  = 0 , Cge  = 0 , C34  = 0 , Cgg  = 0 , C45  = 0 , Cgg  = 0 , 

Si4  = 0 , S16  = 0 , S24  = 0 , S26  = 0 , S34  = 0 , 835  = 0 , S45  = 0 , Sgg  = 0 , 

(X^2  “ ® S ^23  “0  5 and  ^23“® 
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ORTHOTROPIC  MATERIALS  - continued 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANES  = 0 AND  X2  = 0 

• The  net  effects  of  applying  the  two  symmetry  transformations 
successively  is  obtained  by  appiying  the  conditions  given  on  the 
previous  page  to  the  constitutive  equations  for  the  monociinic  materiai 
that  exhibits  symmetry  about  the  piane  x^  = 0 

• This  process  yieids 
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ORTHOTROPIC  MATERIALS  - continued 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANES  x,  = 0 AND  Xj  = 0 
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• It  is  worth  pointing  out  at  this 
point  in  the  development,  that  the 
single  coordinate  transformation 

given  by  = - x, , Xg  = - X2 , and 

X3,  = X3  does  not  produce  the 

same  result  as  the  two  successive 
symmetry  transformations 
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ORTHOTROPIC  MATERIALS  - continued 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANES  = 0 AND  X2  = 0 

• In  particular,  the  corresponding  matrix  of  direction  cosines  is  given 
by 
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• The  corresponding  stress  and  strain  transformation  matrices  are 
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ORTHOTROPIC  MATERIALS  - continued 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANES  = 0 AND  X2  = 0 


• Next,  the  condition  [C]  = [TJ[C][TJ  ' for  a state  of  symmetry  to  exist  at 
a point  P of  the  body  is  applied 


• Using  that 


for  this  particuiar  transformation,  it  was 


shown  that  the  condition  [C]  = [TJ[C][TJ  simpiifies  to  the 
condition  that  [Cj[To]  must  be  a symmetric  matrix 


• Computing  [C][T^|  gives 


[C][TJ  = 


C11  C12  Ci3  Ci4  Ci5  Cig 
C12  C22  C23  C24  C25  C26 
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ORTHOTROPIC  MATERIALS  - concluded 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANES  = 0 AND  X2  = 0 


• Enforcing  fCj[T^]  = |[Cj[T^]  yields  the  following  requirements  on  the 
stiffnesses: 

Ci4  = 0 , C^5  — 0 , C24  — 0 , C25  — 0 , C34  = 0 , C35  = 0 , C4g  = 0 , end  Cgg  = 0 

• Inspection  of  the  conditions  and  comparison  with  the  previous  result 
for  the  two  successive  transformations  shows  that  the  results  are 
different 


241 


ORTHOTROPIC  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANES  = 0,  X2  = 0,  AND  Xg  = 0 

• The  next  step  in  the  analysis  of  an  orthotropic  material  is  to  consider 
the  effects  of  yet  a third,  successive  transformation 

• That  is,  a transformation  for  which  the  material  exhibits  symmetry 
about  the  perpendicular  plane  Xg  = 0,  in  addition  to  symmetry 
about  the  perpendicular  planes  x^  = 0 and  Xg  = 0 

• The  effect  of  this  third  symmetry  transformation  is  obtained  directly  by 
applying  the  conditions  obtained  for  a monoclinic  that  exhibits 
symmetry  about  the  plane  Xg  = 0 to  the  constitutive  equations  that  were 
obtained  previously  for  the  two  successive  symmetry  transformations 

• The  conditions  for  symmetry  about  the  plane  Xg  = 0 are  = 0 , 

^15  ” ® j ^24  ” ® S ^25  ” ® j ^34  ” ^ J ^35  ” ^ J ^46  ” ^ J ^56  ” ^ J ^14  “ ^ J 

^15  ” 0 , S24  = 0 , S25  = 0 , S34  = 0 , S35  = 0 , S46  = 0 , Sgg  = 0 , tti3  = 0 , 

^23 “0  j Pi3“®  j and  ^23“® 
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ORTHOTROPIC  MATERIALS  - continued 

REFLECTIVE  SYMMETRY  ABOUT  THE  PLANES  = 0,  X2  = 0,  AND  Xg  = 0 

• Examination  of  these  conditions  indicates  that  the  third  successive 
transformation  yieids  no  new  conditions  on  the  constitutive  equations 
that  are  not  obtained  from  the  first  two  successive  transformations 

• Therefore,  two  perpendiuiar  pianes  of  materiai  symmetry  impiy  the 
existence  of  a third  mutuaiiy  perpendicuiar  piane 

• An  orthotropic  material  (that  is,  an  orthogonally  anisotropic 
materiai)  is  defined  as  a materiai  that  has  three  mutuaiiy  perpendicuiar 
pianes  of  eiastic  symmetry 

• An  orthotropic  material  has  9 independent  stiffnesses,  9 
independent  compliances,  3 independent  coefficients  of 
thermal  expansion,  and  3 independent  thermal  moduli 
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CONSTITUTIVE  EQUATIONS 


• The  constitutive  equations  for  a iinear,  thermoeiastic,  orthotropic 
materiai  are  given  by 
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CONSTITUTIVE  EQUATIONS  - concluded 


• The  thermal  moduli  are  given  in  terms  of  the  coefficients  of  thermai 
expansion  by 


C^^  Cio  c 


12  ^13 


Ci2  C22  C23 

^13  C23  C33 


^33  j 


• The  constitutive  equations  show  that  extension  and  shearing  are  totaiiy 
uncoupied  in  the  pianes  x^  = 0,  X2  = 0,  and  X3  = 0 

• When  using  orthotropic  materiais  with  various  directionai  orientations 
in  a structure,  the  structurai  coordinate  system  must  be  distinguished 
from  the  coordinate  systems  of  the  orthotropic  materiais 

• The  structurai  coordinate  system  is  typicaiiy  picked  to  faciiitate  the 
geometric  representation  of  the  structure 

• For  convenience,  the  coordinate  system  of  an  orthotropic  materiai  with 
the  previousiy  derived  constitutive  equations  is  defined  as  the 
principal  material  coordinate  system  and  the  materiai  is  referred 
to  as  a specially  orthotropic  material 
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SPECIALLY  ORTHOTROPIC  MATERIALS 


• Any  material  that  is  fully  characterized  by  the  following  constitutive 
equations  is  defined  as  a specially  orthotropic  material 
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• The  corresponding  coordinate  system  used  to  describe  this  material  is 
defined  as  the  principal  material  coordinate  system 
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GENERALLY  ORTHOTROPIC  MATERIALS 


• For  an  arbitrary  coordinate  transformation,  from  a principai  {x„x2,x3} 
coordinate  frame  to  a {x^  ,X2,X3,}  coordinate  frame,  the  transformation 
matrices  [T1  and  [TJ  are  fuiiy  popuiated 

• Thus,  when  the  eiastic  stiffness  coefficients  of  a speciaiiy  orthotropic 
soiid  are  transformed  from  the  {x„x2,x3}  coordinate  frame  to  the 

{Xi,,x2,x3 } coordinate  frame,  the  matrices  of  transformed  eiastic 
constants  are  aiso  fuiiy  popuiated 

• To  an  observer,  without  prior  knowiedge  of  the  materiai,  the  soiid 
appears  to  be  anisotropic 

• When  a coordinate  frame  exists  for  a soiid  in  which  it  is  speciaiiy 
orthotropic,  the  materiai  is  referred  to  generally  orthotropic,  to 
distinguish  it  from  an  anisotropic  materiai 
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GENERALLY  ORTHOTROPIC  MATERIALS 

CONTINUED 


• For  a dextral  rotation  about  the  X3  - axis,  with  m = 00563  and 
n = sin03 , the  transformed  elastic  constants  are  given  by 

C, , = + 2m"n"(C,2  + 2C6e)  + n'C^^ 

C,,2,  = mW(C,,  + C22  - 4C6e)  + (m"  + 

Ci3  = m"Ci3+ n"C23  Ci4=0  C,5=0 

C16  = mn[m^  - n^](Ci2  + 2C66)  + mn(n^C22  - rn^Cii) 

C22  = m'‘C22  + 2m^n^(Ci2  + 2C66)  + n^^Cn 

C23  = m"C23+ n"Ci3  C24=0  C25  = 0 

C26  = mn[n^  - m^](Ci2  + 2Cg6)  + mn(m^C22  - n^Ci^) 
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GENERALLY  ORTHOTROPIC  MATERIALS 

CONTINUED 


C33' — ^33  C34,  — 0 C35,  — 0 C3-6' — rnn(C23  - C13) 

C44  = m"C44  + n'Css  C45  = mn(C44  - C55)  C46  = 0 C,.^.  = 0 


C55  = + n^C44  Cee  = + C22  - 20^2)  + (m^  - n^)  C 


66 


The  population  of  the  matrix  of  transformed  elastic  stiffnesses  is  given 
by 
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For  the  {Xi  ,X2,X3,}  coordinate  frame,  the  specially  orthotropic  material 
appears  to  have  the  properties  of  a monoclinic  materiai 
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GENERALLY  ORTHOTROPIC  MATERIALS 

CONTINUED 


• Similarly, 

1 + m"n"(2Si2  + See)  + n^S22 

S,,2.  = m^n"(Si,  + S22  - See)  + (m^  + n^)Si2 

S,3  = m"S,3+ n"S23  Sy,=0  Sy,=0 

Si-e  = mn[m^  - n^](2Si2  + See)+  2mn(n^S22  - m^S^^) 

S2'2'  — m S22  + m n ^2Si2  + See)  ^ ^ S2-3'  — rn  S23  + n S13 

^24'  — 0 ^25'  “ 0 ^3'3'  “ ^33  ^3'4'  “ ^ ^3'5'  “ ^ 

S2e  = mn[n^  - m^](2Si2  + See)+  2mn(m^S22  - n^S^^) 

See  =2mn(S23-S,3) 
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GENERALLY  ORTHOTROPIC  MATERIALS 

CONTINUED 


S4.4.  m S44  + n ^4'5'  mn(S44  S55J  ^46'  ® 

S55,  = m^Sss  + 11^844  S5.4.  = 0 

Sg-g,  = 4m'n'(Si,  + - 28,2)  + (m'  - n 'j'See 


The  population  of  the  matrix  of  transformed  elastic  compliances  is 
given  by 


• For  the  {Xi  ,X2,X3,}  coordinate  frame,  the  speciaiiy  orthotropic  materiai, 
again,  appears  to  have  the  properties  of  a monocHnic  material 
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GENERALLY  ORTHOTROPIC  MATERIALS 

CONTINUED 


• For  a dextral  rotation  about  the  X3  - axis,  the  transformed  thermal- 
expansion  coefficients  are  given  by 

“ m ct-|-|  ^ n CX22  cx2'2'  ~ ni  CI22  ^ ^ ~ ^33 

a2-3- = 0 = 0 2 = mn(tt22  - oti-i) 

• Simiiariy,  the  transformed  thermal  moduli  are  given  by 

P,.,.  = m'P„  + n'P22  P2,2,  = m'P22  + n'P„  P33—P33 

P 2'3'  ”0  P i'3'  ” ® Pi'2’  “ mn  ^ P22  P 11 ) 
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GENERALLY  ORTHOTROPIC  MATERIALS 

CONCLUDED 


• Thus,  for  a dextral  rotation  about  the  X3  - axis,  the  transformed 

constitutive  equations  for  a speciaiiy  orthotropic  material  are  given  by 
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TRIGONAL 

MATERIALS 


254 


TRIGONAL  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 


• To  determine  the  conditions  on  the  constitutive  equations  for  trigonal 
materials,  it  is  necessary  to  consider  a plane  of  elastic  symmetry  that 
is  oriented  arbitrarily,  with  respect  to  two  of  the  coordinate  axes 


• In  particular,  consider  a plane  of 
elastic  symmetry  whose  normal  h 
lies  in  the  plane  X3  = 0 and  makes  an 
angle  63  with  the  x^  axis,  as  shown  in 
the  figure 

• The  angle  63  is  defined  to  be  in  the 
range  - 1 < 63  < | , because  63  = - | 

and  63  = I define  the  same  plane 

• In  addition,  let  the  (x, , x^,  X3 ) be  the 

coordinates  used  to  define  the 
material  symmetry 


symmetry 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• Specifically,  for  a plane  of  elastic  symmetry  given  by  x,  = 0 , the 
symmetry  transformation  is  shown  in  the  figure  and  is  given  by 
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• The  corresponding  matrix  of 
direction  cosines  is  given  by 


d -|  'r-|  f d -|  f'2'  ^ “I  ''3' 

-10  0 
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0 0 1 

• For  the  (x^ , X3.)  coordinate 

system,  the  general  constitutive 
equations  are  expressed  as 
foiiows 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 
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(E'}  = [S']{a'}  + {a'}0  and  (a'}  = [C']{e'}  + (p'}0, 

where  0 = T - T„, 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• For  the  (x^.,  x^,,  X3.)  coordinate  system,  the  constitutive  equations  are 
identicai  in  form  and  are  obtained  by  repiacing  the  index  pair  vy  with 

• in  the  abridged  notation, 


S"] 

and 

(a"}  = 

C" 

where  0 = T-T,gf 

• For  the  transformation  of  coordinates  defined  by  the  symmetry 
transformation  (a  refiection  about  the  piane  x^,  = 0 ), 

{o"}  = [T;]{o'}  and  {8")  = [T;'i{e')  whara 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 
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• Likewise, 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• The  conditions  for  invariance  under  the  symmetry  transformation 
are  given  by 
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[tH 

[S'] 

[t;] 

I 

[O']  = 1 

[t;1 

[C'] 

[t:] 

I 

{«'}  = [iMla'}  IP'}  = MO'} 


• Rather  than  calculating  the  outcome  of  the  invariance  conditions,  the 
outcome  can  be  found  by  direct  comparison  with  the  results  given 
previously  for  a material  that  is  monociinic  with  respect  to  the  plane 
= 0 


• Direct  comparison  reveals  that  the  material  is  monociinic  with 
respect  to  the  plane  x^,  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3 


• That  is,  direct  comparison  yields 
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o 

o 

\ 

^2'3'  f 

2Ei'3' 

0 0 0 0 Sg'g'  Sg'g' 

(Jr3' 

V 2ei-2'  ) 

0 0 0 0 Sg'g'  Sg'g< 

V ^i'2'  y 

Orr  \ 

02'2' 

^3'3' 

Ci-1-  Ci-2' 

1 '2^  2^2^ 
^1'3'  ^2'3' 

02'3' 

1 ~ 

p 

o 

ro 

Or3' 
<Jr2'  J 

0 0 
0 0 

Ci'4'  0 

C2'4'  0 

C3-4-  0 

C 0 

0 ^5'5' 

0 ^5'6' 


fcrr 

fPrr] 

E2'2' 

p2'2' 

y 

Ea'3' 

V J.  y 

p3'3'  I 

2e  , . 

] 

p2-3' 

2Ei>3- 

0 

V 2ei'2'  y 

0 i 

(T  - T,J 


AXIS 


and 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

Next,  the  compliances,  stiffnesses,  thermal-expansion  coefficients,  and 
thermal  moduli,  expressed  in  (x^,,  X2,  X3,)  coordinates,  are  referred  back 

to  the  original  (x^,  X2,  X3)  coordinates 


The  transformation  corresponds  to 
the  dextral  rotation  about  the  X3  axis, 
shown  in  the  figure,  and  is  given  by 

Xy  = XiCOS03  + X2Sin03 , 

X2  = - XiSin03  + X2COS03 , and  X3,  = X3 , 

with  -f<03^f 

The  corresponding  matrix  of 
direction  cosines  is  given  by 


^1'1  ®1'2  ^1'3 

COS03 

sin03 

0 

82-1  ^2'2  ®2'3 

— 

- sin03 

COS03 

0 

^3'1  ®3'2  ^3'3 

0 

0 

1 

symmetry 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• The  corresponding  stress  and  strain  transformation  matrices  were 
shown  previously  to  be  given  by 


[T„(03)]  = 

cos"03 

sin"03 

0 

0 

0 

2sin03cos03 

sin'03 

cos"03 

0 

0 

0 

- 2sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

-sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- sin03cos03 

sin03cos03 

0 

0 

0 

cos"03  - sin"03 

[Teles)]  = 

cos"03 

sin'03 

0 

0 

0 

sin03cos03 

■ 

Sin  03 

cos'03 

0 

0 

0 

- sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

-sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- 2sin03cos03 

2sin03cos03 

0 

0 

0 

cos'03  - sin'03 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• The  transformation  laws  for  the  compliances,  stiffnesses,  thermal- 
expansion  coefficients,  and  thermal  moduli  have  been  given  as 


[C']  = [TJ[C][TJ  ’ 

[S']  = [TJ[S][TJ  ' 

{P'l  = [TJ{P} 

{a'}  = [TJ{«} 

• These  laws  transform  the  previously  obtained  invariance  conditions  on 
[C'] , [S'] , {a'} , and  {P'}  into  invariance  conditions  on  [C] , [S] , {a}  , 
and  {P} 

• Specific  expressions  for  these  transformation  laws  (dextral  rotation 
about  the  X3  axis)  were  given  previously  for  a fully  anisotropic  material 
(triclinic) 

• Note  that  the  matrices  [C]  and  [S]  are  fully  populated 

• Also,  the  vectors  (a)  and  {p}  are  fully  populated 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 


• Because  of  the  invariance  conditions,  the  matrices  [C'j  and  [S']  have 


the  form 


C ^ '1 ' C ^ '2'  C 1 '3'  C 1 '4' 

0 0 

1 ^2^  2'2'  2^3^  2^4^ 

0 0 

^1'3'  ^2'3'  ^3'3'  ^3'4' 

0 0 

2'4'  3'4'  4'4' 

0 0 

0 0 0 0 

^5'5'  ^5'6' 

0 0 0 0 

^5'6'  ^6'6' 

- 

- 

and 


Si'i'  S^'2'  ^1'3'  ^1'4' 

0 

0 

Si'2'  ^2'2'  ^2'3'  ^2'4' 

0 

0 

Si'3'  S2'3'  S3'3f  S3-4/ 

0 

0 

Si'4'  S2'4'  S3'4'  S4'4' 

0 

0 

0 0 

0 0 

^5'5'  ^5'6' 

0 0 

0 0 

^5'6'  ^6'6' 

• Also,  the  vectors  {a'}  and  {P'}  have  the  form 


and  < 


• The  corresponding  forms  of  [C], [S],  {a}  , and  {P}  are  obtained  from 
the  transformation  laws  once  a value  for  the  angle  63  is  specified 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 


• For  example,  specifying  63  = 0 yields 


Crv  Cr2-  Ci  3 0 0 

C11  C12  Ci3  Ci4  Ci5  C16 

Crr  C22.  C2-3,  C24-  0 0 

C12  C22  C23  C24  C25  C26 

Cl'3'  ^2'3'  ^3'3'  ^3'i'  0 0 

Cho  Coo  Coo  Co.  Co.  Co. 

^13  ^23  ^33  ^34  ^35  ^36 

Ci-4-  Cav  C3-4-  C4-4-  0 0 

Ci4  C24  C34  C44  C45  C46 

0 0 0 0 C5-5-  C5-6' 

Ci5  C25  C35  C45  C55  C56 

0 0 0 0 C5-6'  Cg'e' 

C16  C26  C36  C46  C56  Cge 

(/) 

(/) 

(/) 

(/) 

0 

0 

(/) 

(/) 

(/) 

OJ 

(/) 

(/) 

Ol 

(/) 

o> 

Si-2'  S2'2'  S2-3-  S24'  0 0 

Sio  Soo  So,  So/I  Soc  Soc 

'^12  '^22  '^23  ^^24  '^25  '^26 

S^'3-  S2'3'  S3>3<  S3-4-  0 0 

Sio  Soo  Soo  So/1  Soc  Soc 

'^13  '^23  '^33  ^^34  '^35  '^36 

S1-4-  S2-4-  S3-4.  S44-  0 0 

Si4  S24  S34  S44  S45  S46 

0 0 0 0 Sg-g-  S5-6' 

Si5  S25  S35  S45  S55  S56 

0 0 0 0 Sg-e'  Sg'e' 

S16  S26  S36  S46  S56  See 

fPrr] 

fM 

P22' 

P22 

/ 

P33 

- 

P33 

V 

\ 

p23 

ri 

P23 

/ 

0 

Pl3 

0 J 

P12  j 

( arr  ^ 

' a,,  I 

a,.,. 

022 

) 

0X3,3, 

\ - 

Ct33 

20X2,3, 

] 

20X23 

j 

0 

2a, 3 

0 i 

^ 2a, 2 ^ 

• Enforcing  the  invariance  conditions  on  [C'j  gives 


^15  ” ® J ^16  ” ® J ^25  ” ® J ^26  ” ® J ^35  ” ^ J ^36  ” ^ J ^45  ” ^ J 


266 


TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• Likewise,  enforcing  the  invariance  conditions  on  [S']  gives 

^15  ” ® J ^16  ” ® J ^25  ” ® J ^26  ” ® J ^35  ” ^ J ^36  ” ^ J ^45  ” ^ J ^46  ” ^ 

• Enforcing  the  invariance  conditions  on  {a'}  and  {p'}  gives 

a,2  = a,3  = 0 and  p,2  = p,3  = 0 

• These  conditions  are  identicai  to  the  conditions  previousiy  obtained  for 
a materiai  that  is  monoclinic  with  respect  to  the  piane  = 0 

• Simiiariy,  specifying  63  = ^ and  enforcing  the  invariance  conditions  on 

[C'l , [S'] , {a'}  , and  (P')  yieids  the  conditions  previousiy  obtained  for 
a materiai  that  is  monociinic  with  respect  to  the  piane  X2  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• Now  consider  an  arbitrary  value  for  the  angle  63  such  that  - | < 63  < | 

• The  previous  example  for  63  = 0 shows  that  the  invariance  conditions 
on  [C] , [Sj , {a} , and  {p}  were  obtained  by  the  terms  of  [C'j , [S'] , 
{a'}  ,and  {P'}  that  were  zero  valued 

• Using  the  transformation  equations  for  a dextral  rotation  about  the  X3 
axis  that  were  given  previousiy  for  a (triciinic)  fuiiy  anisotropic,  eiastic 
materiai  gives  the  foiiowing  resuits  for  the  invariance  conditions  on 

[C'] 

C,5.  = 0:  m'c,5  + m'n(2C5e  + C,,)  + mn'(2C4s  + = 0 


Ci6.  = 0:  m'(m'-  3n)C,^  - m'n(C„  - C,^  - 2C6s) 

+ mn^(C22  - C,2  - 2C6s)  - n^(n^-  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

C25.  = 0:  - m“n(2C56  - - mn"(2C45  - C,s)  + n"C„  = 0 

Cjs,  = 0:  m"(m'-  Sn'jC^e  + - C,^  - 2C^) 

- mn'(C„  - C,2  - 2Cee)  - n'(n'-  3m')C,e  = 0 

C35  = 0:  mC^s  + nC34  = 0 

C36.  = 0:  (m"-  n")C36  + mn(C33  - 0,3)  = 0 

C„.  = 0:  (m"- n^)C„  + mn(C„- C55)  = 0 

C46  = 0:  m"C46  - T<"n(C56  + C,^  - C34)  - - C,s  + C35)  + n'C^e  = 0 

with  01  = 00803  and  n = sin03 
• These  conditions  give  8 equations  and  20  unknowns 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 
• The  invariance  conditions  on  [S']  are  given  by 

= 0:  + m^n(S55  + S„)  + mn"(S,6  + + n’S^,  = 0 

S,e  = 0:  m'(m'-  3n')S,e  - m'n(2S„  - 2S,^  - S^e) 

+ mn^(2S22  - 2S,2  - See)  - n“(n^-  3m‘')S26  = 0 

525  = 0:  m^S25  - m"n(S56  - S24)  - mn''(S4s  - 8,5)  + n’S,,  = 0 

526  = 0:  3n^)S2s  + m^n(2S22  - 2S,2  - See) 

- mn'(2S„  - 2S,2  - See)  - n'(n'-  3m')S,e  = 0 

835  =0:  111835  + 0834  = 0 83.5  =0:  (m“- 0^)835  + 2mn(823  - 8,3)  =0 

84.5.  = 0:  (m"-  n")845  + mn(844  - 855)  = 0 

84.5.  = 0:  m''84e  - m^nlSse  + 28,4  - 2824)  - 010^(845  - 28,5  + 2825)  + n^'Sse  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 
• The  invariance  conditions  on  {a'}  and  (P'}  yield 


a^,3,  = 0:  nnai3  + nagg  = 0 

ai  j.  = 0:  (m^-  n“)a,2  + mnjajj  - a„)  = 0 

p,3.  = 0:  mp,3  + np23  = 0 

P3.3.  = 0:  (m'-  n')p,3  + mn(P33  - p„)  = 0 

271 


TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• In  determining  the  restrictions  on  the  compliances,  stiffnesses, 

thermal-expansion  coefficients,  and  thermal  moduli  for  materials  that 
possess  more  than  one  plane  of  elastic  symmetry,  all  of  which  contain 

the  X3  axis,  it  is  convenient  to  select  the  first  plane  to  be  given  by  63  = 0 

• Thus,  the  material  is  monoclinic  with  respect  to  the  plane  x^  = 0 
and,  as  a result,  the  following  conditions  hold 

^15  = ® ^16  = ® ^25  = ® ^26  = ® ^35  = ® ^36  = ^ ^45  = ^ ^46  = ^ 

^15  = ® ^16  = ® ^25  = ® ^26  = ® ^35  = ^ ^36  = ^ ^45  = ^ ^46  = ^ 

ai2  = 0 ai3  = 0 Pi2  = 0 Pi3  = 0 


• These  relations,  and  the  fact  that  n = sln03  0 for  nonzero  values 
of  - ^ < 03  < ^ , are  used  to  simplify  the  previously  given  invariance 
conditions  into  the  following  three  uncoupled  groups 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• Group  1 

Ci5  =0:  m^(2C56  + C14)  + n^C24  = 0 m = COS03  n = sin03 

C25  = 0:  - m"(2C56  - C24)  + n"C,4  = 0 

C46  = 0:  n'Cse  - m^(C56  + = 0 

• Group  2 

^3'5'  ~ 0:  C34  = 0 

^3'6'  ~ O'  rn(C23  “ ^13)  ~ 0 

C4.5.  = Oi  rn(C44  — C55)  = 0 

• Group  3 

C16'  — 0.  mn  (C22  ~ C12  ~ 2Cgg)  — m (C^^  — C^2  ~ ^Cgg)  — 0 

C26  = 0:  m"(C22  - C12  - 2Cgg)  - mn"(Cii  - - 2Cgg)  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• The  first  group  can  be  written  as 

C,5  =0:  - C24  = m"(2C56  + - C24)  m = COS03  n = sinOg 

C25-  = 0:  Ci4  = m (2C56  + Ci4  - C24) 

C46-  = 0:  C56  = m (2C56  + Ci4  - C24) 

• Because  the  right-hand  side  of  the  equations  are  identical,  it  follows 

that  the  left-hand  sides  are  equal;  that  is,  C56  = - C24  = = r 

• Each  equation  can  be  expressed  as  r = 4Fcos^03  , which  is  satisfied 
by  r = 0 and  by  cos^Gg  = ^ 

• r = 0 implies  C56  = - C24  = = 0 and  - 1 < 63  < | 

• cos^03  = 1 impiies  63  = ± ^ , Cgg  = C14 , and  C24  = - 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• The  third  group  of  equations  is  simplified  by  first  adding  the  two 
equations  together  and  then  by  subtracting  the  two  equations 

• Adding  gives  Ci6  +C26  =0:  (C22  - Ci^jcosGa  = 0 , 

which  is  satisfied  for  aii  - ^ < 63  < ^ if  C22  = , or  for  aii 

C22  ^ C,  if  03  = f 

• Subtracting  gives 

Cre  - C26  = 0:  (2C,2  + 4Cee  - - C22)cos03cos2e3  = 0 , 

which  is  satisfied  for  aii  - | < 63  < | if  2C12  + 4Ce6  - - C22  = 0 , 

or  for  aii  2C^2  + 4Ce6  - c^^  - C22  ^ 0 if  63  = ± | or  | 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• Group  4 

S15.  = 0:  m^(S56  + S14)  + n^S24  = 0 m = COS03  n = sin03 

S25  = 0:  - m"(S56  - S24)  + n"S,4  = 0 

S46'  = Oi  — m (S56  + 2Si4  — 2S24)  + n Sgg  — 0 

• Group  5 

S3.5.  = 0i  S34  = 0 

^3'6'  ~ O'  rn(S23  “ ^13)  ~ 0 
S45.  = 0:  m(S44  — S55)  = 0 

• Group  6 

S16  = 0:  mn"(2S22  - 2S^2  - Sge)  - m"(2Sii  - 2S^2  - Sge)  = 0 

S26'  = 0i  m (2S22  ~ 2S^2  ~ Sge)  ~ mn  (2Sii  — 2S.,2  — Sge)  — 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• Like  for  the  stiffnesses,  the  fourth  group  can  aiso  be  written  as 

Si5  =0:  - S24  = m"(S56  + Si4  - S24)  m = COS03  n = sinBg 

Sg's'  = 0:  Si4  = m (S56  + Si4  — S24) 

S4-6’  = 0:  ^Sgg  = m (S56  + S-I4  - S24) 

• Because  the  right-hand  side  of  the  equations  are  identicai,  it  foiiows 

that  the  ieft-hand  sides  are  equai;  that  is,  = - S24  = = A 

• Each  equation  can  be  expressed  as  A = 4Acos^03 , which  is  satisfied 
by  A = 0 and  by  cos^03  = ^ 

• A = 0 impiies  Sgg  = S24  = S14  = 0 and  - | < 63  < | 

• cos"03  = 1 impiies  03  = ± | , Sge  = 2S^4 , and  S24  = - 8,4 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• The  sixth  group  of  equations  is  aiso  simpiified  by  first  adding  the  two 
equations  together  and  then  by  subtracting  the  two  equations 


• Adding  gives 

S^-e-  + S2-6'  = 

■ 0-  (^22  “ S 

»ii)cos03  = 0 

J 

which  is  satisfied  for  aii 

K ^ a - Jl 

- 2 < 03  ^ 2 

if 

S22  — S11 

, or  for  aii 

S,,  ^ S,  if  03  = f 

• Subtracting  gives 

Si  6 - S26  = 0:  (S,,  + S22  - 2S,2  - S66)cose3cos203  = 0 , 

which  is  satisfied  for  aii  - 1 < 63  < | if  23,^  + - S22  = 0 , 

or  for  aii  2S^2  + See  - - S22  0 if  63  = ± J or  | 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• The  symmetry  properties  for  trigonal  materials  arise  from  the 
solution  for  the  invariance  conditions  that  are  given  by  cos^03  = ^ 


• For  this  solution,  the  planes  of 
elastic  symmetry all  parallel  to 
the  X3  axis  and  are  given  by 

63  = 0 and  ± I 


• For  03  = ± f , 

m = cos(±  Ij 

=1.0 

and 

n = sln|± 

• The  stiffness  equations  in  group  2 
yield  the  invariance  conditions 

C34  = 0 , C23  — Ci3 , and  C55  = C44 


Plan  view  of  symmetry  planes 


279 


TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 

• Likewise,  the  stiffness  equations  in  group  1 yieid  the  invariance 
conditions  Cgg  = C14  and  C24  = - C^4 

• Furthermore,  the  stiffness  equations  in  group  3 yieid  the  invariance 
conditions  C22  = and 

• The  compiiance  equations  in  group  5 yieid  the  invariance  conditions 
S34  = 0 , S23  — S^3 , and  S55  = S44 

• The  compiiance  equations  in  group  4 yieid  the  invariance  conditions 
Ss6  = 2Si4  and  S24  = -S,4 

• The  compiiance  equations  in  group  6 yieid  the  invariance  conditions 

S22  — and  Sgg  = 2(Sii  — s^g) 


280 


TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 


• The  invariance  conditions 

ay^.  = 0:  ma^a  + na23  = 0 end 

= 0:  (m^- n^)«i2  + mn(aj 

,2-a„)  = 0 yield 

CX23  — ^13  — — 0 

and 

• The  invariance  conditions  | 

5,3  =0:  mp,3  + nP23  = 0 and 

= 0:  (m^-  + 0111(^22  - Pn)  = 0 yield 

P23  “ Pi3  “ P12  “ ® 3nd  P22  “ P11 

• Together,  the  invariance  conditions  yield  the  following  constitutive 
equations  for  a trigonal  material 
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TRIGONAL  MATERIALS  - CONCLUDED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X3  AXIS 


Therefore,  a trigonal  material  has  six  independent  elastic  constants 
and  two  independent  thermal-expansion  or  thermal-compliance 
parameters 


TRIGONAL  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 


• To  determine  the  conditions  on  the  constitutive  equations  for  trigonal 
materials,  it  is  necessary  to  consider  a plane  of  elastic  symmetry  that 
is  oriented  arbitrarily,  with  respect  to  two  of  the  coordinate  axes 


• In  particular,  consider  a plane  of 
elastic  symmetry  whose  normal  h 
lies  in  the  plane  x^  = 0 and  makes  an 
angle  6^  with  the  X2  axis,  as  shown  in 
the  figure 

• The  angle  6^  is  defined  to  be  in  the 
range  - 1 < 0i  < | , because  0i  = - J 
and  61  = I define  the  same  piane 

• in  addition,  let  the  (x^,,  X2,  X3,)  be  the 

coordinates  used  to  define  the 
materiai  symmetry 


X,  ,x,.  a,,,  = (i,,  • i,) 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 


• Specifically,  for  a plane  of  elastic  symmetry  given  by  X2  = 0 , the 
symmetry  transformation  is  shown  in  the  figure  and  is  given  by 


X 

II 

X 

J 

Csl 

X 

1 

II 

CM 

X 

, and 

CO 

X 

II 

CO 

X 

• The  corresponding  matrix  of 
direction  cosines  is  given  by 


• For  the  (x^ , X2,  X3  ) coordinate 

system,  the  constitutive 
equations  are  expressed  as 
foiiows 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  x,  AXIS 


I Eh-.  \ 


1'1' 


y 


^2'2' 
^3'3' 

\ 2E2'3' 

2ei-3. 

\ 2ei-2'  j 


01-1. 

Oi-2'  Oi-3- 

Oi'4'  O-I'g.  Ol'g 

Si-2' 

^2'2'  ^2'3' 

^2'4'  ^2'5'  ^2'6 

Si-3- 

^2'3'  ^3'3' 

33.4.  S3'5<  S3'0 

S1.4. 

S 2'4'  S 3'4' 

(/) 

(/) 

(/) 

d> 

Sl'5' 

^2’5'  ^3'5' 

^4'5'  ^5'5'  ^5'6 

^1'6' 

^2'6'  ^3'6' 

^4'6'  ^5'6'  ^6'6 

[ Oyr\ 

02'2' 

03.3. 

02'3' 

01.3. 


f a ^ 

a.2'2’ 


I * \ 2a 


V 


0■^’2'  J 


(X3.3. 
2'3' 


(T-Te.) 


1'3' 


2a 

V ) 


I ^VV 
^2'2' 

03.3. 

<J2'3' 

01.3. 

^^'2'  J 


c 1 »i . 0 1 '2'  c ^ .3.  C ^ .4.  C ^ .5.  C ^ .0. 

1 ^2'  2'2'  2^3^  2^4^  2^5^  2^0^ 

^1'3'  ^2'3'  ^3'3'  ^3'4'  ^3'5'  ^3'6' 

'4'  2'4'  ^^3'4'  ^^4'4'  ^^4'5'  ^^4'6' 

^1'5'  ^2'5'  ^3'5'  ^4'5'  ^5'5'  ^5'6' 

^1'6'  ^2'6'  ^3'6'  ^4'6'  ^5'6'  ^6'6' 


/ E ^ 

Pvv  'l 

E2'2' 

P2'2' 

7 

E3'3' 

\ + / 

P 3'3’  V 

A 

2E2'3' 

f I 

2P,,3.  / 

CO 

CM 

2P,3 

^ 2Ei.2'  j 

^ 2p^<2<  j 

)(T-T„)  or  by 


(E'}  = [S']{a'}  + {a'}0  and  (a'}  = [C']{e'}  + (p'}0, 

where  0 = T - T„, 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• For  the  (x^.,  x^,,  X3,,)  coordinate  system,  the  constitutive  equations  are 
identicai  in  form  and  are  obtained  by  repiacing  the  index  pair  vy  with 

• in  the  abridged  notation, 


S"] 

and 

(a"}  = 

C" 

where  0 = T-T,gf 

• For  the  transformation  of  coordinates  defined  by  the  symmetry 
transformation  (a  refiection  about  the  piane  X2,  = 0 ), 

{o"}  = [T;']{o'}  and  {8")  = [TM{e')  whara 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 


It;-]  = [T.'i  = 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

- 1 

• Likewise, 

[S']  = [t:']‘'[S"][t;'] 

[c'l = m"'[c"][t:'] 

{a"}  = [TM(a'}  {P''}  = [T;'1(P'} 


[S"j  = 

[t:t' 

[C"j  = [ 

Ta][C']| 

[t:i 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• The  conditions  for  invariance  under  the  symmetry  transformation 
are  given  by 


[S']  = 1 

\ 

[c]  = [T;i[C'][T.'i 


• Rather  than  calculating  the  outcome  of  the  invariance  conditions,  the 
outcome  can  be  found  by  direct  comparison  with  the  results  given 
previously  for  a material  that  is  monociinic  with  respect  to  the  plane 

Xg  = 0 


• Direct  comparison  reveals  that  the  material  is  monociinic  with 
respect  to  the  plane  x^  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 


• That  is,  direct  comparison  yields 


^2'2' 

y ^3'3' 

\ _ 

^ 2E2'3' 

I ~ 

2Ei'3' 

V 2Ei-2'  y 
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0 C4.0 

0 

CO 

cn 

0 

C0'5'  0 

0 

0 

0 

0 C00 

I Oyr  \ 
02'2' 


^3'3'  V 
02'3'  ( 


^1'3' 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 


• Next,  the  compliances,  stiffnesses,  thermal-expansion  coefficients,  and 


thermal  moduli,  expressed  in  (x^.,  X3,)  coordinates,  are  expressed  in 


the  original  (x^,  x^,  X3j  coordinates 

• The  transformation  corresponds  to 
the  dextral  rotation  about  the  x^  axis, 
shown  in  the  figure,  and  is  given  by 
x^,  = Xi , X2  = XgCOsOi  + X3Sin0i  , and 
X3.  = - XgSinBi  + X3COS01 , with 


• The  corresponding  matrix  of 
direction  cosines  is  given  by 


3i'i  3i'2  3i'3 

1 0 0 

®2'1  ®2’2  ®2'3 

0 COS0,  sine, 

®3'1  ^3’2  ®3'3 

0 - sine,  cose. 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• The  corresponding  stress  and  strain  transformation  matrices  were 
shown  previously  to  be  given  by 


[Ta(e.)]  = 

1 

0 

0 

0 

0 

0 

0 

cos  ^01 

sin^0i 

2sin0^cos0i 

0 

0 

0 

■ 

sin  0^ 

COS^0i 

- 2sin0iCos0i 

0 

0 

0 

- sin0^cos0i 

sin0iCos0^ 

cos ^01  - sin^0i 

0 

0 

0 

0 

0 

0 

COS01 

- sin0i 

0 

0 

0 

0 

sin0i 

COS01 

[T,(e,|]  = 

1 

0 

0 

0 

0 

0 

0 

cos  ^01 

sin^0i 

sin0^cos0i 

0 

0 

0 

■ 

sin  0^ 

cos  ^01 

- sin0^cos0i 

0 

0 

0 

- 2sin0^cos0i 

2sin0^cos0i 

cos ^01  - sin^0i 

0 

0 

0 

0 

0 

0 

COS01 

- sin0i 

0 

0 

0 

0 

sin0^ 

COS01 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• The  transformation  laws  for  the  compliances,  stiffnesses,  thermal- 
expansion  coefficients,  and  thermal  moduli  have  been  given  as 

[C']  = [TJ[C][TJ-’  [S']  = [TJ[S][TJ-’ 

{P')  = [T„](P)  (a'}  = [T,]{a) 

• These  laws  transform  the  invariance  conditions  on  [C'] , [S'] , {a'}  , and 
{P'l  into  invariance  conditions  on  [C]  . [S],  {«}  , and  {p} 

• Specific  expressions  for  these  transformation  laws  (dextral  rotation 
about  the  x^  axis)  were  given  previously  for  a fully  anisotropic  material 
(triclinic) 

• Note  that  the  matrices  [C]  and  [S] , and  the  vectors  {a}  and  (p)  , 
are  fully  populated 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 


• Because  of  the  invariance  conditions,  the  matrices  [C'j  and  [S']  have 


the  form 


C-|'-|'  C-|'2'  C-j'3'  0 

C^'5'  0 

1 ^2^  2'2'  2^3^ 

C2V  0 

^1'3'  ^2'3'  ^3'3'  ® 

^3'5'  ® 

o 

o 

o 

O 

0 C4'6' 

Ci-5'  C2V  Cg'g*  0 

Cs'5'  0 

0 0 0 C4.6. 

0 ^6'6' 

- 

- 

and 


S-|'^'  B-|'2'  S-|'3'  0 

C/) 

0 

Si'2'  ^2'2'  ^2'3'  ^ 

S 2'5'  0 

S1-3-  S2'3'  S3'3f  0 

S3'5'  0 

0 0 0 S4-4, 

0 S4fg' 

^1'5'  ^2'5'  ^3'5'  ® 

S 5'5'  0 

0 

0 

0 

(/) 

o> 

0 Sgfgf 

L 

- 

• Also,  the  vectors  {a'}  and  {P'}  have  the  form 


and  { 


• The  corresponding  forms  of  [C], [S],  {a}  , and  {P}  are  obtained  from 
the  transformation  laws  once  a value  for  the  angle  6^  is  specified 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 


• For  example,  specifying  6^  = 0 yields 


Ci'i>  C^>2'  ^1'3'  ® ^1'5'  ® 

C11  C12  Ci3  Ci4  Ci5  C16 

C1-2'  C2'2'  C2'3'  0 C2'5'  0 

C12  C22  C23  C24  C25  C26 

^1'3'  ^2'3'  ^3'3'  0 ^3'5'  ^ 

Cho  Coo  Coo  Co.  Co.  Co. 

^13  ^23  ^33  ^34  ^35  ^36 
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Ci4  C24  C34  C44  C45  C46 

^1'5'  ^2'5'  ^3'5'  ® ^5'5'  ^ 

Ci5  C25  C35  C45  C55  C56 

0 0 0 C4-6'  0 Cg'e' 

C16  C26  C36  C46  C56  Cge 

Pii 
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P33 

P23 

Pl3 
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(/) 
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OJ 

(/) 

(/) 

Ol 

(/) 

o> 

Si'2'  S22'  S2-3'  0 S2V  0 

Sio  Soo  So,  So/I  Soc  Soc 

'^12  '^22  '^23  ^^24  '^25  '^26 

S^-3-  S2'3'  S3-3<  0 S3-5-  0 

Si3  S23  S33  S34  S35  S36 

0 0 0 S44-  0 S4-6' 

Si4  S24  S34  S44  S45  S46 

Si'5>  S2'5'  S3-5-  0 S5-5-  0 

Si5  S25  S35  S45  S55  S56 

0 0 0 S4-6'  0 Sg'e' 

S16  S26  S36  S46  S56  See 

• Enforcing  the  invariance  conditions  on  [C'j  gives 

^14  = 0 , C^g  = 0 , C24  = 0 , Cgg  = 0 , C34  = 0 , Cgg  = 0 , C45  = 0 , and  Cgg  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• Enforcing  the  invariance  conditions  on  [S']  gives 

Si4  = 0 , S^g  = 0 , S24  = 0 , Sgg  — 0 , S34  = 0 , Sgg  = 0 , S45  = 0 , and  Sgg  = 0 

• Enforcing  the  invariance  conditions  on  {a'}  and  {p'}  gives 

ai2  = a23  = 0 and  Pi2  = p23  = 0 

• The  conditions  are  identicai  to  the  conditions  previousiy  obtained  for  a 
materiai  that  is  monoclinic  with  respect  to  the  piane  X2  = 0 

• Simiiariy,  specifying  6^  = ^ and  enforcing  the  invariance  conditions  on 

[C'l , [S'] , (a')  , and  (P'}  yieids  the  conditions  previousiy  obtained  for 
a materiai  that  is  monociinic  with  respect  to  the  piane  X3  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• Now  consider  an  arbitrary  value  for  the  angle  such  that  - | < 0^  < | 

• The  previous  example  for  6^  = 0 showed  that  the  invariance  conditions 
on  [C] , [Sj , {a} , and  {p}  were  obtained  by  the  terms  of  [C'j , [S'] , 
{a'}  ,and  {P'}  that  were  zero  valued 


• Using  the  transformation  equations  for  a dextral  rotation  about  the  x^ 
axis  that  were  given  previousiy  for  a (triciinic)  fuiiy  anisotropic,  eiastic 
materiai  gives  the  foiiowing  resuits  for  the  invariance  conditions  on 

[C'l 

Ci4  = 0:  (m^  - n^)Ci4  + mn(Ci3  - C12)  = 0 


C,6  =0:  mC,6+  nCi5  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  x,  AXIS 

C24,  = 0:  3n")C24  - m’n(C22  - C23  - 2C44) 

+ mn'(C33  - C23  - 2C44)  - n"(n'-  3m')C34  = 0 

C23  = 0:  m“C2s  + m"n(2C43  + C25)  + mn"(2C45  + Cjj)  + n’Cjs  = 0 

C3.4,  = 0:  m'(m'-  3n')C34  + m'n(C33  - C23  - 2C44) 

- mn^(C22  - C23  - 2C44)  - n"(n"-  3m")C24  = 0 

C3.3  = 0:  m"C36  - m"n(2C43  - C35)  - mn"(2C45  - Cjs)  + n"C2s  = 0 

C45.  = 0:  m"C45  - m“n(C43  + C25  - C35)  - mn"(C45  - C23  + C33)  + n''C43  = 0 

C5.6.  = 0:  (m''-  + mn(C55  - Cje)  = 0 

with  m = COS0,  and  n = sine, 

• These  conditions  give  8 equations  and  20  unknowns 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 
• The  invariance  conditions  on  [S']  are  given  by 

S14,  = 0:  (m^- n^)Si4  + 2mn(Si3  - S12)  = 0 S^^  = 0:  mSi6  + nS^s  = 0 

S24  = 0:  m^(m^  - 3n^)S24  - m^n(2S22  - 2S23  - S44) 

+ mn'(2S33  - 2S33  - S44)  - n'(n'-  3m')S34  = 0 

S^e-  = 0:  m'Sjs  + m"n(S43  + S35)  + + 834)  + n"S33  = 0 

S3.4,  = 0:  m^(m“  - 3n^)S34  + m^n(2S33  - 2833  - S44) 

- mn’(2S23  - 2833  - S44)  - n^(n^-  3m^)834  = 0 

833.  = 0:  m"833  - m“n(843  - 835)  - mn"(845  - 833)  + n"835  = 0 

84.3.  = 0:  m’843  - m“n(843  + 2835  - 2835)  - mn“(845  - 2833  + 2833)  + n’843  = 0 

83.3.  = 0:  (m"-  n“)833  + 0111(833  - S33)  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 
• The  invariance  conditions  on  {a'}  and  (P'}  yield 


a-,2  = O'  nnai2  + na^g  = 0 

023,  = 0:  (m^-  n“)a23  + 1x111(033  “ “22)  = 0 

p,2.  = 0:  mp,2  + np,3  = 0 

P23.  = 0:  (m^- n")P23  + mn(P33  - P22)  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• In  determining  the  restrictions  on  the  compliances,  stiffnesses, 

thermal-expansion  coefficients,  and  thermal  moduli  for  materials  that 
possess  more  than  one  plane  of  elastic  symmetry,  all  of  which  contain 

the  x^  axis,  it  is  convenient  to  select  the  first  plane  to  be  given  by  6i  = 0 

• Thus,  the  material  is  monoclinic  with  respect  to  the  plane  X2  = 0 
and,  as  a result,  the  following  conditions  hold 

^16  = ® ^24  = 0 C26  = 0 C34  = 0 Cgg  = 0 C45  = 0 Cgg  = 0 
S16  = 0 S24  = 0 Sgg  = 0 S34  = 0 Sgg  = 0 S45  = 0 Sgg  = 0 

^23  Pl2“®  ^23“® 

• These  relations,  and  the  fact  that  n = slnG^  0 for  nonzero  values 
of  - ^ < 01  < ^ , are  used  to  simplify  the  previously  given  invariance 
conditions  into  the  following  three  uncoupled  groups 


C.4  = 0 

Si4  = 0 

tti2  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  x,  AXIS 


Group  1 

C26  = 0: 

m^(2C4s  + C25)  + = 0 m = COS0,  n = sln0. 

C3-6  = 0: 

- m"(2C46  - C35)  + n'Cjs  = 0 

C45-  = 0. 

- m^(C4e  + C25  - C35)  + n'C4e  = 0 

Group  2 

Ci'4-  = 0: 

0 

II 

CM 

0 

1 

CO 

0 

E 

C,  6 = 0: 

0 

II 

in 

0 

^5'6'  ~ 0- 

Group  3 

m(C55  - C^)  = 0 

C24'  — 0. 

- m"(C23  - C23  - 2C44)  + mn"(C33  - C33  - 2C44)  = 0 

C3.4,  = 0: 

m"(C33  - C33  - 2C44)  - mn“(C33  - C33  - 2C44)  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• The  first  group  can  be  written  as 

c^e  =0:  - C35  = m'(2C46  + - C35)  m = cosG^  n = Sln0i 

C36'  = 0:  C25  = m (2C46  + ^25  “ C35) 

C45,  = 0:  C46  = m (2C46  + ^25  “ C35) 


• Because  the  right-hand  side  of  the  equations  are  identical,  it  follows 
that  the  left-hand  sides  are  equal;  that  is,  C46  = - C35  = C25  = r 

• Each  equation  can  be  expressed  as  F = 4rcos^6i , which  is  satisfied 
by  r = 0 and  by  cos^e^  = ^ 


r = 0 implies  C46  = - C35  = C 

25  = 0 and  - f < 01  < f 

COS^01  = 1 

impiies  0^  = ± | , 

^46  “ ^25 

, and  Cjj  = - C25 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• The  third  group  of  equations  is  simplified  by  first  adding  the  two 
equations  together  and  then  by  subtracting  the  two  equations 


• Adding  gives 

C2'4'  + C3-4-  = 

= 0:  (C33  - C^^jcose,  = 0 

j 

which  is  satisfied  for  aii 

11  ^ c\  ji: 

- 2 < 0,  ^ 2 

if 

CM 

CM 

0 

II 

CO 

CO 

0 

, or  for  aii 

C33  ^ C,,  if  0,  = f 


• Subtracting  gives 

C24  - C34  = 0:  (2C23  + 4C44  - C22  - C33)cose,cos20,  = 0 , 

which  is  satisfied  for  aii  - 1 < 0^  < | if  2C23  + 4C44  - C22  - C33  = 0 , 
or  for  aii  2C23  + 4C44  - C22  - C33  ^ 0 if  0^  = ± | or  | 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  x,  AXIS 


Group  4 

S2-6’  — 0: 

m^(S4s  + S25)  + = 0 m = cos0,  n = sln0, 

S3-6  = 0: 

- m'(S4e  - S35)  + n'Sjs  = 0 

S4.5.  = 0. 

- m^(S45  + 2S25  - 2S35)  + n'S^e  = 0 

Group  5 

S14,  = 0: 

0 

II 

CM 

CO 

1 

CO 

i/i 

E 

S16'  = 0: 

0 

II 

10 

co" 

^5'6'  ~ 0- 

Group  6 

m(S„  - See)  = 0 

S24'  — 0. 

- m"(2S22  - 2S23  - S44)  + mn"(2S33  - 2833  - S„)  = 0 

83,4,  = 0: 

01^(2833  - 2833  - S44)  - mn"(2S33  - 2S33  - S44)  = 0 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• Like  for  the  stiffnesses,  the  fourth  group  can  aiso  be  written  as 

S^e  =0:  - S35  = + S25  - S35)  m = COS01  n = sinO^ 

S36'  = 0:  S25  = m (S46  + S25  — S35) 

S45.  = 0:  ^S46  = m (S46  + S25  - S35) 

• Because  the  right-hand  side  of  the  equations  are  identicai,  it  foiiows 
that  the  ieft-hand  sides  are  equai;  that  is,  ^S4s  = - S35  = S25  = A 

• Each  equation  can  be  expressed  as  A = 4Acos^03 , which  is  satisfied 
by  A = 0 and  by  cos^e^  = ^ 

• A = 0 impiies  845  = S35  = S25  = 0 and  - 1 | 

• cos^0i  = 1 impiies  0i  = ± | , S46  = 2S25 , and  S35  = S25 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• The  sixth  group  of  equations  is  aiso  simpiified  by  first  adding  the  two 
equations  together  and  then  by  subtracting  the  two  equations 

• Adding  gives  S24  +S34  =0:  (S33  - S22)cos0i  = 0 , 

which  is  satisfied  for  aii  - 1 | if  S33  = S22 , or  for  aii 

S33  ^ S22  if  01  = f 

• Subtracting  gives 

S24  - S34  = 0:  (2S23  + S44  - S22  - S33)cose,cos20,  = 0 , 

which  is  satisfied  for  aii  - 1 < 0^  < | if  2S23  + S44  - S22  - S33  = 0 , 
or  for  aii  2S23  + S44  - S22  - S33  0 if  0^  = ± J or  | 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• The  symmetry  properties  for  trigonal  materials  arise  from  the 
solution  for  the  invariance  conditions  that  is  given  by  cos^e^  = ^ 


• For  this  solution,  the  planes  of 
elastic  symmetry all  parallel  to 
the  axis  and  are  given  by 

01  = 0 and  ± I 


• For  01  = ± 1 , 

m = cos(±  Ij 

=1.0 

and 

n = sln|± 

• The  stiffness  equations  in  group  2 
yield  the  invariance  conditions 

^15  “ ® j ^13  “ ^12  j and  Cgg  = C55 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• Likewise,  the  stiffness  equations  in  group  1 yieid  the  invariance 
conditions  C46  = C25  and  C35  = - C25 

• Furthermore,  the  stiffness  equations  in  group  3 yieid  the  invariance 
conditions  C33  = C22  and  C44  = ^(022  - C23) 

• The  compiiance  equations  in  group  5 yieid  the  invariance  conditions 
^15  ” 0 , Si3  = S12 , and  Sge  = S55 

• The  compiiance  equations  in  group  4 yieid  the  invariance  conditions 
S46  = 2S25  and  S35  = -S25 

• The  compiiance  equations  in  group  6 yieid  the  invariance  conditions 

S33  — S22  and  S44  = 2(S22  — S23) 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

The  invariance  conditions  ai  2 =0:  mai2  + nai3  = 0 and 

tt23  = 0:  (m^-  n^)oi23  + rnn(oi33  - cl^z)  = 0 yield 

(X23  “ ® and 

The  invariance  conditions  Pi2  =o=  mPi2  + nPi3  = 0 and 
P23  = 0:  (m"-  n^)p23  + mn(P33  - P22)  = 0 yieid 

^23“  Pi3  “ Pi2  “ ® and  P33  “ P22 


Together,  the  invariance  conditions  yieid  the  foiiowing  constitutive 
equations  for  a trigonai  materiai 


TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  x,  AXIS 
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Ou 

A 
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^33 
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C,a 
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CM 
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c 

2 

'"25 

0 

Ca. 

I 

0 

ro 

01 

0 

Css 

0 

0 

0 

0 

m 

CM 

0 

0 

Css 

£22 
/ ^33 

\ 2^23 
2^13 

V 2Ei2  j 


P22 

I P22  Wj 
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[ E \ 

t11 

E22 

y ^33 
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^ 2E23 
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2^13 

V 2Ei2  j 

^11  ^12 
S12  S22 

^12  ^23 

0 0 

0 
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S.2 

^23 

s. 


0 

0 

0 


0 0 

S,.  0 

0 


'25 

-s 


^25  ^25 


22  ''25 

0 2(822-823)  0 28 

0 

28 


25 


'55 


'25 


0 

8 


55 


1 0^11  ^ 

022 

(X22 

y 

^33 
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0.22  V 

^23 

f ] 

0 

^13 

0 

[^12  J 

0 j 
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• Again,  the  trigonal  material  has  six  independent  eiastic  constants 
and  two  independent  thermai-expansion  or  thermai-compiiance 
parameters 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• The  previous  derivation  of  the  constitutive  equations  for  a trigonal 
material  that  has  reflective  symmetry  planes  that  contain  the  axis  is 
quite  tedious 

• These  constitutive  equations  can  be  derived  in  alternate  manner  by 
using  the  corresponding  equations  given  first  for  a trigonai  materiai 
that  has  refiective  symmetry  pianes  that  contain  the  X3  axis,  aiong  with 
a juxtaposition  of  indices 

• That  is,  the  desired  constitutive  equations  are  found  by  simpiy 
determining  the  renumbering  of  the  indices  that  brings  the  figure 
shown  beiow  for  symmetry  pianes  that  contain  the  X3  axis  into 
congruence  with  the  adjacent  figure  shown  beiow  for  symmetry  pianes 
that  contain  the  x^  axis 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 


Symmetry  planes  that 
contain  the  X3  axis 


Symmetry  planes  that 
contain  the  x^  axis 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 

• Inspection  of  the  figures  indicates  the  following  transformation  of  the 
indices:  1 ^ 2,  2 ^ 3,  and  3^1 

• Next,  it  must  be  realized  that  the  exchanging  of  indices  must  be  used 
with  the  indices  of  tensors  to  determine  the  indices  used  with  the 
abridged  notation  (matrix) 

• The  following  index  pairs  relate  the  tensor  indices  to  the  matrix 
indices 


tensor  notation  1 1 

22 

33 

23,  32 

31,  13 

12,  21 

matrix  notation  1 

2 

3 

4 

5 

6 

• Using  this  information  aiong  with  1 ^ 2,  2 ^ 3,  and  3^1  gives  the 
reiations:  4 ^ 5,  5 ^ 6,  and  6^4 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 


• Likewise,  the  transformation  of  index  pairs  that  appear  in  the  abridged 
notation  are  given  by 


11  ^22 
12^23 
13  ^ 12 
14^25 
15^26 
16^24 


22^33 

23^13 

24^35 

25^36 

26^34 


33^11 

34^15 

35^16 

36^14 


44^55 

45^56 

46^45 


55^66 

56^46 


66^44 


• Consider  the  foiiowing  constitutive  equations  for  a trigonai  materiai  that 
has  refiective  symmetry  pianes  that  contain  the  X3  axis 
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TRIGONAL  MATERIALS  - CONCLUDED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  AXIS 


Applying  the  index  transformation  to  these  constitutive  equations  gives 
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Reordering  these  equations  into  the  standard  form  yields 


f ^ 

a 
a 


11 


22 


33 


\ a 
a 
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23 


13 


C11  C12  C12  0 0 0 

C12  C22  C23  0 C25  0 

^12  ^23  ^22  0 “ ^25  ^ 

0 0 0 i(C,,-C,3)  0 c 
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0 

V 0 y 


which  are  identical  to  the  corresponding  equations  previously  given 
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TRIGONAL  MATERIALS 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X2  AXIS 

• These  constitutive  equations  are  derived  by  using  the  corresponding 
equations  given  first  for  a trigonai  materiai  that  has  refiective  symmetry 
planes  that  contain  the  X3  axis,  aiong  with  a juxtaposition  of  indices 

• That  is,  the  desired  constitutive  equations  are  found  by  simpiy 
determining  the  renumbering  of  the  indices  that  brings  the  figure 
shown  below  for  symmetry  planes  that  contain  the  X3  axis  into 
congruence  with  the  adjacent  figure  shown  beiow  for  symmetry  pianes 
that  contain  the  X2  axis 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X2  AXIS 


Symmetry  planes  that 
contain  the  X3  axis 


Symmetry  planes  that 
contain  the  X2  axis 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X2  AXIS 

• Inspection  of  the  figures  indicates  the  following  transformation  of  the 
indices:  1 ^ 3,  2 ^ 1,  and  3^2 

• Next,  it  must  be  realized  that  the  exchanging  of  indices  must  be  used 
with  the  indices  of  tensors  to  determine  the  indices  used  with  the 
abridged  notation  (matrix) 

• The  following  index  pairs  relate  the  tensor  indices  to  the  matrix 
indices 


tensor  notation  1 1 

22 

33 

23,  32 

31,  13 

12,  21 

matrix  notation  1 

2 

3 

4 

5 

6 

• Using  this  information  aiong  with  1 ^ 3,  2 ^ 1,  and  3^2  gives  the 
reiations:  4 ^ 6,  5 ^ 4,  and  6^5 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X2  AXIS 


• Likewise,  the  transformation  of  index  pairs  that  appear  in  the  abridged 
notation  are  given  by 


11  ^33 

12  ^ 13 
13^23 
14^36 
15^34 
16^35 


22  ^ 11 

23  ^ 12 

24  ^ 16 

25  ^ 14 
26^15 


33^22 

34^26 

35^24 

36^25 


44^66 

45^46 

46^56 


55^44 

56^45 


66^55 


Consider  the  foiiowing  constitutive  equations  for  a trigonai  materiai  that 
has  refiective  symmetry  pianes  that  contain  the  X3  axis 
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TRIGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X2  AXIS 
• Applying  the  index  transformation  to  these  constitutive  equations  gives 
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Reordering  these  equations  into  the  standard  form  yields 
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TRIGONAL  MATERIALS  - CONCLUDED 

REFLECTIVE  SYMMETRY  ABOUT  PLANES  THAT  CONTAIN  THE  X2  AXIS 


• Applying  the  same  procedure  to  the  inverse  equations  yields 
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SUMMARY  OF  TRIGONAL  MATERIALS 


axis 


X2  axis 


X3  axis 
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SUMMARY  OF  TRIGONAL  MATERIALS  - CONCLUDED 


axis 


X2  axis 


X3  axis 
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TETRAGONAL 

MATERIALS 
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TETRAGONAL  MATERIALS 


• Previously,  it  was  shown  that  for  a single  plane  of  elastic  symmetry 
containing  the  X3  axis,  special  invariance  conditions  arise  for  values  of 

63  = ±^,  in  addition  to  63  = 0 

• Likewise,  it  was  shown  that  for  a single  plane  of  elastic  symmetry 
containing  the  x^  axis,  special  invariance  conditions  arise  for  values  of 

01  = ±^,  in  addition  to  0^=0 

• Furthermore,  for  a single  plane  of  elastic  symmetry  containing  the  X2 
axis,  special  invariance  conditions  also  arise  for  values  of  62  = ± — , in 
addition  to  63  = 0 

• Three  particular  cases  of  interest  arise  from  these  invariance  conditions 
in  which  there  exists  five  planes  of  elastic  symmetry,  four  of  which 
are  perpendicular  to  the  fifth  plane 
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TETRAGONAL  MATERIALS  - CONTINUED 


• Specifically,  consider  a material  with  three  planes  of  elastic  symmetry 
given  by  63  = 0 and 

• By  taking  = + — as  an  additional 
plane  of  elastic  symmetry,  the  fact  that 

the  planes  63  = 0 and  Bi  = + are 
perpendicular  implies  the  existence  of 
a fifth  symmetry  plane  given  by  6^  = 0 

• This  fact  was  shown  previously  for 
specially  orthotropic  materials; 
that  is,  two  perpendicular  planes 
of  elastic  symmetry  imply  a third 
perpendicular  plane  of  elastic  symmetry 

• Thus,  there  exists  five  planes  of  elastic  symmetry,  four  of  which 
are  perpendicular  to  plane  6i  = 
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TETRAGONAL  MATERIALS  - CONTINUED 


• Next,  consider  a material  with  three  planes  of  elastic  symmetry  given  by 


0.  = 0 and  ± V 

^ 4 


• By  taking  63  = 0 as  an  additional 
plane  of  elastic  symmetry,  the  fact 
that  the  planes  6^  = 0 and  63  = 0 are 
perpendicular  implies  the  existence 
of  a fifth  symmetry  plane  given  by 


• Thus,  there  exists  five  planes  of 
elastic  symmetry,  four  of  which 

are  perpendicular  to  plane  63  = 0 
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TETRAGONAL  MATERIALS  - CONTINUED 

• Finally,  consider  a material  with  three  planes  of  elastic  symmetry  given 
by  02  = 0 and  ±j 

• By  taking  0s  = as  an  additional 
plane  of  elastic  symmetry,  the  fact 


are  perpendicular  implies  the 
existence  of  a fifth  symmetry  plane 

given  by  0g  = 0 


• Thus,  there  exists  five  planes  of 

elastic  symmetry,  four  of  which  are  perpendicular  to  plane  0s  = + 


that  the  planes  03  = + and  02  = 0 
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TETRAGONAL  MATERIALS  - CONCLUDED 


• When  there  exists  five  planes  of  elastic  symmetry,  in  which  four 
pianes  are  perpendicuiar  to  a fifth  piane,  the  materiai  is  ciassified  as  a 
tetragonal  material 

• Three  specific  cases  are  defined  as  foiiows: 

• Pianes  of  eiastic  symmetry  given  by  63  = 0 and  ±—  and  6i  = + 

JC 

• Pianes  of  eiastic  symmetry  given  by  0i  = O and  ±—  and  63  = 0 

JD 

• Pianes  of  eiastic  symmetry  given  by  02  = 0 and  ±—  and  03  = + 

• For  each  of  these  three  arrangements  of  symmetry  pianes,  the 
corresponding  constitutive  equations  can  be  derived  directiy  from 
those  for  a specially  orthotropic  material  by  enforcing  the 

invariance  conditions  for  0i  = ± ^ , 02  = ± ^ , or 
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TETRAGONAL  MATERIALS 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  Xg  AXIS 


• Consider  a tetragonal  material  with  planes  of  reflective  symmetry 
defined  by  63  = 0 and  ±j  and  by  0i  = 


For  a specially  orthotropic  material,  it  was  shown  previously  that  the 
constitutive  equations  are  given  by 
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TETRAGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  Xg  AXIS 

• For  this  case,  the  additional  conditions  on  the  constitutive  equations 
are  obtained  by  enforcing  symmetry  planes  given  by  63  = ± ^ 

• For  03  = ± j , m = cos(±  J j = ^ ^ 0 and  n = sin(±  |)  = ± ^ ^ 0 

• With  63  = ± — , the  first  group  of  stiffness  equations  previousiy  given 
herein  for  an  arbitrary  piane  of  symmetry,  defined  by  constant  vaiues  of 
63,  requires  r = 0 

• Recaii  that  r = 0 impiies  C56  = - C24  = C^^  = 0 for  arbitrary  vaiues  of 
the  angie  - | < 63  < | 

• Simiiariy,  the  second  group  of  stiffness  equations  for  an  arbitrary  piane 
of  symmetry,  defined  by  constant  vaiues  of  63,  requires  C34  = 0, 

^23  ” ^13’  C55  “ C44 
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TETRAGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  Xg  AXIS 

• Furthermore,  the  stiffness  equations  in  group  3 yield  the  invariance 
condition  C22  = 

• Likewise,  the  compliance  equations  in  group  5 yield  the  invariance 
conditions  S34  = 0 , S23  = S^g , and  S55  = S44 

• The  compliance  equations  in  group  4 yield  the  invariance  conditions 

^56  = ^24  = ^14  = ® 

• The  compliance  equations  in  group  6 yield  the  invariance  condition 
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TETRAGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  Xg  AXIS 


• The  invariance  conditions 

ay^.  = 0:  ma^a  + na23  = 0 end 

= 0:  (m^- n^)«i2  + rnn(«j 

,2-a„)  = 0 yield 

CX23  — ^13  — — 0 

and 

• The  invariance  conditions  | 

5,3  =0:  mp,3  + nP23  = 0 and 

= 0:  (m^-  + 0111(^22  - Pn)  = 0 yield 

P23  “ Pi3  “ P12  “ ® 3nd  P22  “ P11 

• Together,  the  invariance  conditions  yield  the  following  constitutive 
equations  for  a tetragonal  material 
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TETRAGONAL  MATERIALS  - CONCLUDED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  X3  AXIS 


^11  ^12  ^13  0 0 0 
^12  ^11  ^13  0 0 0 
^13  ^13  ^33  0 0 0 
0 0 0 C44  0 0 
0 0 0 0 C44  0 
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• Therefore,  a tetragonal  material  has  six  independent  eiastic 
constants  and  two  independent  thermai-expansion  or  thermai- 
compiiance  parameters 
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TETRAGONAL  MATERIALS 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  AXIS 

• Next,  consider  a tetragonal  material  with  planes  of  reflective 

TC 

symmetry  defined  by  0i  = 0 and  ±—  and  by  63  = 0 

• For  01  = ± ^ , m = cos(±  ^ j = ^ 0 and  n = sln|±  ^ j = ± ^ 0 

• The  first  group  of  stiffness  equations  previously  given  herein  for  an 
arbitrary  plane  of  symmetry,  defined  by  constant  values  of  0i,  yields  the 

invariance  conditions  C46  = C35  = C25  = 0 

• The  second  group  of  stiffness  equations  for  an  arbitrary  plane  of 
symmetry,  defined  by  constant  values  of  0i,  requires  C15  = 0,  C13  = C12, 
and  Cee  = C55 

• The  stiffness  equations  in  group  3 yieid  the  invariance  condition 

^33  ” ^22 
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TETRAGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  AXIS 

• The  invariance  conditions  Pi2  =0:  mPi2  + nPi3  = 0 and 

P23  = 0:  (m"  - n")p23  + mn(P33  - P22)  = 0 yieid 


^23“  Pi3  “ P12  “ ® and  P33  — P22 


• The  resuiting  constitutive  equation,  obtained  by  simpiifying  the 
constitutive  equation  for  a speciaiy  orthotropic  materiai,  is  given  by 


f (j  \ 

'-'11 
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y 

0^33 

^ _ 
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^23 

f ~ 

^13 

V ^12  y 

C11C12C12  0 0 0 

C12  C22  C23  0 0 0 

^12  ^23  ^22  0 0 0 
0 0 0 C44  0 0 
0 0 0 0 C55  0 
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TETRAGONAL  MATERIALS  - CONCLUDED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  AXIS 


• Applying  the  same  process  to  the  equations  for  the  compliances  and 
coefficients  of  thermal  expansion  yields 
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TETRAGONAL  MATERIALS 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  X2  AXIS 

• Finally,  consider  a tetragonal  material  with  planes  of  reflective 
symmetry  defined  by  62  = 0 and  ±j  and  by  63  = 

• The  constitutive  equations  are  derived  by  using  the  corresponding 
equations  given  previously  for  a tetragonal  material  that  has  four 
reflective-symmetry  planes  that  contain  the  X3  axis,  along  with  a 
juxtaposition  of  indices 

• In  particular,  the  desired  constitutive  equations  are  found  by  simply 
determining  the  renumbering  of  the  indices  that  brings  the  figure 
shown  below  with  four  symmetry  planes  that  contain  the  X3  axis  into 
congruence  with  the  adjacent  figure  shown  below  with  four  symmetry 
planes  that  contain  the  X2  axis 
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TETRAGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  X2  AXIS 


Four  symmetry  planes  Four  symmetry  planes 

that  contain  the  X3  axis  that  contain  the  X2  axis 
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TETRAGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  X2  AXIS 

• Inspection  of  the  figures  indicates  the  following  transformation  of  the 
indices:  1 ^ 3,  2 ^ 1,  and  3^2 

• Next,  it  must  be  realized  that  the  exchanging  of  indices  must  be  used 
with  the  indices  of  tensors  to  determine  the  indices  used  with  the 
abridged  notation  (matrix) 

• The  following  index  pairs  relate  the  tensor  indices  to  the  matrix 
indices 


tensor  notation  1 1 

22 

33 

23,  32 

31,  13 

12,  21 

matrix  notation  1 

2 

3 

4 

5 

6 

• Using  this  information  aiong  with  1 ^ 3,  2 ^ 1,  and  3^2  gives  the 
reiations:  4 ^ 6,  5 ^ 4,  and  6^5 
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TETRAGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  X2  AXIS 


• Likewise,  the  transformation  of  index  pairs  that  appear  in  the  abridged 
notation  are  given  by 


11  ^33 

12  ^ 13 
13^23 
14^36 
15^34 
16^35 


22  ^ 11 

23  ^ 12 

24  ^ 16 

25  ^ 14 
26^15 


33^22 

34^26 

35^24 

36^25 


44^66 

45^46 

46^56 


55^44 

56^45 


66^55 


Consider  the  foiiowing  constitutive  equations  for  a tetragonai  materiai 
that  has  refiective  symmetry  pianes  that  contain  the  X3  axis 
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TETRAGONAL  MATERIALS  - CONTINUED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  X2  AXIS 


• Applying  the  index  transformation  to  these  constitutive  equations  gives 
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• Reordering  these  equations  into  the  standard  form  yields 
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TETRAGONAL  MATERIALS  - CONCLUDED 

REFLECTIVE  SYMMETRY  PLANES  THAT  CONTAIN  THE  X2  AXIS 


• Applying  the  same  procedure  to  the  inverse  equations  yields 
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SUMMARY  OF  TETRAGONAL  MATERIALS 
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SUMMARY  OF  TETRAGONAL  MATERIALS  - CONTINUED 
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SUMMARY  OF  TETRAGONAL  MATERIALS 

CONCLUDED 


• Inspection  of  the  equations  shows  that  a tetragonal  material  is  a 
specially  orthotropic  material  in  which  the  properties  associated  with 
two  of  the  coordinate  directions  are  identical 
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TRANSVERSELY  ISOTROPIC 

MATERIALS 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 

• Now,  consider  the  case  in  which  a specially  orthotropic  material,  which 
exhibits  symmetry  about  the  perpendicular  principal-coordinate  planes, 
also  exhibits  isotropy  in  the  plane  Xg  = 0 

• For  the  specially  orthotropic  material,  it  was  shown  previously  that  the 
material  properties  are  given  by 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 (CONTINUED) 

• For  this  type  of  symmetry  to  exist,  there  must  be  an  infinite  number  of 
elastic  symmetry  planes  that  are  perpendicular  to  the  plane  Xg  = 0 

• Equivalently,  the  constitutive  matrices  and  vectors  must  invariant 
with  respect  to  dextral  rotations  about  the  Xg  axis 

• The  coordinate  transformation  for  this 
symmetry  is  shown  in  the  figure  and 

is  given  by 

X2  = - XiSin03  + X2COS03 , and  X3.  = X3 , 
with  0 < 03  < 2ji 

• The  corresponding  matrix  of 
direction  cosines  is  given  by 

Bff  Q■^.2  3i'3 

^2'1  ®2'2  ^2'3 
®3'1  ®3'2  ®3'3 


x^,  = XiCOS03  + X2Sin03 , 


COS03  sin03  0 

- sin03  COS03  0 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 (CONTINUED) 

• The  corresponding  stress  and  strain  transformation  matrices  were 
shown  previously  to  be  given  by 
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sin"03 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 (CONTINUED) 

• Specific  expressions  that  result  from  the  transformation 

[C']  = [T„][C][TJ  were  given  previously  for  an  anisotropic  material 

• For  a specially  orthotropic  material,  [C']  = [T„][C][TJ  yields  the 
expressions  given  previously  for  a generally  orthotropic  material; 
that  is, 

Crr  = m"Cii  + 2m^n"(Ci2  + 2C6e)  + n^C22 
C,-2-  = m^n"(C,,  + C22  - 4C6e)  + (m"  + n")C,2 

3 = m"Ci3  + n^C23  4 = 0 5 = 0 

C16  = mn[m^  - n^](Ci2  + 2C66)  + mn(n^C22  - m^C^) 

C22  = m'‘C22  + 2m^n^(Ci2  + 2C6e)  + 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 (CONTINUED) 

C23  = m"C23  + n"Ci3  C24  = 0 C25  = 0 

C26  = mn[n^  - m^](Ci2  + 2C66)  + mn(m^C22  - n^C^) 

^3'3  —^33  C34.  = 0 03,5  =0  03,5,  = rnn(C23  - C13) 


C44.  = m"C44  + 

C45.  — mn(C44  - C55)  C4e.  — 0 C5.4.  — 0 

C55.  = m'Css  + n^C44 

Cee-  = m^n^(C„  + - 20,2)  + (m^  - n^)^C6e 

with  m = cos03  and  n = sin03 

• Next,  the  invariance  condition  [C]  = [TJ[C][TJ  ' is  enforced,  which 
impiies  the  conditions  = C^s , where  r,  s G {1,2,  3,  4,  5,  6} 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 (CONTINUED) 

• Enforcing  Cyy  = gives  + 2m^n^(Ci2  + 2C6e)  + , which 

can  only  be  satisfied  in  a general  sense  (arbitrary  values  for  63)  if 


C11  — C22  and  C12  + 2Cge  — 

• Simiiariy,  enforcing  = C^3 

gives  C13  = m^Ci3  + ^^^23 , which  yields 

^23  “ ^13 

• Likewise,  enforcing  C44,  = C44 

gives  C44  = m^C44  + n^Cgg , which  yields 

C55  — C44 

• Finally,  by  substituting  = C22 , C12  + 2C66  = c,,  , C23  = , and 

C55  = C44  into  the  remaining  expressions  for  C,3  and  enforcing 
Crs  = C,3 , it  is  found  the  remaining  expressions  are  identically  satisfied 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 (CONTINUED) 

Thus,  the  stiffness  matrix  for  a transversely  isotropic  material  that  is 
/sofrop/c  \n  the  plane  x^  = 0 has  the  form 
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CM 
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0 
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CM 

0 

C,3 
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CO 
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CO 
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CO 
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C44 
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0 

C44 

0 
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0 

0 

0 

0 1(C 

11  “ C12) 

which  has  5 independent  stiffnesses 


Following  the  same  procedure  for  the  compliance  coefficients  by  using 
the  transformed-compliance  expressions  previously  given  for  a 
generaiiy  orthotropic  materiai  and  enforcing  the  invariance 

condition  [S]  = [TJ[S][TJ  or  8^3  = S^s  yields  similar  results 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 (CONTINUED) 


Thus,  the  compliance  matrix  for  a transversely  isotropic  material  that  is 
/sotrop/c  'mXhe^Xane  X3  = 0 has  the  form 


^11  ^12  ^13  0 0 0 

^12  ^11  ^13  0 0 0 

^13  ^13  ^33  0 0 0 

0 0 0 S44  0 0 

0 0 0 0 S44  0 

0 0 0 0 0 1(S„-S„) 


which  has  5 independent  compliances 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 (CONTINUED) 

• For  a specially  orthotropic  material,  {a'}  = [Tj{a}  yields  the 

expressions  for  the  transformed  thermai-expansion  coefficients,  given 
previousiy  for  a generally  orthotropic  material;  that  is, 

“ m ct-|-|  ^ n CX22  cx2'2'  ~ ni  CI22  ^ ^ ~ ^133 


tt2  3 = 0 

3 = 0 

oti2'  = mn(<x22  “ <^11 ) 

Enforcing  the  invariance  condition  (a)  = 
the  requirements  that  0122  = cl,,  and  = 0 


(a)  or  a, 3 = a, 3 yieids 


• Foiiowing  the  same  procedure  for  the  thermal  moduli  by  using  the 
transformed-thermai-moduii  expressions  previousiy  given  for  a 
generaiiy  orthotropic  materiai  and  enforcing  the  invariance 


II 

X 

(p} 

or  Prs  =Prs 

P22  — P11  and  Pi2  “ 0 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 (CONTINUED) 


• Applying  all  these  simplifications,  the  linear  thermoelastic  constitutive 
equations  become 


and 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  Xg  = 0 (CONCLUDED) 


• Likewise 


/ P11  \ _ 

0 

+ 

p 

ro 

C,3 

f «11  \ 

1^33/" 

2C,3 

^33 

\a33  / 

• Thus,  the  transversely  isotropic  materiai  considered  has  5 
independent  stiffness  coefficients,  5 independent  compliance 
coefficients,  2 independent  thermal-expansion  coefficients,  and  2 
independent  thermal-moduli  coefficients 


• It  is  interesting  to  point  out  that  hexagonai  materiais,  defined  by 

planes  of  reflective  symmetry  given  by  63  = 0,  , have  the  same 

number  of  independent  elastic  constants  and  thermal  parameters  as 
the  transversely  isotropic  material 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 


• Now,  consider  the  case  in  which  a specially  orthotropic  material, 
which  exhibits  symmetry  about  the  perpendicuiar  principai-coordinate 
pianes,  aiso  exhibits  isotropy  in  the  piane  x^  = 0 

• For  the  speciaiiy  orthotropic  materiai,  it  was  shown  previousiy  that  the 
materiai  properties  are  given  by 


Cii  Ci2  Ci3  0 0 0 

Ci2  C22  C23  0 0 0 

Ci3  C23  C33  0 0 0 

0 0 0 C44  0 0 

0 0 0 0 C33  0 

0 0 0 0 0 Cee 


j 

£ \ 
*^11 

£22 

P22 

£33 

V + 

p33  V 

\ 

2E23 

j * 

\ 

0 

2£i3 

0 

V 

2e^2  j 

[ 0 j 

and 


e„  \ 

S. 

S.3 

0 

0 

0 

£22 

S. 

S22 

S23 

0 

0 

0 

£33 

S.3 

S23 

S33 

0 

0 

0 

\ 

2E23 

j ~ 

0 

0 

0 

S44 

0 

0 

2£i3 

0 

0 

0 

0 

S. 

0 

^ 2ei2  j 

0 

0 

0 

0 

0 

See 

GTii 

a 


22 


33 


Of; 

0^23 

^13 

CJ12 


- T„.) 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 (CONTINUED) 


• For  this  type  of  symmetry  to  exist,  there  must  be  an  infinite  number  of 
elastic  symmetry  planes  that  are  perpendicular  to  the  plane  x^  = 0 


• Equivalently,  the  constitutive  matrices  and  vectors  must  invariant 
with  respect  to  dextral  rotations  about  the  x^  axis 


• The  coordinate  transformation  for  this 
symmetry  is  shown  in  the  figure  and  is 

given  by  x^  = x^ , X2  = X2cos0i  + XaSine^ 
and  X3,  = - X2sin0i  + X3COS01  , with 

0 < 01  < 2ji 

• The  corresponding  matrix  of  direction 
cosines  is  given  by 


®ri  ®1'2  ®i'3 

1 

0 0 

^2'1  ®2'2  ^2'3 

— 

0 

COS01  sin6i 

^3'1  ®3'2  ^3'3 

0 

- sin0i  COS01 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 (CONTINUED) 

• The  corresponding  stress  and  strain  transformation  matrices  were 
shown  previously  to  be  given  by 


[TJ  = 

1 

0 

0 

0 

0 

0 

0 

cos'0i 

■ 

sin  0, 

2sin0iCOS0i 

0 

0 

0 

■ 

sin  0, 

cos"0i 

-2sin0iCOS0i 

0 

0 

0 

- sin0,cos0, 

sin0,cos0, 

cos'0i  - sin'0i 

0 

0 

0 

0 

0 

0 

COS0, 

-sin0i 

0 

0 

0 

0 

sin0, 

COS0, 

[T.l  = 

1 

0 

0 

0 

0 

0 

0 

cos"0i 

■ 

sin  0, 

sin0,cos0, 

0 

0 

0 

■ 

sin  0, 

cos"0i 

-sin0iCOS0i 

0 

0 

0 

- 2sin0,cos0, 

2sin0,cos0, 

cos"0i  - sin"0i 

0 

0 

0 

0 

0 

0 

COS01 

-sin0i 

0 

0 

0 

0 

sin0, 

COS01 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 (CONTINUED) 

• Specific  expressions  that  result  from  the  transformation 

[C']  = [T„][C][TJ  were  given  previously  for  an  anisotropic  material 

• For  a specially  orthotropic  material,  [C']  = [T„][C][TJ  yields  the 
expressions  for  a generally  orthotropic  material;  that  is, 

Cyy  = C,,  2 = m"Ci2  + n"Ci3  3 = 


C,4=mn(C,3-C,2) 

Cyg,  — 0 

C,  e = 0 

C22  = m'^C22  + 2m^n^(C23  + 2C44)  + 0^033 
C2.3.  = m"n^(C22  + C33  - 4C44)  + (m^  + 


C24  = mn"(C33  - C23  - 2C44)  - m"n(C22  - C23  - 2C44) 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 (CONTINUED) 


C2-5-  — 0 

= 0 

C33  = m‘'C33  + 2m'n"(C33  + 2C44)  + n'C^^ 

C34  = m"n(C33  - C23  - 2C44)  - mn'’(C22  - C23  - 2C44) 


C3-5-  - 0 

C33  = 0 

C45,  — 0 

C43  = 0 

C3e,=  mn(C33-Cse) 


C4.4.  = m'n'(C33  + C33  - 2C33)  + (m'  - n^)'c44 

C55  = m'Css  + n'Cee 

Cee  = m^'Cee  + 


with  m = cose,  and  n = sine, 

• Next,  the  invariance  condition  [C]  = [T„][C][TJ  is  enforced,  which 
impiies  the  conditions  , where  r,  s E {1,2,  3,  4,  5,  6} 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 (CONTINUED) 

• Enforcing  C22  = C22  gives  C22  = m'‘C22  + 2m^n^(C23  + 2C44)  + n'^Cgg , which 
can  oniy  be  satisfied  in  a generai  sense  (arbitrary  vaiues  for  6^)  if 

C33  = C22  and  C23  + 2C44  = C22 

• Simiiariy,  enforcing  gives  C13  = m^Ci3  + ^^^^2 , which  yieids 

^12  “ Ci3 

• Likewise,  enforcing  C55,  = C55  gives  C55  = + n^Cge , which  yieids 

^66  “ C55 


• Finaiiy,  by  substituting  C33  = C22 , C23  + 2C44  = C22  , C12  = 0^3 , and 
^66  = C55  into  the  remaining  expressions  for  C,3  and  enforcing 
Crs  = C,3 , it  is  found  the  remaining  expressions  are  identicaiiy  satisfied 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 (CONTINUED) 

Thus,  the  stiffness  matrix  for  a transversely  isotropic  material  that  is 
/sotrop/c  \x\  the  plane  x^  = 0 has  the  form 


o 

CM 

o 

CM 

o 

0 

0 

0 

CM 

o 

CM 

CM 

O 

^23 

0 

0 

0 

CM 

o 

CO 

CM 

O 

CM 

CM 

O 

0 

0 

0 

0 

0 

o 

O 

22  “ ^23] 

0 

0 

0 

0 

0 

0 

C55 

0 

0 

0 

0 

0 

0 

C55 

- 

which  has  5 independent  stiffnesses 


Following  the  same  procedure  for  the  compliance  coefficients  by  using 
the  transformed-compliance  expressions  previously  given  for  a 
generaiiy  orthotropic  materiai  and  enforcing  the  invariance 

condition  [S]  = [TJ[S][TJ  or  = S^s  yields  similar  results 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 (CONTINUED) 

Thus,  the  compliance  matrix  for  a transversely  isotropic  material  that  is 
/sotrop/c  \x\  the  plane  x^  = 0 has  the  form 


S„ 

0 

0 

0 

S„ 

S22 

^23 

0 

0 

0 

S„ 

^23 

S22 

0 

0 

0 

0 

0 

0 1(S 

22  “ 

S.3)  0 

0 

0 

0 

0 

0 

S55 

0 

0 

0 

0 

0 

0 

S55 

which  has  5 independent  compliances 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 (CONTINUED) 

• For  a specially  orthotropic  material,  {a'}  = [Tj{a}  yields  the 

expressions  for  the  transformed  thermai-expansion  coefficients  for  a 
generally  orthotropic  material;  that  is, 

Otil-  — 0.2’2’  ~ m^Cl22  ^^^33  0^33'  “ ^^^0^33  + 0^0122 

tt2  3 = mn(tt33  - 0L22)  CI13.  = 0 dy2’  = 0 


• Enforcing  the  invariance  condition  (a}  = [T^]{cx}  or  a,s 


the  requirements  that  «33  = «22 


and  CX23  = 0 


a, 3 yieids 


• Foiiowing  the  same  procedure  for  the  thermai  moduii  by  using  the 
transformed-thermai-moduii  expressions  previousiy  given  for  a 
generaiiy  orthotropic  materiai  and  enforcing  the  invariance 


condition  {p}  = [T^]{P}  or  p^-s- 


P33  = P22  and  P23  = o 


= Prs  yieids  simiiar  resuits;  that  is. 


367 


TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 (CONTINUED) 


• Applying  all  these  simplifications,  the  linear  thermoelastic  constitutive 
equations  become 


and 
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TRANSVERSELY  ISOTROPIC  MATERIALS 

ISOTROPY  PLANE  = 0 (CONCLUDED) 


• Likewise 


• Thus,  the  transverseiy  isotropic  materiai  considered  has  5 independent 
stiffness  coefficients,  5 independent  compiiance  coefficients,  2 
independent  thermai-expansion  coefficients,  and  2 independent 
thermai-moduii  coefficients 


• it  is  interesting  to  point  out  that  hexagonal  materials,  defined  by 

pianes  of  refiective  symmetry  given  by  6^  = 0,  , have  the  same 

number  of  independent  eiastic  constants  and  thermai  parameters  as 
the  transversely  isotropic  material 
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CUBIC 

MATERIALS 
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CUBIC  MATERIALS 


• A cubic  material  arises  from  the  invariance  conditions  that  are  obtained 
for  a single  plane  of  elastic  reflective  symmetry  that  contains  a 
coordinate  axis 

• Precisely,  a cubic  material  is  obtained  by 
enforcing  the  invariance  conditions  for  a 
tetragonal  material,  for  each  of  the  three 
coordinate  axes 

• That  is,  there  are  nine  planes  of  elastic 

symmetry  that  are  given  by  0i  = 0,  , 

e,  = 0,  ±f , and  03  = 0,  ±f 

• Expressions  for  the  constitutive 
equations  are  obtained  directly  by 

enforcing  the  three  sets  of  invariance  conditions  for  the  previously 
given  cases  for  tetragonal  materials  sequentially 
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CUBIC  MATERIALS  - CONCLUDED 


The  resulting  constitutive  equations  are  given  by 


CJ22  I 
7 ^33  V 

A Q f 

'^23 

^13 

V ^12  y 


C11  C12C12  0 0 0 

C12C11 C12  0 0 0 

C12C12C11  0 0 0 

0 0 0 C44  0 0 

0 0 0 0 C44  0 

0 0 0 0 0 C44 


f 


V 


£11  ^ 

£22 

£33  V 

2^23 

2£i3 

2£i2  j 


+ 


f £ ^ 

*^11 

S„ 

S„  0 

0 

0 

f 0,,  \ 

CM 

CM 

CO 

S„ 

S„ 

S„  0 

0 

0 

CM 

CM 

D 

«„1 

£33 

^£23 

y = 

S,, 

0 

S„ 

0 

S„  0 
0 S„ 

0 

0 

0 

0 

y 

A 

^33 

^23 

ttii 

0 

KT-T„,) 

2£i3 

0 

0 

0 

0 

S44 

0 

^13 

0 

2f 

\ ^*^12  y 

0 

0 

0 

0 

0 

S44 

V ^12  y 

0 j 

• Therefore,  a cubic  material  has  three  independent  eiastic  constants 
and  one  independent  thermai-expansion  or  thermai-compiiance 
parameter 
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COMPLETELY  ISOTROPIC 

MATERIALS 
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COMPLETELY  ISOTROPIC  MATERIALS 


• First,  consider  the  case  in  which  both  the  pianes  = 0 and  X2  = 0 are 
pianes  of  isotropy 

• Appiying  the  resuits  of  both  of  the  corresponding  symmetry 
transformations  successiveiy  yieids  the  foiiowing  constitutive 
equations 


• These  equations  possess  two  independent  eiastic  stiffnesses  and 
one  independent  thermai  moduii;  the  same  as  a compieteiy 
isotropic  materiai 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 


• Similarly, 


Pii  — “ + 2Ci2)ctii 


• Now  consider  a general  transformation  of  the  stiffness  matrix 
previousiy  obtained  for  a materiai  with  two  perpendicuiar  pianes  of 
isotropy 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 


• The  general  transformation  law  is  given  by  [C']  = [T„][C][TJ  , where 


[T„]  = 

(a,.,)' 

CM 

Csl 

(a.3)' 

2a„a„ 

2a,, a,, 

2a„a„ 

(a..)' 

{^2'2) 

(®2'3) 

2&2'2^2'3 

232'1®2'3 

232182.2 

(a,..)' 

(®3'2) 

(®3'3) 

283233.3 

283133.3 

2331832 

821331 

322832 

®2'3®3'3 

(®2'2®3’3  ^ ®2'3®3'2) 

(32183.3  + 82.383.1) 

(®2'1®3'2  ^ ®2'2®3'l) 

81.283.2 

®1'3®3'3 

(81.283.3  + 81.383.2) 

(81.183.3  + 81.383.1) 

(®1'1®3'2  ^ ®1'2®3'l) 

81.182.1 

®1'2®2'2 

®1'3®2'3 

(®1'2®2'3  ^ ®1'3®2'2) 

(81.182.3  + &V3^2-l] 

(81.182.2  + ai'232'l) 

(a,,| 

(a,.,) 

(a,.3) 

81.281.3 

81.181.3 

81.181.2 

(a.,)’ 

(®2'2) 

(®2'3) 

®2'2®2'3 

®2'1®2'3 

®2'1®2'2 

(^3'l) 

(®3'2) 

(®3'3) 

33.283.3 

^3'1®3'3 

83'1®3'2 

CO 

cc 

CM 

(0 

CM 

^^2'2^3'2 

282383.3 

(®2'2®3'3  ®2'3®3’2) 

(82.183.3  + 82.383.1) 

(®2'1®3'2  ®2'2®3'l) 

2a,, a,,. 

28128  32 

281383.3 

(81.283.3  + 81.383.2) 

(81.183.3  + 81.383.1) 

(81.183.2  + 81.283.1) 

2a,, a,,. 

2812822 

2813823 

(®1’2®2'3  ®1'3®2’2) 

(81.182.3  + 81.382.1) 

(81.182.2  + 8r2a2'i) 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 

• In  addition,  the  direction  cosines  that  appear  in  the  transformation 
matrices  satisfy  the  following  conditions,  that  are  given  in  expanded, 
tabular  form: 


k 

P 

^q'k^q'p  “ ^kp 

1 

1 

II 

CM 

CO 

(C 

+ 

CM 

CM 

<c 

+ 

CM 

I 

2 

1 

^ Q2'2^2'1  ®3'2^3'1  “ ^ 

3 

1 

^1'3^1'1  ^ ^2'3®2'1  ^ ^3'333'1  “ 0 

2 

2 

II 

CM 

CM 

CO 

<C 

+ 

CM 

CM 

CM 

<C 

+ 

CM 

CM 

(0 

3 

2 

^1'3^1'2  ^ ^2'3®2'2  ^ ®3'3^3'2  “ ^ 

3 

3 

(a,,3)^+(a,3r  + (a3.3)^  = 1 

k 

P 

^k'q^p'q  “ ^kp 

1 

1 

II 

CM 

CO 

(C 

+ 

CM 

CM 

CO 

+ 

CM 

i 

2 

1 

®2'1®ri  ^ ^2'^V2  ^ ^2'3^1'3  “ ® 

3 

1 

^3'1^ri  ^ ^3'2^1'2  ^ ^3'3^V3  “ ^ 

2 

2 

II 

CM 

CO 

CM 

W 

+ 

CM 

CM 

CM 

(C 

+ 

CM 

CM 

<C 

3 

2 

^3'1^2’1  ^ ®3'2®2'2  ^ ^3'3^2'3  “ ^ 

3 

3 

(a3.,)^  + (a3.3)^  + (a3,3r  = 1 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 


• For  the  general  transformation  to  be  a symmetry  transformation, 

[C']  = [T„][C][TJ“’  becomes  [C]  = [TJ[C][T,]"’ 


• It  is  convenient  to  rewrite  this  expression  as 
where  C44  = i(C„  - C,^)  , 


[C][TJ  - [TJ[C]  = [0]  I, 


[C][Te]  = 


C. 

C. 

C. 

0 

0 

0 

(an)' 

(ai-a)^ 

(ai-3)=^ 

ai-2ai'3  ai.iai3 

8ri3i-2 

^12 

^11 

^12 

0 

0 

0 

(a2'2)^ 

(aa-a) 

Q2'2^2'3  32'1^2'3 

82-182-2 

C. 

C. 

C. 

0 

0 

0 

(aa.)^ 

(aa.2)^ 

(aaa)^ 

a3'2a3'3  aa'iSa's 

33-133-2 

0 

0 

0 

C44 

0 

0 

2a2'ia3'i 

2B2'2^3'2 

2^22^  3'3 

(a2'2a3'3  + a2'3a3'2)  (a2'ia3'3  + 32-333-1) 

(32-133-2  + 32-233-1) 

0 

0 

0 

0 

C44 

0 

0 

2a  1-1 83.1 

2ai-2a3'2 

2a  13a  3.3 

(ai-233-3  + 31-333-2)  (3i-i33-3  + 31-333-1  ) 

(3i-i33-2  + 31-283-1) 

0 

0 

0 

0 

C44 

2a  1-1  a 2-1 

2ai'2a2'2 

2a  13a  2-3 

(31-282-3  + 81-332-2)  (3i-i32-3  + 3i-332’i) 

(3i-i32’2  + 81-282-1  ) 

and 


[T„][C]  = 

(an)^ 

(an)^ 

(an)^ 

281-281-3 

281-181-3 

281-181-2 

C11  C12  C12  0 0 0 

C12  C11  C12  0 0 0 

C12  C12  C11  0 0 0 

0 0 0 C44  0 0 

0 0 0 0 C44  0 

0 0 0 0 0 C44 

(32-3)^ 

2d2'2^2'3 

282-182-3 

282-182-2 

(aa-a)' 

283-283-3 

283-183-3 

283-183-2 

32-183-1 

82-233-2 

3 2-333-3 

1 82-283.3  + 82-383-2) 

(82-183.3  + 82-383-1) 

(82-183-2  + 82-283-1) 

81-183-1 

81-283-2 

3 1-38  3-3 

(81-283-3  + 81.383-2) 

(81-183-3  + 81-383-1) 

(81-183-2  + 81-283-1) 

81-182-1 

81-282-2 

3 1-38  2-3 

(81-282-3  + 81-382-2) 

(81-182-3  + 81-382-1) 

(81-182-2  + 81-282-1) 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 


• Performing  the  calculations  for  each  element  of  the  matrix  equation 


|[C]ITJ  - [TJ[C]  = [0]  gives 


11 : C„[(a2.,)'  + (83.,)'  - (a, .3)'  - (a^^)'']  = 0 

12:  C,3[(a33)'  + (833)^  - (8,3)'  - (81.3)'']  = 0 

13:  C,3[(a33)'  + (83.3)^  - (a,.,)'  - (8,3)^]  = 0 


CM 

T" 

0 
■ ■ 

|®1'3^1'2  ^ 32'3^2'2  ^ ^3'3®3'2j 

1 = 0 

15:  C,3 

|®1'3^1'1  ^ ^2'3^2'1  ^ ®3'3^3'lj 

1 = 0 

16:  C,3 

|®1'2^1'1  ^ 32'2^2'1  ^ ^3'2^3'lj 

1 = 0 

21 : C,3[(a,.,)'  + (83.,)'  - (833)^  - (83.3)^]  = 0 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 


CM 

o 
■ ■ 
CM 
CM 

+ (83.2)' - (a^.,)' - (82.3)'] 

| = 0 

CM 

o 
■ ■ 
CO 
CM 

(ai-3)  + (33,3)  - (a^,)  - (a^.^)  ] 

| = 0 

CM 

T" 

0 
■ ■ 

CM 

^ 32'3^2'2  ^ ^3'3^3'2j 

| = 0 

CM 

T" 

0 

■ ■ 
in 

CM 

|^1'3^1'1  ^ ^2'3®2'1  ^ ^3'3^3'lj 

| = 0 

CM 

T" 

0 
■ ■ 
(0 
CM 

|ai'2^1'1  + a2'232'1  ^ ^3'2^3'lj 

| = 0 

CM 

0 
■ ■ 

(a,.i)'+  (a^.,)'-  (83.3)'-  (83.3)'] 

| = 0 

32:  C,3[ 

_(a,-2)  + (32-2)  - (33.,)  - (33,3)  ] 

| = 0 

33:  0,2! 

(a, ,3)  + (32.3)  - (33.,)  - (33,2)  ] 

| = 0 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 


CM 

o 
■ ■ 

CO 

^1'3^1'2  ^ ^2’3^2'2  ^ ^3'3^3'2 

= 0 

CM 

O 

■ ■ 
IT) 
CO 

^1'3^1'1  ^ ^2’3^2'1  ^ ^3'3^3'1 

= 0 

36:  C^2 

Qy2^1'1  ^ 32’2^2'1  ^ ^3'2^3'1 

= 0 

41:  C„ 

^3'1^2'1  ^ 33’2^2'2  33'3^2'3 

= 0 

CM 

o 

■ ■ 
CM 

^3'1^2'1  ^ ®3’2^2'2  ^ ^3'3^2'3 

= 0 

CM 

o 

■ ■ 

CO 

^3'1^2'1  ^ ®3’2^2'2  ^ ^3'3^2'3 

= 0 

CM 

O 
■ ■ 

If) 

®3'1®1'1  ^ ^3’2^1'2  ^ 33'3^1'3 

= 0 

CM 

o 

■ ■ 
CM 
If) 

®3'1®1'1  ^ ^3’2^V2  33'3^1'3 

= 0 

53:  Ci2 

^3'1^1'1  ^ ^3’2^1'2  ^ ^3'3^1'3 

= 0 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 


0) 
■ ■ 

p 

10 

32’i3i-i  + 32'23i’2  + ®2'3^1'3 

= 0 

62:  C,, 

32’i3i-i  + 32'23i’2  + ®2'3^1'3 

= 0 

0) 

CO 
■ ■ 

p 

10 

32’i3i-i  + 32'23i’2  + ®2'3^1'3 

= 0 

The  elements  of  the  matrix  equation  [C][TJ  - [TJ[C]  = [07]  that  are  not 
listed  above  are  satisfied  identicaiiy 


Now,  consider  11:  - (ay^f]  = 0 


• The  condition  (a^ + (a, 3)^  = 1 given  in  the  previous  tabie 
yieids  + (ay^f  = 1 - (a^.f  ; hence, 

11:  C,3[(a,.,)'+  (33,,)'+  (33,,)'-  1]  = 0 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 


• Next,  using  the  condition  (an)^  + (a2i)^  + (asi)^  = 1 , given  in  the 

previous  tabie,  shows  that  11:  C,2[(av^)^  + = Q is 

identicaiiy  satisfied 


By  foiiowing  a simiiar  procedure  or  by  using  direct  substitution  of  the 
conditions  a^qapq  = 6kp  and  aq^aqp  = 6kp  given  in  the  previous  tabie,  it  can 


be  shown  that  the  invariance  condition  [C][TJ  - [TJ[C]  = [0] 
identicaiiy  satisfied 


IS 


• Therefore,  two  orthogonal  planes  of  Isotropy  Imply  that  every  plane  Is  a 
plane  of  Isotropy  because  a symmetry  transformation  for  any  piane  can 
be  obtained  from  the  generai  transformation 


• An  isotropic  materiai  has  two  independent  stiffnesses  and  is  the 
simpiest  known  materiai,  with  no  dependence  on  direction 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 

• Now  consider  a general  transformation  of  the  thermal  moduli 
previously  obtained  for  a material  with  two  perpendicular  plane  of 
isotropy 

• The  transformation  law  is  given  by  (P'}  = [T„]{p} 


• For  the  general  transformation  to  be  a symmetry  transformation, 


P'}  = [TJIP)  becomes  |{P}  - [TJ{P)  = {0} 


• The  expanded  form  is  given  by 


(an)' 

CM 

(ai'3)' 

23 128 1.3 

23i-i3i.3 

23i.i3i2 

l^u] 

(32.2)' 

(a2'3)' 

282.282.3 

2321323 

2321322 

y 

1 

(as'i) 

(a3'2) 

(83.3) 

283.283.3 

233133.3 

2331332 

y 

P,1 

) = 0 

\ 

/ — 

0 

/ 

a2’ia3'i 

32.283.2 

a2'3a3'3 

(82.383.3  + 82.383-2] 

(82-183.3  + 82-383-1 

(82-183.2  + 82-283-1) 

\ 

0 

/ 

0 

31.183.1 

a 1 '2a  32 

a 1.38  3.3 

(81-283.3  + 81-333-2] 

(81.183.3  + 81.383.1 

(81-133-2  + 81-233-1) 

0 

0 j 

ana2'i 

31.2822 

81.382.3 

(3i-232'3  + 81-332.2] 

(3i.i32'3  + 3i-332'1, 

(3i-i32'2  + 8i-232'i) 

0 i 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONTINUED) 

• By  using  direct  substitution  of  the  conditions  = 6„p  and 
^qk^qp  = ^kp  given  in  the  previous  table,  it  can  be  shown  that  the 
invariance  condition  {p}  - [T„]{p>  = {0}  is  identically  satisfied 

• Therefore,  an  isotropic  materiai  has  one  independent  thermal 
moduli 


• For  generai  transformations  of  the  compiiance  matrix  and  the 
thermai-expansion  coefficents  previously  obtained  for  a material 
with  two  perpendicular  plane  of  isotropy,  the  transformation  laws  are 

given  by  [S']  = [TJ[S][T„]  and  {«'}  = [Tj{a} , respectively 


For  the  general  transformations  to  be  symmetry  transformations, 

[S']  = [TJ[S][TJ"  becomes  [TJ[S]  - [S][TJ  = [0]|  and 


{a'}  = [Tj{a}  becomes 


{a}  - [Tj{a}  = {0} 
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COMPLETELY  ISOTROPIC  MATERIALS 

(CONCLUDED) 

• By  performing  the  calculations  for  each  element  of  the  matrix  equation 
[TJIS]  - [S][TJ  = [0] , and  using  the  conditions  a^qapq  = 6kp  and 

^qk^qp  = ^kp  given  in  the  previous  table,  it  can  be  shown  that  the 
invariance  condition  is  satisfied  identically 

• Similarly,  the  invariance  condition  (a)  - [Tj(a}  = {0}  is  also  satisfied 
identically 

• Therefore,  an  isotropic  materiai  has  two  independent  compliances 
and  one  coefficient  of  thermal  expansion 
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CLASSES  OF  MATERIAL  SYMMETRY 

SUMMARY  OF  INDEPENDENT  MATERIAL  CONSTANTS 

• The  eight  distinct  ciasses  of  elastic-material  symmetry  are  classified 
by  the  number  of  independent  material  constants  as  follows: 

• Triciinic  materials  - 21  elastic,  6 thermal 

• Monociinic  materials  - 13  elastic,  4 thermal 

• Orthotropic  materials  - 9 elastic,  3 thermal 

• Trigonai  materials  - 6 elastic,  2 thermal 

• Tetragonai  materials  - 6 elastic,  2 thermal 

• Transverseiy  isotropic  materials  - 5 elastic,  2 thermal 

• Cubic  materials  - 3 elastic,  1 thermal 

• Completely  isotropic  materials  - 2 elastic,  1 thermal 
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ENGINEERING  CONSTANTS 
FOR  ELASTIC  MATERIALS 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS 


• The  compliances  of  a homogeneous,  elastic,  anisotropic  solid  are 
usually  expressed  in  terms  of  e/ig/neer/'/ig  constants w/hen  practical 
applications  are  under  consideration 

• These  constants  are  determined  from  experiments 

• 2t  independent  elastic  constants  imply  21  separate  experiments 

• To  determine  expressions  for  the  compliances  in  terms  of  engineering 
constants,  it  is  useful  to  examine  the  meaning  of  each  term  in  the 
general,  unsymmetric  compliance  matrix  given  below 


{ E \ 

*'11 

^11  ^12  ^13  ^14  ^15  ^16 

[ On  \ 

1 a ] 

''*■11 

E22 

S21  S22  S23  S24  S25  S26 

(J22 

0.22 

j ^33 

^ _ 

S3I  ^32  S33  S34  S35  ^36 

y 

^33 

V + y 

c^33 

\ 2E23 

1 ~ 

S41  S42  S43  S44  S45  S46 

^23 

2ct23 

CO 

CM 

S5I  ^52  S53  S54  S55  ^56 

^13 

CO 

CM 

V 2ei2  j 

^61  ^62  ^63  ^64  ^65  ^66 

V ^12  y 

V 2<x-|2  j 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• It  is  important  to  remember,  that  stresses  cannot  be  measured  in  a 
laboratory  experiment;  only  strains 

• The  terms  S22,  and  S33  relate  the  normal  strain  to  the  corresponding 
normal  stress 

• The  engineering  constants  used  to  represent  these  reiationships 
are  caiied  eiastic  moduli  or  moduii  of  eiasticity 

• in  particuiar,  the  symboi  Ej  is  used  herein  to  denote  the  elastic 
modulus  in  the  Xj  - coordinate  direction 


• in  generai, 


^ normal  stress  Oy^ 

‘ ~ normal  strain  e,  caused  by 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• The  terms  S44,  S55,  and  Sge  relate  the  shearing  strain  in  each  coordinate 
plane  to  the  corresponding  shearing  stress 

• The  engineering  constants  used  to  represent  these  reiationships 
are  caiied  shear  moduli  ox  moduii  of  rigidity 

• in  particuiar,  the  symboi  Gjj  is  used  herein  to  denote  the  shear 
modulus  in  the  Xj  - Xj  coordinate  piane 


• in  generai, 


shearing  stress  Ojj 
‘‘  ~ shearing  strain  caused  by  0^ 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• The  terms  S12,  S21,  S^g,  Sg^,  Sgg,  and  Sgg  relate  the  lateral  contraction  or 
expansion  to  the  expansion  or  contraction  of  the  solid,  in  the  direction 
of  a given  normal  stress 

• The  engineering  constants  used  to  represent  these  reiationships 
are  caiied  Poisson^s  ratios 


• in  particuiar,  the  symboi  Vjj  is  used  herein  to  denote  the  iaterai 
contraction  or  expansion  in  the  Xj  - coordinate  direction  caused  by 
a normai  stress  appiied  in  the  Xj  - coordinate  direction 


• in  generai, 


normal  strain  Ejj  caused  by  normal  stress 
normal  strain  em  caused  by  0^ 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• The  terms  S24,  835,  825,  834,  835,  and  835  relate  normal  strains 

to  shearing  stresses 

• The  engineering  constants  used  to  represent  these  reiationships 
are  generaiizations  of  Poisson’s  ratios  and  are  caiied  coefficients 
of  interaction  (or  mutuai  infiuence)  of  the  first  kind,  and  are 
attributed  to  A.  L.  Rabinovich 


• in  particuiar,  the  symboi  jj  is  used  herein  to  reiate  the 

contraction  or  expansion  in  the  - coordinate  direction  induced  by 
a shearing  stress  appiied  in  the  Xj  - Xj  coordinate  piane 


• That  is, 


^ normal  strain  caused  by  shearing  stress 
~ shearing  strain  caused  by  shearing  stress  0,-^ 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• The  terms  84,,  S42,  S43, 85,,  852,  S53, 834,  832,  and  833  relate  shearing 
strains  to  normal  stresses 

• The  engineering  constants  used  to  represent  these  relationships 
are  also  generalizations  of  Poisson’s  ratios  and  are  called 
coefficients  of  interaction  (or  mutuai  infiuence)  of  the 
second  kind,  and  are  also  attributed  to  A.  L.  Rabinovich  (circa 
1946) 

• In  particular,  the  symbol  r]jj  „ is  used  herein  to  relate  the  shearing 
strain  in  the  Xj  - Xj  coordinate  plane  induced  by  the  action  of  a 
normal  stress  applied  in  the  x„  - coordinate  direction 


• That  is, 


shearing  strain  2Ejj  caused  by  normal  stress 
normal  strain  caused  by  0,,^ 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• The  terms  S45,  845,  S54,  855,  854,  and  855  relate  shearing  strains  to 
noncorresponding  shearing  stresses 

• The  engineering  constants  used  to  represent  these  reiationships 
are  caiied  Chentsov^s  coefficients,  and  are  attributed  to  N.  G. 
Chentsov 


• in  particuiar,  the  symboi  p,jj  is  used  herein  to  reiate  the  shearing 
strain  in  the  Xj  - Xj  coordinate  piane  induced  by  a shearing  stress 
appiied  in  the  x„  - x,  coordinate  piane 


• That  is, 


shearing  2Ejj  caused  Dy  shearing  stress  a^, 
~ shearing  strain  28^,  caused  by  shearing  stress 


• Note  that  k,  = jXji  ki  = iaj;  because  of  symmetry  of  2ejjandaki 


395 


CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Now,  consider  a parallelopiped  of  homogeneous 
material  that  is  subjected  to  only  a constant  value  of 
0^1  and  no  thermal  loading,  like  a stress  state  that 
might  be  exist  in  an  experiment  like  a tensile  test 

• For  this  case. 


( £ \ 
/ *^11 

^11  ^12  ^13  ^14  ^15  ^16 

£22 

S21  S22  S23  S24  S25  S26 

0 

^33 

^ _ 

S3I  ^32  S33  ^34  S35  ^36 

0 

V 

\ 

2^23 

' ” 

S41  S42  S43  S44  S45  S46 

0 

/ 

2Ei3 

S5I  ^52  S53  ^54  S55  ^56 

0 

^61  ^62  ^63  ^64  ^65  ^66 

1 0 J 

• This  equation  indicates  that,  in  general,  the  parallelopiped  will 
extend  in  the  x^  - coordinate  direction,  expand  or  contract  in  the  X2  - 
and  X3  - coordinate  directions,  and  shear  in  each  face  for  this  very 
simple  state  of  uniaxial  stress 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


From  the  definition  of  the  elastic  moduli,  it  foiiows  that  E,  = 


_ o„ 


'11 


Noting  that  the  previous  matrix  equation  gives  £n  = for  this 


simpie  state  of  stress,  it  aiso  foiiows  that  S,,  = 


Q - 

~T~ 

Oil  “ 

E, 

• Next,  from  the  definition  for  the  Poisson’s  ratios,  it  foiiows  that 

and  Vi3  = - for  this  simpie  state  of  stress 

^11 

• Noting  that  the  previous  matrix  equation  aiso  gives  £22  = and 
£33  = SaiOn  for  this  simpie  state  of  stress,  and  using  £n  = , it 

S21 

aiso  foiiows  that  v^2  = - ^ and 

^11 


V12  = - 


'22 


'11 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Using 


gives  the  resuits 


and 


• Next,  from  the  definition  for  the  coefficients  of  interaction  of  the  second 

2e  2e 

A//70^  it  foiiows  that  = = » and 

simpie  state  of  stress 

• Noting  that  the  previous  matrix  equation  aiso  gives  2e23  = , 

2ei3  = S51O11 , and  2ei2  = SeiOn  for  this  simpie  state  of  stress,  and 
using  £n  = , it  aiso  foiiows  that 

, = and 


_ 2e^2 


'n  12,1  — £ 


11 


for  this 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Using  S„  = ^ gives  the  resuits 


and  Sei  = 


12,  1 


E. 


• Now,  consider  a parallelopiped  of  homogeneous 
material  that  is  subjected  to  only  a constant  value  of 
O22  and  no  thermal  loading 

• For  this  case, 


( £ \ 
Cfi 

^11  ^12  ^13  ^14  ^15  ^16 

' 0 ^ 

£22 

S21  S22  S23  S24  S25  S26 

022 

^33 

^ _ 

S3I  ^32  S33  ^34  S35  ^36 

/ 

0 

V 

\ 

2^23 

' ” 

S41  S42  S43  S44  S45  845 

\ 

0 

f 

2Ei3 

^51  ^52  ^53  ^54  ^55  ^56 

0 

2£i2  ) 

^61  ^62  ^63  ^64  ^65  ^66 

0 i 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• This  equation  indicates  that,  in  generai,  the  paraiieiopiped  wiii 
extend  in  the  X2  - coordinate  direction,  expand  or  contract  in  the  x^  - 
and  X3  - coordinate  directions,  and  shear  in  each  face  for  this  very 
simpie  state  of  uniaxiai  stress 


• From  the  definition  of  the  eiastic  moduii,  it  foiiows  that  ^ 

J t22 


• Noting  that  the  previous  matrix  equation  gives  £22  = ^22022  for  this 


simpie  state  of  stress,  it  aiso  foiiows  that 


• Next,  from  the  definition  for  the  Poisson’s  ratios,  it  foiiows  that 
V21  = - and  V23  = - for  this  simpie  state  of  stress 

t22  ^22 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Noting  that  the  previous  matrix  equation  aiso  gives  Eh  = 8,2022  and 
633  = 832022  for  this  simpie  state  of  stress,  and  using  C22  ^^22^^22  5 it 

S12 

also  follows  that  V21  = - ^ and 


• Using 


S22  = ^ gives  the  resuits 

^2 


and 


• Next,  from  the  definition  for  the  coefficients  of  interaction  of  the  second 

2e  2e  2e 

A//70^  it  foiiows  that  1123,2  = ^^,  ^13,2  = ^^,  and  1112,2  = ^^  for  this 
simpie  state  of  stress 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Noting  that  the  previous  matrix  equation  aiso  gives  2e23  = ^42022 , 
2^13  = ^52022 , and  2ei2  = S62022  for  this  simpie  state  of  stress,  and 
using  C22  ^^22^^22  5 it  aiso  foiiows  that 

, = and 

O22 


• Using  S22  = ^ gives  the  resuits 


Q _ n 23,  2 

m _ ^13,  2 

, and 

0 _ ^12,  2 

c 

ro 

I 

m 

ro 

CM 

LU 

1 

CM 

in 

1 

^62  “ p 

^2 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Now,  consider  a parallelopiped  of  homogeneous  material 
that  is  subjected  to  only  a constant  value  of  033  and  no 
thermal  loading 

• For  this  case, 


f ^11 

^11  ^12  ^13  ^14  ^15  ^16 

£22 

S21  S22  S23  S24  S25  S26 

0 

^33 

^ _ 

S3I  ^32  S33  ^34  S35  ^36 

y 

^33 
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2E23 
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S41  S42  S43  S44  S45  845 
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2Ei3 

S5I  S52  S53  S54  S55  ^56 
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I 2ei2  y 

^61  ^62  ^63  ^64  ^65  ^66 

I 

0 j 

• This  equation  indicates  that,  in  general,  the  parallelopiped  will 
extend  in  the  X3  - coordinate  direction,  expand  or  contract  in  the  x^  - 
and  X2  - coordinate  directions,  and  shear  in  each  face  for  this  very 
simple  state  of  uniaxial  stress 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


From  the  definition  of  the  eiastic  moduii,  it  foiiows  that  ^3  = 


a 


33 

'33 


Noting  that  the  previous  matrix  equation  gives  ^33  = ^33^33  for  this 


simpie  state  of  stress,  it  aiso  foiiows  that  S33  = 


Q - 

1 

^33  “ 

E3 

• Next,  from  the  definition  for  the  Poisson’s  ratios,  it  foiiows  that 
V31  = - and  V32  = - for  this  simpie  state  of  stress 

^33  *^33 

• Noting  that  the  previous  matrix  equation  aiso  gives  = ^13^33 
and  ^22  = ^23033  for  this  simpie  state  of  stress,  and  using 

£33  = ^33033  ^ it  aiso  foiiows  that  V31  = - ^ and  V32  = - ^ 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Using 


gives  the  resuits 


and 


• Next,  from  the  definition  for  the  coefficients  of  interaction  of  the  second 

A//70^  it  foiiows  that  ^23,3  = , ^13,3  = ^^  , and  ^12,3  = ^^  for  this 

simpie  state  of  stress 

• Noting  that  the  previous  matrix  equation  aiso  gives  ^^23  = ^43^^33  , 
2ei3  = ^53033  ^ and  2ei2  = 853033  for  this  simpie  state  of  stress,  and 
using  £33  = 833033  ^ jf  aiso  foiiows  that 


^ 23,  3 “ 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Using 


gives  the  resuits 


Q _ ^23,  3 

le  _ n 13, 3 

, and 

0 _ ^ 12, 3 

CO 

LU 

1 

CO 

) 

CO 

LU 

1 

CO 

in 

1 

CO 

Lit 

1 

CO 

(0 

) 

• Now,  consider  a paraiieiopiped  of  homogeneous 
materiai  that  is  subjected  to  oniy  a constant  vaiue  of 
O23  and  no  thermai  ioading 

• For  this  case, 


( £ \ 
Cfi 

^11  ^12  ^13  ^14  ^15  ^16 

1 ° 

£22 

S21  S22  S23  S24  S25  S26 

0 

^33 

^ _ 

S3I  ^32  S33  ^34  S35  ^36 

/ 

0 

V 

2^23 

' “ 

S41  S42  S43  S44  S45  845 

\ 

CO 

CM 

0 

1 

2Ei3 

^51  ^52  ^53  ^54  ^55  ^56 

0 

2£i2  j 

^61  ^62  ^63  ^64  ^65  ^66 

0 i 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• This  equation  aiso  indicates  that,  in  generai,  the  paraiieiopiped  wiii 
expand  or  contract  aiong  aii  three  coordinate  directions,  and  shear 
in  each  face  for  this  very  simpie  state  of  pure  shearing  stress 

• From  the  definition  of  the  shear  moduii,  it  foiiows  that  ^23  = 

^t23 


• Noting  that  the  previous  matrix  equation  gives  ^£23  = ^44023  for  this 


simpie  state  of  stress,  it  aiso  foiiows  that 


• Next,  from  the  definition  for  the  coefficients  of  interaction  of  the  first 
A//70^  it  foiiows  that  ^1,23  = ^^  , ^2,23  = ^^  , and  ^3,23  = ^^  for  this 

£^23  ^*^23  ^^23 

simpie  state  of  stress 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Noting  that  the  previous  matrix  equation  aiso  gives  = ^14^23  , 
E22  = 824023  , and  £33  = 834023  f or  this  simpie  state  of  stress,  and 
using  2e23  = 844O23  ^ jt  aiso  foiiows  that 

_ 814  _ S24  _ 834 

^1,23“  Q , ^2,23“  Q , and  ^3,23“  q 

O44  O44  O44 


Using 


S - — 
5>44-g 


gives  the  resuits 


23 


0 _ ni,23 

g - ^2,  23 

, and 

0 _ n 3, 23 

^14 

^23 

, p24  - ^ 

^^23 

^34  “ 

^23 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 

• Next,  from  the  definition  for  the  Chentsov’s  coefficients^  it  foiiows  that 

2Ei2 

and  i^i2,23  = 2^  for  this  simple  state  of  stress 

• Noting  that  the  previous  matrix  equation  also  gives  2^13  = S54O23 

and  2ei2  = 854023  for  this  simple  state  of  stress,  and  using 

S54 

, it  also  follows  that  1^13  23  = ^ and 


2E23  — 844CJ 


44'^  23 


_ 2Ei3 
M*13,23  “ 0„ 

^^23 


• Using 


gives  the  results 


and 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Now,  consider  a parallelopiped  of  homogeneous 
material  that  is  subjected  to  only  a constant  value  of 
0^3  and  no  thermal  loading 

• For  this  case, 


( £ii  ^ 

^11  ^12  ^13  ^14  ^15  ^16 

( ° 

£22 

S21  S22  S23  S24  S25  S26 

0 

^33 

^ _ 

S3I  ^32  S33  ^34  S35  ^36 

/ 

0 

V 

2E23 

^ ” 

S41  S42  S43  S44  S45  845 

\ 

0 

/ 

2e,3 

S5I  S52  S53  S54  S55  ^56 

^13 

i,  2e,2  j 

^61  ^62  ^63  ^64  ^65  ^66 

0 j 

• This  equation  also  indicates  that,  in  general,  the  parallelopiped  will 
expand  or  contract  along  all  three  coordinate  directions,  and  shear 
in  each  face  for  this  very  simple  state  of  pure  shearing  stress 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• From  the  definition  of  the  shear  moduii,  it  foiiows  that 


G = ^ 

2e 


13 


• Noting  that  the  previous  matrix  equation  gives  = ^55013  for  this 


simpie  state  of  stress,  it  aiso  foiiows  that 


• Next,  from  the  definition  for  the  coefficients  of  interaction  of  the  first 

£-ii  £00  £33 

A//70^  it  foiiows  that  ^1,13-0^  , ^2,13-0^  , and  ^3,13-0^  for  this 

^*^13  ^^13 

simpie  state  of  stress 


411 


CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Noting  that  the  previous  matrix  equation  aiso  gives  = ^15^13  , 
E22  = 825013  ^ and  £33  = 835013  for  this  simpie  state  of  stress,  and 
using  2^13  = 855013 , it  aiso  foiiows  that 


^2,13“  g , and  ^3,13“  g 


35 


55 


• Using  855  = ^ gives  the  resuits 

^13 


0 _ ^1.  13 

_ ^2,  13 

, and 

0 _ ^3,  13 

^15  “ r' 

^13 

’ P25  - ^ 

'^13 

^35  “ r>‘ 

Gi3 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Next,  from  the  definition  for  the  Chentsov’s  coefficients^  it  foiiows  that 

2Ei2 

and  i^i2,i3  = 2^  for  this  simple  state  of  stress 

• Noting  that  the  previous  matrix  equation  also  gives  2^23  = S45O13 
and  2ei2  = SgsOig  for  this  simple  state  of  stress,  and  using 

S45 

2ei3  = SssOia , it  also  follows  that  1^23, 13  = ^ and 

55 


2f 

M^23,  13  ” 0„ 

^*^13 


• Using 


gives  the  results 


and 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Finally,  consider  a parallelopiped  of  homogeneous 
material  that  is  subjected  to  only  a constant  value  of 
0^2  no  thermal  loading 

• For  this  case, 


/ E \ 
^11 

^11  ^12  ^13  ^14  ^15  ^16 

I ° I 

£22 

S21  S22  S23  S24  S25  S26 

0 

/ 

^33 

^ _ 

S3I  ^32  S33  ^34  S35  ^36 

/ 

0 

V 

\ 

2E23 

' ~ 

S41  S42  S43  S44  S45  845 

\ 

0 

/ 

2Ei3 

^51  ^52  ^53  ^54  ^55  ^56 

0 

2Ei2  j 

^61  ^62  ^63  ^64  ^65  ^66 

V ^12  / 

• This  equation  also  indicates  that,  in  general,  the  parallelopiped  will 
expand  or  contract  along  all  three  coordinate  directions,  and  shear 
in  each  face  for  this  very  simple  state  of  pure  shearing  stress 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


^ Oi 

From  the  definition  of  the  shear  moduii,  it  foiiows  that  ^12  = ^ 


12 


Noting  that  the  previous  matrix  equation  gives  ^^12  = for  this 


simpie  state  of  stress,  it  aiso  foiiows  that  See  = ^ 


Next,  from  the  definition  for  the  coefficients  of  interaction  of  the  first 


_ £11 


A//70^  it  foiiows  that  , ^2,12-2^  , and  ^312-2^  for  this 

simpie  state  of  stress 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Noting  that  the  previous  matrix  equation  aiso  gives  = ^16^12  , 
£22  = 825012 , and  £33  = 835012  for  this  simpie  state  of  stress,  and 
using  2^12  = 855012 , it  aiso  foiiows  that 

Si5  S25  830 

^1,12“^  , ^2,12“^  , and  ^3,12“^ 

^66  ^66  ^66 


Using  855  = ^ gives  the  resuits 

O12 


S - 

e _ ^2, 12 

, and 

0 _ ^3, 12 

®i6  “ 

Cai2 

s 

^26  “ 

0^12 

^36  “ r>‘ 

O12 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


• Next,  from  the  definition  for  the  Chentsov’s  coefficients^  it  foiiows  that 

2£i3 

and  1^13,12  = 2^  for  this  simple  state  of  stress 

• Noting  that  the  previous  matrix  equation  also  gives  2^23  = 
and  2ei3  = ^56^^2  for  this  simple  state  of  stress,  and  using 

S46 

2ei2  = SseOis , it  also  follows  that  1^23, 12  = ^ and 

^66 


2f 

M^23,  12  ” O 

^tl2 


• Using 


gives  the  results 


and 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 


Using  all  of  the  derived  expressions  for  S,j,  the  constitutive  equation 


'11 


'22 


y 


V 


'33 

^ 2e  ^ 

^^23 


13 


2e 

y 2ei2  j 


Sgi  Sg2  Sg3  Ss4  Ses 


a 

a 

a 


11 


22 


33 


^ 2a  ^ 

&U.23 


13 


2a 

V 2ai2  j 


(T-TJ 


becomes 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONTINUED 

• Relationships  between  the  engineering  constants  are  obtained  by 
enforcing  symmetry  of  the  matrix  [S];  that  is: 


^1,23  ^23,1 


s 


15 


^1,13  _ ^13,1 

Gi3  E, 


C _ C 'w  ^1,12  _ ^12, 1 

CO 

CM 

> 

1 

CM 

CO 

> 

1 

u 

1 

u 

^16  “ ^61  ^ “ r- 

Gi2 

^23  “ ^^32  p “ p 

^3  ^2 

^ 2,  23  ^ 23,  2 


^2,13  _ ^13,2 
^13  ^2 


^2,12  ^12,2 


s 


34 


^3,23  _ ^23,3 
^23  ^3 


^3,13  _ ^13,3 

Gi3  E3 


^3,12  ^12,3 


s 


45 


M-23,  13  _ 1^13,23 
^13  ^23 


1^23, 12  \l, 

2,  23 


\l, 

3, 12  \l, 

2,13 
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CONSTITUTIVE  EQUATIONS  IN  TERMS  OF 
ENGINEERING  CONSTANTS  - CONCLUDED 


• Using  the  previous  symmetry  conditions,  the  constitutive  equations  are 
expressed  as 
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ENGINEERING  CONSTANTS  OF  A SPECIALLY 

ORTHOTROPIC  MATERIAL 


• The  engineering  constants  for  an  anisotropic  materiai  have  been 
presented  previousiy  herein,  for  an  {XuXgjXa}  coordinate  frame 

• The  subset  of  engineering  constants  for  a speciaiiy  orthotropic 
material  are  given  by 


421 


ENGINEERING  CONSTANTS  OF  A SPECIALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 


• Substituting  these  expressions  into 


Sii  Si2  Si3  0 0 0 

8,2822823  0 0 0 

8,3  S23  S33  0 0 0 

0 0 0 S44  0 0 

0 0 0 0 S33  0 

0 0 0 0 0 S33 


(T  - T.J 


gives 
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ENGINEERING  CONSTANTS  OF  A SPECIALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 


• Inverting  these  matrix  equations  yields 


^11  ^12  ^13  0 0 0 

Ci2  C22  C23  0 0 0 

^13  ^23  ^33  0 0 0 

0 0 0 C44  0 0 

0 0 0 0 C55  0 

0 0 0 0 0 Cee 


'11 


'22 


'33 


2e 
2e 

V 2ei2  j 


23 


13 


P22 

P33 

0 

0 

V 0 y 


(T  - 


where 


C„=a'(''  ■V23V32)  C,2=  '(V; 

21  + V23  V31)  = ^"(Vi2  + Vi3  V32) 

C,3  = A ("^31  + V2,  V32)  = a"  (''is  + "Vis  ''23) 

<^22=  V,3Vj,) 

C23  = ^ ( V32  + V,2  V3,  ) = a"  ( V23  + V,3  V2,  ) 

^33=  1 V,2V2,) 

C44  — G23 

C55  = Gi3 

Cee  = Gi2 

> 

II 

I 

lO 

21  - V23  V32  - Vi3  V31  - 2V2i  V32  Vi3 
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ENGINEERING  CONSTANTS  OF  A SPECIALLY 
ORTHOTROPIC  MATERIAL  - CONCLUDED 


• And,  where  the  thermal  moduli  are  given  by 


Pii  = -E, 


«ii(l  - V23  V32)  + «22(v21  + V23  V31)  + «33(v31  + ^21  V32) 

1 — V12  V21  — V23  V32  — Vi3  V31  — 2V2i  V32  Vi3 


P22  = - E; 


«ii(Vi2  + Vi3  V32)  + a22(l  - Vi3  V31)  + tt33(v32  + V12  V31  ) 


1 - V12  V21  - - 2v 


23  ''32 


13  ''31 


’21  ^32  ^13 


P33  = - E; 


«ii(Vi3  + V12  V23)  + «22(v23  + Vl3  V21)  + «33(1  ~ ^12  V2I  ) 

1 — V12  V21  — V23  V32  — Vi3  V31  — 2V2i  V32  Vi3 
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ENGINEERING  CONSTANTS  OF  A TRANSVERSELY 

ISOTROPIC  MATERIAL 


• Consider  the  constitutive  equations  for  a speciaiiy  orthotropic  materiai 
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ENGINEERING  CONSTANTS  OF  A TRANSVERSELY 
ISOTROPIC  MATERIAL  - CONTINUED 

• For  a transversely  isotropic  material  with  the  plane  of  isotropy  given  by 
X3  = 0,  the  constitutitve  equations  have  the  following  forms 


) 


V 


022  I 

0^33 

023 
Ol3 
0^2  ) 


C11  C12  Ci3  0 0 0 

C12  C11  Ci3  0 0 0 

^13  ^13  C33  0 0 0 

0 0 0 C44  0 0 

0 0 0 0 C44  0 

0 0 0 0 0 -0,2) 


1 8 \ 

*^11 

(Pn'l 

822 

y ^33 

V + / 

P33  V 

2823 

f 

0 I 

2^13 

I 

0 

V 2Ei2  y 

I 0 i 

and 


11 


'22 


) 


V 


'33 

\ 2E23  ( 


13 


2e 

V 2ei2  j 


511  S12  Si3  0 0 

512  S11  Si3  0 0 

513  Si3  S33  0 0 

0 0 0 S44  0 

0000s 


44 


0 

0 

0 

0 

0 


0 0 0 0 0 2(S„-S,2) 


Oii\ 


a 

a 


22 


( a,,  \ 


33 

(J23  ^ 


^13 

\^^2) 


a 

a 


11 


33 


0 

0 

0 


(T  - T„,) 
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ENGINEERING  CONSTANTS  OF  A TRANSVERSELY 
ISOTROPIC  MATERIAL  - CONTINUED 


• Using  the  conditions  on  the  compiiance  coefficients  required  for  a 
transverseiy  isotropic  materiai,  the  matrix  equation  for  speciaiiy 
orthotropic  materiais,  given  in  terms  of  engineering  constants,  can  be 
expressed  as 


E3  — E j Gi3  — G23  — G 5 and  (X33  — cx 
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ENGINEERING  CONSTANTS  OF  A TRANSVERSELY 
ISOTROPIC  MATERIAL  - CONTINUED 


• In  this  matrix  equation;  E,  v,  G,  anda  are  the  Young’s  modulus,  the 
Poisson’s  ratio,  the  shear  modulus,  and  the  coefficient  of  thermal 
expansion  of  the  material  in  the  plane  of  isotropy 

• Note  that  = V21  = v characterizes  contractions  in  the  plane  of 
isotropy  that  result  from  only  tensile  stresses  applied  in  that  piane 

• E',  G',  and  a'  are  the  Young’s  moduius,  the  shear  moduius,  and  the 
coefficient  of  thermai  expansion  of  the  materiai  in  the  piane 
perpendicuiar  to  the  piane  of  isotropy 

• For  oniy  a tensiie  stress  033  appiied  perpendicuiar  to  the  piane  of 

isotropy,  the  contractions  are  characterized  by  ^ ^ = - V 

^33  ^33 


• Symmetry  of  the  compiiance  matrix  yieids  v^3  = V23  = v'(^) 
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ENGINEERING  CONSTANTS  OF  A TRANSVERSELY 
ISOTROPIC  MATERIAL  - CONTINUED 

• Finally,  the  constitutive  equations  for  a transversely  isotropic  material, 
with  the  plane  of  isotropy  given  by  X3  = 0,  are  expressed  by 


( E11  ^ 

£22 
E33 

^ 2E23 

2Ei3 

\ 2ei2  y 
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1 

E 
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E 
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mk 
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0 

0 

0 

>\iu 

I 
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E 

v' 

E' 

0 

0 

0 

I 

mk 

I 

I 

mk 
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E' 

0 

0 
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0 

0 

1 

G' 
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0 

0 

0 

0 

0 

1 

G' 

0 

0 

0 

0 

0 

0 

1 

\Ji  J 

I ol\ 

CJ22 

« 

y ^33 

V + I 

a'  V 

\ CF23 

0 / 

^13 

V ^12  J 

[0  j 

(T  - 


• The  five  independent  elastic  constants  are  E,  v,  E',  v',  and  G' 

• The  two  independent  thermal  parameters  are  a and  a' 
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ENGINEERING  CONSTANTS  OF  A TRANSVERSELY 
ISOTROPIC  MATERIAL  - CONCLUDED 


The  inverted  form  of  the  previous  matrix  constitutive  equation  is  given 
by 


I o„  \ 

022 

^33 

^23 

^13 

V ^12  J 


^11  ^12  ^13  0 0 0 
^12  ^11  ^13  0 0 0 
^13  ^13  ^33  0 0 0 
0 0 0 G'  0 0 
0 0 0 0 G'  0 
0 0 0 0 0 G 


1 8 \ 

^11 

822 

p„ 

^33 

V + 1 

Ps3  V 

2823 

1 \ 

0 

2^13 

0 

V ^£i2  ) 

0 / 

(T  - T„,)  where 


C - E 

1 

E'^ 

“ 1 + V 

1 - V - 2^v'^ 

C - E 

r E #2  1 

V + 

1 + V 

1 - V - 2^v'^ 

C,3  = 


v'E 

1 - V - 


P11  = - 

> 

+ 

LU 

^33“ 

Ea(2v'+|“(1  v)) 

^33  “ P 2 

1 - V - 2^v' 

1 - V - 2^v'^ 

1 - V - 2^v'^ 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 

ORTHOTROPIC  MATERIAL 

• Results  presented  herein  indicate  that,  for  an  {Xi,X2,X3}  coordinate 
frame,  the  engineering  constants  of  an  anisotropic  materiai  are  given  by 
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II 

CM 
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G„-  ^ 

„ _S,4 

11l2, 1 “ 

S,e 
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^23  Q 

O44 
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S„ 
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Vi3  = - 

S.3 

G = ^ 

^ _ S24 

11 12,  2 = 

^26 

S22 

S„ 

^13  Q 

^55 

■|23,2  “ Q 

O22 

n - 

■|13,2  “ Q 

O22 

S22 

P 

1 

^23 

G - ^ 

S34 

1123,3=  Q 

^33 

_S35 

11 13,  3 “ Q 

^33 

™ _ ^36 

^3 

V23  = - 

'^12  “ Q 

^66 

Mi2,  3 “ 

S33 

S22 

S33 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 


and 


Si4  S24  S34  S45  S46 

^^,23=^  112,23=^  113,23=^  ^^^3  23  = ^ ^^^2,23=^ 

O44  O44  O44  O44  O44 


Si5  S25  S35  S45  S56 

112,13=^  113,13=^  ^^23,13=^  \l,2,^3=-^ 


'55 


'55 


'55 


'55 


'55 


Sh6  S26  S36  S46  S56 

112,12=^  113,12=^  \^23,^2=^  \^^3,^2=^ 


'66 


'66 


'66 


'66 


'66 


432 


ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 

Using  these  expressions,  the  nonzero  transformed  eiastic  compiiances 
for  a speciaiiy  orthotropic  materiai  transformed  by  a dextral  rotation 

about  the  X3  - axis  (m  = cos03  and  n = sin03)  become 
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4 2 2 
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fE,l 
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EWE, 


^12  V E2  / 


S,.e.  = 


_ mn 


E, 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 

and 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 


• The  matrix  form  of  the  constitutive  equations  is  given  by 


'1'1' 


E2-2’ 


'3'3' 


V 


2f 

2Ei’3' 

2b^.2'  ) 


s,,. 

^1'3' 

0 

0 

S,.e. 

s„, 

S22' 

82-3- 

0 

0 

S2-6' 

S,.3. 

S23' 

S3-3- 

0 

0 

S3-6' 

0 

0 

0 

S4.4. 

^4'5' 

0 

0 

0 

0 

^4'5' 

^5'5' 

0 

Sv6. 

S26' 

S3-6' 

0 

0 

^6’6' 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 

• Next,  by  inspection  of  the  previousiy  given  engineering  constants  for  an 

anisotropic  materiai,  it  foiiows  that,  for  an  {Xi,,X2,X3,}  coordinate  frame, 
the  corresponding  engineering  constants  are  given  by 


Vrj 

Si-2' 

' “ ~ s 

Oi-i- 

G2; 

_ 1 
* “ S 

O4-4. 

2; 

Q 

y,v  ~ Q 

Oi-i- 

^1’5' 

11l3M  = Q 

Oyi- 

11 1: 

_ ^1'6' 
r,  1'  ” Q 

01-1- 

= s 

C»2'2' 

Sl'3' 

' “ s 

Oi-i, 

Gi, 

_ 1 
' “ s 

^5'5' 

11  2; 

Q 

_ '^2'4' 
3',  2'  ” C 

02'2' 

^2’5' 

11l3,2  = Q 

02'2' 

11 1: 

_ ^2'6' 
r,  2'  ” Q 

02'2' 

= S 

^3’3' 

S2-3' 

* “ ~ s 

C»2'2' 

Gi>. 

_ 1 

' “ s 

^6'6' 

11  2; 

Q 

_ '^3'4' 

3',  3'  ” C 

^3'3' 

_ S3.5. 
11l  '3',  3'  “ Q 

^3’3' 

11 1: 

Q 

_ '^3'6' 

2',  3'  ” C 

^3'3' 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 


and 


^1',  2’3'  “ 


T] 


1',  1’3' 


'5’5' 


'3'4' 


4'5' 


'4'6' 


1 "T 

Q 

'^4’4' 

TI2 

_ 2'4' 

2'3'  — Q 

O4.4, 

^3 

2'3'  — Q 

O4.4- 

1^13 

2'3'  — Q 

04,4, 

|X-|  >2 

2'3'  — Q 

O4-4- 

Sl’5' 

^2 

_ ^2'5' 

Il3 

_ ^3'5' 

M'2'3 

_ ^4'5’ 

|X-|  >2 

_ Sg-g- 

0 

M'3'  ” 0 

M'3'  ” 0 

',1'3'  — 0 

’,1'3'  — 0 

'5'5' 


'5'5' 


'5'5’ 


'5'5' 


T] 


1',  1’2' 


_S, 


'6’6' 


T]  1 '2'  “ 


'2'6' 


'6'6' 


^3',  1'2'  “ 


'3'6' 


'6'6' 


M'2'3',  1'2'  “ 


'4'6’ 


'6'6’ 


'5'6' 


'3',  1'2' 


'6'6' 


It  is  important  to  note  that  because  the  transformed  compliance  matrix 
has  the  same  structure  as  a monoclinic  material,  the  conditions 

S^-4-  = S^-5-  = S24'  — Sg's'  — S3-4-  = S3-5-  = S4-g-  = Sg-g-  = 0 valid 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL-  CONTINUED 


• Thus 


^1’1' 


''2’2' 

£3,3, 


2e,,3,  / 

2Ef3> 

y 2e^.2'  / 


f arr  ^ 
C^2'2' 

CX3.3. 

0 

0 

2ai2 


(T-TJ 


becomes 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 

• By  using  the  expressions  on  the  previous  few  pages,  the  effective 
elastic  and  shear  moduli  of  a generaiiy  orthotropic  materiai  are 
given  by 


4 2 

m + m n 


\ 

1 


2 7 


/ 


■2'  _ 


4 2 2 

m + m n 


gI 


l-ntl 

- 1 

Es  _ 1 

I M 

E3 

mSn 


mSn 


4m^n 


1 +2v,2  + |ij  + (m' 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 

Similarly,  the  effective  Poisson’s  ratios  of  a generally  orthotropic 
material  are  given  by 


4 4 2 2 

m + n - m n 


1 


1'2'  _ 


V 


12 


- "^1 

'^A 

1 

E 

"-2 

G12I 

m 

10 

1 

12 


4 2 2 

m + m n 


EJE, 


G 


12  V ^2 


- 2vi2  I + n 


E, 


2 2V23I 

m + n — ' 


Vi-3' 


13 


V13I  E2 


4 2 2 

m + m n 


V ^12  V E2  y 


- 2vi2  I + n 


E, 


2 2V13 

m + n — 


V2-3. 


23 


V 


23 


E. 


4 22 

m + m n 


^ E2  . E2 

- 2vh 


V ^12 


12 


E. 


+ n 


4 1-2 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 


• Similarly,  the  nonzero  effective  coefficients  of  mutuai  infiuence 
of  the  first  kind  for  a generally  orthotropic  material  are  given  by 


T] 


1',  1'2' 


= mn 


'12 


V ^12  V ^2  / 


- 2v 


12 


+ 2 


n 


E, 


- m 


E. 


4m  n 


G,o(  E- 


2_2«i2 


E.IE, 


/ 


1 + 2Vi2  + 


E. 


)*K-n7 


Ti  ““  2rnn 

CO 

lii 

2 

E, 

Vl3  V23 

^2 

^3',  i'2’  “ ^mri 

^2 

iej 

^2 

It) 

|l  +2v,2+  + -n  ) 
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ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONTINUED 


• The  nonzero  effective  coefficients  of  mutuai  influence  of  the 
second  kind  for  a generally  orthotropic  material  are  given  by 


[m^-n^] 

trt  — nnn 

IG,2 

IeJ 

CM 

> 

CM 

I 

CM 

+ 

■1 1'2',  1'  

4 2 2 

m + m n 

f E, 

^ ^12 

fE,j 

I 

< 

to 

[n^-m^] 

— mn 

( E E \ 

2 2^2 

m - n — 

> 

■1  1'2',  2 “ 

4 2 2 

m + m n 

f^^-2v 

11,2.3  =2mn 


442 


ENGINEERING  CONSTANTS  OF  A GENERALLY 
ORTHOTROPIC  MATERIAL  - CONCLUDED 


• The  nonzero  effective  Chentsov  coefficients  for  a generally 
orthotropic  material  are  given  by 


1 


'23 


M-rs', 


, 2-3- 


= mn 


G 


1 


13 


2 2G23 

m + n ^ 
G 


M"2'3', 


1'3' 


= mn 


'13 


'23 


'13 


13 


^23  2 2G^3 

m + n 

G23 
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REDUCED  CONSTITUTIVE 

EQUATIONS 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 


• When,  analyzing  solids  that  are  relatively  flat  and  thin,  simplifying 
assumptions  are  made  about  the  stress  state  to  facilitate  analytical 
solution  of  practical  problems 

• One  such  assumption  is  that 
the  stresses  in  a thin,  fiat  body, 
that  are  normai  to  the  piane  of 
fiatness,  are  negiigibie 
compared  to  the  other 
stresses 

• This  simpiification  is 
commoniy  referred  to  as  the 
plane-stress  assumption 

• For  a state  of  plane  stress  in  a homogeneous,  anisotropic  soiid,  with 
respect  to  the  - X2  piane,  the  stress  fieid  is  approximated  such  that 

^33  — ^23  — ^13  — ® 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• For  this  special  case,  the  general  matrix  constitutive  equation 


'11 


'22 


y 


V 


'33 

\ 2E23  ^ 


13 


2e 

\2Ei2  J 


^11  ^12  ^13  ^14  ^15  ^16 

Si2  S22  S23  S24  S25  S26 

^13  ^23  ^33  ^34  ^35  ^36 
Si4  S24  S34  S44  S45  S46 

^15  ^25  ^35  ^45  ^55  ^56 
^16  ^26  ^36  ^46  ^56  ^66 


1 

Q 

ro 

to 

0.22 

) ^33 

V J.  y 

C^33 

\ ^23 

1 ^ \ 

2gc23 

(^13 

2cCi3 

to 

V 2ct^2  j 

(T-Te.) 


uncouples  directly  into 


Eli 

E22 

2ei2 


^11  ^12  S 
S12  S22  s 
^16  ^26  ^ 


16 

26 

66 


(T  - 


and 


I ^33 

'\  2823 


^13  ^23  ^36 
Si4  S24  S46 
^15  ^25  ^56 


«33 

2«23  (T  - 

2cti3  j 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• In  terms  of  the  engineering  constants,  the  plane-stress  constitutive 
equations  for  a homogeneous,  anisotropic  material  are  given  by 


1 

V21 

^ 1,12 

E. 

E2 

Gi2 

Vi2 

1 

^2,12 

E. 

E2 

Gi2 

^ 12,1 

^12,2 

1 

E. 

E2 

Gi2 

Vl3 

CO  1 
CNJ 

> 

^3,12 

E. 

E2 

Gi2 

^ 23,  1 

^23,2 

^■23, 12 

E. 

E2 

Gi2 

^ 13,  1 

^13,2 

^■13, 12 

E. 

E2 

Gi2 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• However,  simplification  of  the  following  general  constitutive  equation  is 
not  as  easy 


a 
a 
a 
a 
a 

V ^12  ] 


11 


22 


33 


23 


13 


^11  ^12  ^13  ^14  ^15  ^16 

[ ^ \ 

^11 

fp.] 

Ci2  C22  C23  C24  C25  C26 

E22 

P22 

CO 

CO 

0 

in 

CO 

0 

CO 

0 

CO 

CO 

0 

CO 

CM 

0 

CO 

0^ 

y 

E33 

\ + 

P33 

VfT  - T 

^14  ^24  ^34  ^44  ^45  ^46 

A 

2E23 

f ] 

P23 

M ' ' refj 

^15  ^25  C35  C45  C55  ^56 

2^13 

Pl3 

^16  ^26  ^36  ^46  ^56  ^66 

V 2Ei2  J 

V P12  y 

• First,  the  equation  given  above  is  expressed  as 


j 


[ C^ii  ^ 

^11  ^12  ^13  ^14  ^15  ^16 

f 

1 E \ 

*'11 

^ «ii  ^ 

CJ22 

C12  C22  C23  C24  C25  C26 

E22 

Ct22 

C^33 

^ _ 

CO 

CO 

0 

in 

CO 

0 

CO 

0 

CO 

CO 

0 

CO 

CM 

0 

CO 

0^ 

y 

y 

£33 

V _ y 

CX33 

CO 

CM 

0 

^ ” 

^14  ^24  ^34  ^44  ^45  ^46 

A 

A 

2e 

fcC23 

f A 

2C123 

^13 

Ci5  C25  C35  C45  C55  C56 

2^13 

2(X-|3 

V ^12  y 

^16  ^26  ^36  ^46  ^56  ^66 

V 

V 2^12  y 

V 2cti2  y 

(T-T.,) 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Then,  using  033  = 0^3  = 0^3  = 0 gives 


CJ22 

1 0 

IS 


C11  C12  Ci3  Ci4  Ci5  C-16 

^12  ^22  ^23  ^24  ^25  ^26 
^13  ^23  ^33  ^34  ^35  ^36 
Ci4  C24  C34  C44  C45  C46 


^15  C25  C35  C45  C55  C56 


Chc  Co.  C.c  C.. 

^16  ^26  ^36  ^46  ^56  ^66 


[ £ \ 

*^11 

1 ^ 

£22 

0.22 

J ^33 

V _ 

®33 

^£23 

j \ 

2cx23 

2^13 

2(X^3 

V 2^12  J 

V 2^12  j 

(T-T,,, 


• Rearranging  the  rows  and  coiumns  into  a convenient  form  gives 


f o..  ] 
o 
o 


11 


22 


12  V _ 


^11  C12  C16 

^13  Ci4  C-I5 

^12  ^22  ^26 

^23  ^24  ^25 

^16  ^26  ^66 

^36  ^46  ^56 

CO 

CO 

0 

CO 

CM 

0 

CO 

0 

C33  C34  C35 

Ci4  C24  C46 

C34  C44  C45 

^15  ^25  ^56 

^35  C45  ^55 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• For  convenience,  let  the  mechanical  strains  be  denoted  by 


f \ 

tii 

o 

E22 

2e^2 


^0 

'33 

0 


E 

28 

\ 28i3  j 


'23 

0 


f P..  \ 


'11 


'22 


2e 


12 


'33 


23 


2e 

V ^^13  ) 


11 


22 


I i 

f ~ \ 


12 


a 
a 
2a 

^33 

2a23 

y 2a^3  j 


(t-T,) 


• The  previous  matrix  constitutive  equation  becomes 


^11  ^12  ^16 

^13  ^14  ^15 

CO 

CM 

0 

CM 

CM 

0 

CM 

0 

^23  ^24  ^25 

^16  ^26  ^66 

^36  ^46  ^56 

^13  ^23  ^36 

C33  C34  C35 

CO 

0 

CM 

0 

0 

O34  C44  C45 

^15  ^25  ^56 

^35  ^45  ^55 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Next,  the  matrix  constitutive  equation 


0 

0 

to 

0 

G> 

^13  ^14  ^15 

0 

to 

0 

to 

to 

0 

to 

G> 

C23  C24  C25 

0 

G> 

0 

to 

G> 

0 

G> 

G> 

^36  ^46  ^56 

^13  ^23  ^36 

C33  C34  C35 

^14  ^24  ^46 

O34  C44  C45 

Ci5  C25  C56 

C35  C45  C55 

V^^13  J 


is  separated  to  get 


0^11 

022  ) — 


a 


12 


C11  C12  C16 
^12  ^22  ^26 
^16  ^26  ^66 


^13  ^14  ^15 
^23  ^24  ^25 
^36  ^46  ^56 


2e 

2e 


33 

a 


23 

a 

13 


and 


0 

0 

0 


^13  ^23  C 

Ci4  C24  C 

^15  ^25  ^ 


^33  ^34  C 

C34  C44  C 

^35  C45  ^ 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Solving  the  previous  homogeneous  equation  ior  eL  and 


£33 

_ a 
2^23 

2^13 


v> 

CO 

0 

CO 

0 

CO 

CO 

0 

^13  ^23  ^36 

C34  C44  C45 

Ci4  C24  C46 

C35  C45  C55 

^15  C25  C56 

• Back  substitution  of  the  column  vector  containing  eL  2eL  and  2e" 


{ O22 

iofi2 


^11  ^12  ^16 


C12  C22  c 


26 


^16  ^26  ^66 


^13  ^14  ^15 
^23  ^24  ^25 
^36  ^46  ^56 


2e 

2e 


33 

a 


23 

a 

13 


yields  the  result 


0^11 

022 

Oi2 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


gives 


into 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• The  matrix  with  the  subscripted  Q terms  is  given  by 


p 

p 

0 

O) 

^11  ^12  ^16 

^13  ^14  ^15 

Qi2  Q22  Q26 

= 

^12  ^22  ^26 

— 

C23  C24  C25 

Qi6  Q26  ^66 

^16  ^26  ^66 

^36  ^46  ^56 

^33  ^34  ^35 
C34  C44  C45 

C35  C45  C55 


^13  ^23  ^36 


Ci4  CoA  C 


'24 


46 


^15  ^25  ^56 


• Next,  expressing  the  mechanical  strains  in  terms  of  the  total  strains 
and  the  strains  caused  by  free  thermal  expansion  results  in 


/ 022 
I 0^12 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


This  equation  is  manipulated  further  by  defining 


P11 

P22  / = 

P,2 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


a 

a 


11 


22 


2a 


12 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Thus,  the  constitutive  equations  for  piane  stress,  in  terms  of 
stiffness  coefficients  and  thermal  moduli,  become 


\ O22 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  Qee 


I §11 

822  / + \ ^22  /(T  — T^ef) 

2^1  J 


where 


Q11  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


^11  ^12  ^16 

^13  ^14  ^15 

C33  C34  C35 

1 

^13  ^23  ^36 

^12  ^22  ^26 

— 

C23  C24  C25 

C34  C44  C45 

Ci4  C24  C46 

^16  ^26  ^66 

^36  ^46  ^56 

C35  C45  C55 

^15  ^25  ^56 

and 


P11 

P22  / = 

P12 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


a 

a 


11 


22 


2a 


12 


• The  Oij  and  Pu  are  called  the  reduced  stiffness  coefficients  and 
reduced  thermai  moduii,  respectively 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• The  relationship  between  the  reduced  stiffnesses  and  the  compliances 
is  obtained  by  first  considering  the  previousiy  derived  equation 


^11  ^12  S-ie 
^12  ^22  ^26 


^16  ^26  ^66 


• inverting  gives 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Comparing 


O22 

O12 


^11  ^12  ^16 

-1 

( 

f I 

I 

^12  ^22  ^26 

/ 

\ I 

E22 

I J 
f “ I 

a.22 

(T-TJ 

^16  ^26  ^66 

I 

CM 

T“ 

CM 

to 

p 

to 

I 
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0^11 
\ O22 

i0^12 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


P11 


P22  /(T  Tfgf) 

P12  j 


indicates  that 


I 

(D 

a 

CM 

o’ 

o’ 

S11  S12  S16 

-1 

I 

(O  (O 

CM  CO 

0 0 

CM  CO 

CM  CM 

0 0 

CM  CO 

a d 

— 

I 

CO  CO 

CM  CO 

(/)  (/> 

CM  CO 

CM  CM 

CO  CO 

CM  CO 

(/)  (J) 

I 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 

• The  relationship  between  the  reduced  thermal  moduli  and  the  regular 
thermal  moduli  is  obtained  by  first  considering  the  equation 


^11  ^12  ^13  ^14  ^15  ^16 
^12  ^22  ^23  ^24  ^25  ^26 
^13  ^23  ^33  ^34  ^35  ^36 
^14  ^24  ^34  ^44  ^45  ^46 
^15  ^25  ^35  ^45  ^55  ^56 
^16  ^26  ^36  ^46  ^56  ^66 


1 

«11 

CM 

CM 

e 

^^33 

1 

\ 

2a23 

1 

2a-i3 

V 

2a^2 

y 

• This  matrix  equation  can  be  separated  into 


^11  ^12  ^16 

Ci2  C22  C 


26 


«11 

«22 


^16  ^26  ^66 


2a 


12 


^13  ^14  ^15 
^23  ^24  ^25 
^36  ^46  ^56 


a 


33 


2a 

2a 


23 


13 


and 


^13  ^23  ^36 
^14  ^24  ^46 
Ci5  C25  C56 


a 

a 


11 


22 


2a 


12 


^33  ^34  ^35 
C34  C44  C45 

C35  C45  C55 


a 


33 


2a 

2a 


23 


13 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Solving  the  matrix  equation 


^13  ^23  ^36 
^14  ^24  ^46 
Ci5  C25  C56 


C33  C34  c 
C34  C44  c 

C35  ^45  C 


for  the  column  vector  containing  20.,^,  2a^3,  and  agg  gives 
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\ 2cti3 


^33  ^34  ^35 
C34  C44  C45 

C35  C45  C55 


P33 

P23 

P 13 


in 

CO 

0 

CO 

0 

CO 

CO 

0 

I 

^13  ^23  ^36 

1 

( «11  ) 

C34  C44  C45 

Ci4  C24  C46 

J 

1 

'-*'22  / 

C35  C45  C55 

Ci5  C25  C56 

1 

V 2di2  j 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Substituting 


a 


33 


2a 

2a 


23 


13 


^33  ^34  ^35 
C34  C44  C45 

^35  ^45  ^55 


^33  ^34  ^35 
C34  C44  C45 


^35  ^45  ^55 


^13  ^23  ^36 
Ci4  C24  C46 
^15  ^25  ^56 


a 

a 


11 


22 


2a 


12 


into 


P11 

P22 

P12 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


] 

CM 

CM 

{ _ 

2a^2  j 

^13  ^14  ^15 
^23  ^24  ^25 
^36  ^46  ^56 


a 


33 


2a 

2a 


23 


13 


gives 


Ci3  Ci4  Ci5 
^23  ^24  ^25 
^36  ^46  ^56 


^11  ^12  C 

C12  C22  c 


^16  ^26  ^66 


16 

26 


C33  C34  C35 
C34  C44  C45 

C35  C45  C55 


^13  ^14  ^15 
C23  C24  C25 
^36  ^46  ^56 


C33  C34  C35 
C34  C44  C45 

C35  C45  C55 


^13  ^23  ^36 
Ci4  C24  C46 
^15  ^25  ^56 


a 

a 


11 


22 


2a 


12 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Noting  that 


Ql1  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  ^66 


^11  ^12  ^16 

^13  ^14  ^15 

^33  ^34  ^35 

1 

^13  ^23  ^36 

C12  C22  C26 

— 

C23  C24  C25 

C34  C44  C45 

Ci4  C24  C46 

^16  ^26  ^66 

^36  ^46  ^56 

C35  C45  C55 

^15  ^25  ^56 

J 


f Pii  1 

1 

^13  ^14  ^15 

1 

1 

f 

m 

CM 

0 

CM 

0 

CO 

CM 

0 

IP12J 

I 

^36  ^46  ^56 

^11  ^12  ^16 
C12  C22  C26 
^16  ^26  ^66 


C33  C34  C35 
C34  C44  C45 

C35  C45  C55 


^13  ^14  ^15 
C23  C24  C25 
^36  ^46  ^56 


C33  C34  C35 
C34  C44  C45 

C35  C45  C55 


^13  ^23  ^36 
Ci4  C24  C46 
Ci5  C25  C56 


gives 


P11 

P22 

P12 


^13  ^14  ^15 
C23  C24  C25 
^36  ^46  ^56 


^33  ^34  ^35 
C34  C44  C45 

C35  C45  C55 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  ^66 


a 

cx 


11 


22 


2a 


12 
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CQ.  GO.  GO. 


CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Finally,  noting  that 


Pii 


P 


22 


Pl2 


Ql1  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


a 


11 


0.22 

2a 


12 


, the  expression 


11 


12 


^13  ^14  ^15 
C23  C24  C25 
^36  ^46  ^56 


^33  ^34  ^35 
C34  C44  C45 

C35  C45  C55 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  ^66 


2d-|2  j 


gives 


Ci3  Ci4  Ci5 

C23  C24  C25 

C36  C46  C56 


^33  ^34  ^35 
C34  C44  C45 

C35  C45  C55 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• For  a material  that  is  monocUnic,  with  X3  = 0 being  a plane  of  reflective 
symmetry,  the  plane-stress  constitutive  equations  become 


'11 


'22 


2e 


12 


^11  S12  S16 

1 CTii'l 

' a,,  ] 

S12  S22  S26 

+ 

CM 

CM 

0 

a 

«22 

(T-TJ 

^16  ^26  ^66 

[0,2) 

2cXi2  j 

and 


'33 


2f  > = 

^*>23  / — 

2^13 


^13  ^23  ^36 

0 0 0 

0 0 0 


a 

a 

a 


11 


22 


12 


( ass') 

H 

I 

H 

<D 

I 0 J 

I 

• The  last  matrix  equation  reduces  to 


'33 


S 23*^22 


^36^12 


+ 0133  ( T Tfgf ) 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 

• In  terms  of  engineering  constants, 

1 _ ^21  ^1,12 

Ei  E2 

V12  1 ^2,12 

El  E2  Gi2 

^12,1  ^12,2  1 

Ei  E2  Gi2 

— p 0^11  p 0^22  + p 0^33  + Ct33|^  I I ref  J 

Cl  C2  C3 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Similarly,  for  a material  that  is  monocUnic,  with  X3  = 0 being  a plane  of 
reflective  symmetry,  the  plane-stress  constitutive  matrix  becomes 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 

^11  ^12  ^16 
^12  ^22  ^26 

C,3  0 
C33  0 

0 

0 

Qi6  ^26  ^66 

^16  ^26  ^66 

C33  0 

0 

C33  0 0 

0 C44  C45 

0 C45  ^55 


^13  ^23  ^36 

0 0 0 

0 0 0 


which  simpiifies  to 


Q11  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


C.- 


C.3- 


C.e- 


C13C13 


^^33  / 

C13C23 


^33 

C13C36 


'33  / 


C„- 


C13C23 


C.e- 


C13C36 


'33 


'33 


C22 


C23C23 


^26 


C23C36 


'33 


'33 


^26 


C23C36 


Cee 


^36^36 


'33 


'33 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• The  remaining  matrix  equation  for  the  strains,  given  by 


in 

CO 

0 

CO 

0 

CO 

CO 

0 

^13  ^23  ^36 

in 

0 

0 

CO 

0 

P 

0 

ro 

0 

o> 

C35  C45  C55 

^15  C25  C56  J 

becomes 


o 

£33 


C,3  0 0 

0 C44  C45 

0 C45  C55 


Cl3  C23  Cg 

0 0 0 
0 0 0 


which  reduces  to 


E33  — — ^ [Oi3£ii  + C23E22  + 2C3gE-|2  ] and  2E23  — 2Ei3  — 0 

^33 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


Expressions  for  the  reduced  stiffnesses  in  terms  of  engineering 
constants  are  obtained  directly  by  using  the  previously  obtained  results 


^11  Si2  Si6 
Si2  S22  S26 
^16  ^26  ^66 


E. 

_ yii 
" E, 

^ 12,1 


_ ^ 
~ E, 

X 

E. 

^ 12,2 


T] 


1,12 


^12 

^2,12 

Gi2 

1 

Gi2 


and 


Q1I  Qi2  Qi6 

^11  ^12  ^16 

-1 

Qi2  Q22  Q26 
Qi6  Q26  ^66 

— 

S12  S22  S26 
^16  ^26  ^66 

Inverting  the  matrix  of  compliances  yields 

Q1I  ~ ~ ^12,2^2,12)  Qi2  ~ “^(^21  ^ ^12,2^1,12)  ~ “^(^12  ^ ^12,1^2,12) 


Qi6=- 


A (^1,12  ^21^2,12)  “ A (^12,1  ^12^12,2)  Q22  “ A ("^  ^12,1^1,12) 


Q26  “ 


G , -t  / 

Q = 12^' 

I - V.jVj, ) 

^(^2,12  + Vi2*ni,12)  = - %^(ni2,2  + V2iT1i2,i) 

^ “ "I  “ ^12^21  “ ni2,i(ni,i2  ^21^2,12)  “ ^12,2(^2,12  ^12^1,12) 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


I Pl1  I Ql1  Qi2  Qi6  f \ 

• Similarly,  the  expression  < P22  ) = - 0^2  Q22  Q26  \ «22  / gives 

iPiaj  Qi6Q26Qe6_ 


P11  “ “ ~ ^12,2^2,12)  ^2^22(^12  ^12,1^2,12)  “ 2Gi20ti2('n  12,1  ^12^12,2)) 

P22  “ “ ^(^1®^1l(^21  ^12,2^1,12)  E2^22("^  “ ^12,1^1,12)  “ 2Gi2®^12(t1  12,2  ^21^12,1)) 

P12  — EiCt-,-1  (t]  ^ ^2  + ^21^2,12)  ■*■  ^2®^22(t]2,12  ■*■  ^12^1,12)  “ 2G-|2Cti2('i  “ ^12^21  ) ) 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• For  a specially  orthotropic  material,  the  plane-stress  constitutive 
equations  become 


511  Si2  0 

512  S22  0 

0 0 See 


and 


E33  — S-130^-1  + S23O22  *^33(t  T^ef)  and  2e23  — 2e^3  — 0 


• In  terms  of  engineering  constants, 


£33  “ 


E ''  E 

•-1  ■—2 


o..  + «33(T  - T„,)  and  2e^  = 2e,3  = 0 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 

• Similarly,  for  a specially  orthotropic  material,  the  plane-stress 
constitutive  equations  become 


{ 022 
\0^2 


Cii  Ci2  0 

C-I2  C22  0 

0 0 Cee 


Ci3  0 0 

C23  0 0 

0 0 0 


and 


0 0 
0 0 


+ 


C33  0 0 

0 C44  0 

0 0 C33 


• The  last  matrix  equation  gives 


^33  “ [^13^11  ^ ^23^22  ] and  2823  — 28^3  — 0 

^33 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Using  the  previous  expressions  for  eL  and  , the  constitutive 
equations  for  piane  stress,  in  terms  of  stiffness  coefficients,  become 


/ 022 
[0,2 


Ql1  Qi2  0 
Qi2  Q22  0 

0 0 Qee 


Q1I  Qi2  0 
Qi2  Q22  0 

0 0 Qee 


where 


Q11  Qi2  0 

Qi2  Q22  ® 

0 0 Q 


66 


c 

^13^13^ 

c 

^13^23^ 

'^ll 

C33  I 

'^12 

C33  1 

c 

^13^23^ 

c 

^23^23  \ 

'^12 

C33  I 

^^22 

C33  J 

0 

0 

0 

0 

c 


66 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• Next,  noting  that 


Pii 


P 


22 


Pl2 


Qii  Qi2  0 
Qi2  Q22  0 

0 0 Qee 


for  a specially  orthotropic  solid 


gives 


Q11  Qi2  0 
Qi2  Q22  0 

0 0 Qee 


P11 

P22  ~ Tef) 


• Now,  note  that  the  general  expression  for  the  regular  thermal  moduli 
simplifies  to 


C33 

C33 

0 

0 

0 

P22 

C22 

^23 

0 

0 

0 

y P33 

C,3 

^23 

C33 

0 

0 

0 

'i  P23 

f ~ 

0 

0 

0 

C44 

0 

0 

P,3 

0 

0 

0 

0 

Css 

0 

l P '2  / 

0 

0 

0 

0 

0 

Cge 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONTINUED 


• In  addition, 


Pii 

/V 

P22 


P11 

P22 

P12 


^13  ^14  ^15 
C23  C24  C25 
^36  ^46  ^56 


^33  ^34  ^35 
C34  C44  C45 

C35  C45  C55 


simplifies  to 


P11 

/V 

P22 

P12 


P11 

P22 

0 


C.3  0 
C.3  0 
0 0 


0 

0 

0 


C33  0 0 

0 C44  0 

0 0 C33 


which  yields 


/V 

R — 1 

Ci3 

3 13  , 

R 

R — 1 

C23 

R 

P11  — 1 

CO 

CO 

0 

1 

P33 

P22  “ 1 

P22  ^ 1 

^^33 

r 33 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRESS 

CONCLUDED 


• In  terms  of  the  engineering  constants,  the  reduced  stiffness 
coefficients  and  are  given  by 


ul 

1 

C 

o - 

^12^2  ^21^1 

^*11  — H 

1 - VijVj, 

Vili2  — 

1 — V V 1— vv 

I 

II 

CM 

CM 

O 

V12V21 

Qee  = G12 

• Similarly,  the  nonzero  reduced  thermal  moduli  are  given  by 


^ p 0^11  + OI22  “^21 

0 _ p ^22  ^12 

P1I  - “ . 

1 - V,2V2, 

P22  — ~ ^2 

1 - V12V2, 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRESS 


• Often,  the  relationship  between  the  planar  stresses  and  strains  that  are 
defined  reiative  to  two  different  coordinate  systems  is  needed 

• Consider  the  dextrai  (right-handed)  rotation  of  coordinate  frames 
shown  in  the  figure 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRESS  - CONTINUED 


• Previously,  the  matrix  form  of  the  stress-transformation  law  for  this 
specific  transformation  was  given  as 


1 GTi,.  \ 

y CF3.3.  _ 

\ 03.3,  1 ~ 

0^3 
V ^V2  1 

COS  ^03 

■ 

sin  03 

0 

0 

0 

2sin03cos03 

I 

O22  I 

y ^33  V 

^23 

^13 

V ^12  I 

sin^03 

COS^03 

0 

0 

0 

- 2sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

- sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- sin03cos03 

sin03cos03 

0 

0 

0 

cos ^03  - sin^03 

• Substituting  o,,  = o,,  = o,,  = 0 into  this  equation  yields 


Oii 


cos  6. 


a 


2'2' 


■ 

Sin  6. 


'2' 


sin03cos03 


sin  0. 


cos  0. 


sin03cos03 


2sin03cos03 


- 2sin03cos03 


cos ^03  - sin^03 


a 

a 

a 


11 


22 


and 


12 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRESS  - CONTINUED 


• Thus,  the  stress-transformation  law  for  a state  of  plane  stress  and  a 
dextral  rotation  about  the  X3  axis  is  given  by 


Orr 


cos  6. 


a 


2-2' 


sin  6. 


Or 


sin03cos03 


sin  0. 


cos  0. 


sin03cos03 


2sin03cos03 


- 2sin03cos03 


cos ^03  - sin^03 


a 

a 

a 


11 


22 


12 


• This  law  is  expressed  symbolically  by 


[T„(0.)]{2} 


where 


, and 


[T„(e.)]  ^ 

COS^03 

■ 

sin  03 

2sin03cos03 

■ 

Sin  03 

COS^03 

- 2sin03cos03 

- sin03cos03 

sin03cos03 

cos^03  - sin^03 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRESS  - CONTINUED 


• Similarly,  the  matrix  form  of  the  inverse  stress-tensor  transformation 
law  was  also  given  previously  as 


f 

; OT33  V _ 
\ O22 1 

Oi3 

V ^12  y 

cos  ^03 

■ 

Sin  03 

0 

0 

0 

- 2sin03cos03 

1 Orr 

y cf3,3,  \ 

\ O22  1 

Oi3 

V Ofl'2'  J 

sin^03 

COS^03 

0 

0 

0 

2sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

sin03 

0 

0 

0 

0 

- sin03 

COS03 

0 

sin03cos03 

- sin03cos03 

0 

0 

0 

cos ^03  - sin^03 

• Following  a similar  process  gives 


TJ03)]"  {2'} 


where 


[T„(e.)]'  = [T„(-e.)]  = 

COS^03 

■ 

sin  03 

- 2sin03cos03 

■ 

Sin  03 

cos  ^03 

2sin03cos03 

sin03cos03 

- sin03cos03 

cos ^03  - sin^03 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRESS  - CONTINUED 


Previously,  the  matrix  form  of  the  strain-transformation  law  for  this 
specific  transformation  was  given  as 


f £ \ 


/ 


E22' 


\ 28 

28, 

^ 2£,.2'  j 


'2'3' 
I '3' 


cos"03 

sin'03 

0 

0 

0 

sin03cos03 

sin"03 

cos'03 

0 

0 

0 

- sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

-sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- 2sin03cos03 

2sin03cos03 

0 

0 

0 

cos"03  - sin"03 

f E ^ 

0,1 


'22 


'33 


2e 
2e 

V 28,2  y 


23 


13 


This  matrix  equation  can  be  partitioned  into  the  following  parts 


e 1 - 

02'2'  / "" 

2e,.2-  j 

cos  ^03 

■ 

sin  03 

sin03cos03 

sin^03 

COS^03 

- sin03cos03 

- 2sin03cos03 

2sin03cos03 

cos^03  - sinQs 

'11 


822 

2e 


12 


1 2E2,3.  \ _ 

COS03  -sin03 

/ 2E23  \ 

1 2e,,  / " 

sin03  COS03 

\ 2e,3  / 

and  83,3,  = E 


'33 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRESS  - CONTINUED 


The  first  law  is  expressed  symbolically  by 


where 


, and 


[T.(e.)]s 

COS^03 

■ 

sin  03 

sin03cos03 

■ 

Sin  03 

cos  ^03 

- sin03cos03 

- 2sin03cos03 

2sin03cos03 

cos^03  - sin^03 

• A useful  relationship  that  is  easily  verified  is  given  by 

[TJ03)]^=[TJ03)]  ' = [T„(-03)] 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 
FOR  PLANE  STRESS  - CONCLUDED 

• Similarly,  the  matrix  form  of  the  inverse  strain-transformation  law  was 
also  given  previously  as 


e„  '' 

£22 
^33 


2e 

2e 

2e 


23 


13 


12  7 


COS^03 

■ 

Sin  03 

0 

0 

0 

- sin03cos03 

sin^03 

COS  ^03 

0 

0 

0 

sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

sin03 

0 

0 

0 

0 

- sin03 

COS03 

0 

2sin03cos03 

- 2sin03cos03 

0 

0 

0 

COS ^03  - sin^03 

< 8,.,,  '' 
£2-2' 

/ ^3'3'  V 

2E2-3-  ^ 

2Ei'3' 

V 2Ei-2'  y 


• From  this  matrix  equation,  it  foiiows  that 


{E}  = [T.(e.)]  ■{£'} 


where 


[TJ03); 

r=[ 

T.(-  e.i; 

l=[ 

TJ03)]^ 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS 

• The  two  matrix  equations  that  resuited  from  the  reduction  for  a state  of 
piane  stress  are 

I £l1  ] ^11  ^12  ^16  [ "I  I «ii  ] 

\ E22  I ~ S-|2  S22  ^20  \ 0^22  / ^ \ ~ Tef)  and 

I 28,2]  [S,eS2eSeeJ  i i I 2«12  j 

Q1I  Qi2  Qi6  I 

/ 022  > = Qi2  Q22  Q26  { ^22  / + \ P22  }(T  - T^ef) , where 
[Q,eQ2eQe6j  1 J lPi2j 

Q1I  Qi2  Qi6  ^11  ^12  ^16 
and  Qi2  ^22  ^26  — ^12  ^22  ^26 
Qi6  Q26  ^66  ^16  ^26  ^66 

• Aiso,  033  = a^3  = 023  = 0 and  generaiiy  833  ^ £13  ^ £23  ^ 0 


j P11  \ Q1I  Qi2  Qi6  I CX11  ] 

\ P22  / “ ~ Qi2  ^22  ^26  A ^22  f 

1^12)  Qi6  026^66  _ 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 


• In  terms  of  another  set  of  coordinates  (x^,,  x^.,  X3,)  that  correspond  to  a 
dextral  rotation  about  the  X3  axis,  the  constitutive  equations  must  also 
have  the  forms  given  as 


1 £rr  ^ 

J c 

\ C2'2' 

l2E,.2'J 

Si-1-  Si-2'  S1-6’ 
Si-2’  S2'2'  ^2'6' 

s s s 

'^2’6'  '^6'6' 


Oyy 


Ctrl' 


02-2.  } + < a2-2-  }(T-T,ef)  and 

1 2cl^,2' 


Oy2' 


Oyy 

C^2'2' 

0^2' 


Qri  Qi'2'  Qi  6' 
Qi-2'  Q,,  Q 

2'6' 

^1'6'  Q.e  Q 6'6' 


^rr 

E22' 

2^r2' 


/V 

Pit 

+ { P22.  }(T  - T„,) , where 

/V 

Pl'2' 


[Ptt] 

p,,. 

^ _ _ 

UtJ 

f 

Qrr  Qi'2'  Qi  6 

Qi  2'  Q22  Q26 

Ql  6'  Q2'6'  Q 


6'6' 


ayy 

CX,2'2’ 

20Ly2’ 


and 


Qri  Qi  2'  Qi'6' 

Si-1-  Si-2'  S1-6' 

-1 

Qi'2'  Q2’2'  Q2'6' 
Qi-6'  Q2’6'  Qp'e' 

— 

Si-2'  S2  2'  S2'6' 

s s s 

'^2'6'  '^6'6' 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 


• For  convenience,  let 


^11  ^12  S 

Si2  S22  S 
^16  ^26  ^ 


16 


66 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  ^66 


Sn-  Si-2' 

Sy2'  S,-,.  s 


'6' 


2-2'  ^2’6' 


Sl'6'  ^2'6'  ^6'6' 


ip) 

_) 

“1 

^ /V  \ 

P22  I 
, P12  j 

[Q' 

1 = 

Qn-  Qi 
Qi-2  Q2 

Qi-6  Q2 

{P')  = 

/ 1"  \ 

iPrJ 

1'6' 

2'6' 

6'6' 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 


• With  this  notation,  the  two  sets  of  thermoeiastic  constitutive  equations 
are  expressed  in  symboiic  form  by 

{E}  = [S]{2}  + {a}0  and  {2}  = [Q](E}  + {jS}© 


{E'}  = [S']{2'}  + {«'}©  and  {2'}  = [Q']{E'}  + (y§'}0 


where 


• By  using  the  matrix  form  of  the  stress  and  strain  transformation 
equations  for  piane  stress,  {2}  = [Q](E}  + {^}©  becomes 


[TJ'{2'}  = [Q][TJ'{E'}  + ()§}0 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 


• Premultiplying  by 


gives 


{2'}  = [TJ[Q][TJ'{E'}  + [TJ()§}© 


• Comparing  this  equation  with  {2'}  = [Q']{E'}  + {^'}© 
that 

[Q']  = [TJ[Q][TJ'  and  {^'}  = [TJ(^} 


• Rearranging 


[Q']  - [T„][Q][TJ  gives 


[Q]  = [TJ'[Q' 


it  foiiows 


l[T.l 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 

• Next,  by  using  the  matrix  form  of  the  stress  and  strain  transformation 
equations  for  piane  stress,  {E}  = [S]{2}  + {a}©  becomes 

[TJ'{e'}  = [S][TJ'{2'}  + {«}© 


• Premultiplying  by 


gives 


{E'}  = [Tj[S][Tj'{r}  + [TJ{«}© 


• By  comparing  this  equation  with  {E'}  = [S']{a'}  + {a'}0  it  follows 
that 

[S’]  = [T.][S][TJ"  and  !»')  = [T.](a) 


486 


TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 


• Rearranging  [S']  = [TJ[S][T„] ' gives  [S]  - [Tj  [S'][T„] 

• Noting  that  for  a dextral  rotation  about  the  X3  axis, 

[T^]  “ [T^]  and  [T^]  “ [Tg]  it  foiiows  that 


[S’l  = [T.l[Sl[T.r 

[S]  = [TJ'[S-][TJ 

[Q'l  = [TJ[Q][TJ' 

[Q]4T.]TQ1fT.] 

{«'}  = [Tj(a} 

{«}  = [Tj  {«'} 

ifi)  = [TJ  m 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 

with 


[Tje.l]  = 

COS^03 

■ 

Sin  03 

2sin03cos03 

■ 

Sin  03 

COS^03 

- 2sin03cos03 

- sin03cos03 

sin03cos03 

cos^03  - sin^03 

and 


[T.(e.)]  ^ 

COS^03 

■ 

sin  03 

sin03cos03 

■ 

Sin  03 

cos  ^03 

- sin03cos03 

- 2sin03cos03 

2sin03cos03 

cos^03  - sin^03 

488 


TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 


. [Q']  = [TJ[Q][T„]  , with  m = COS03  and  n = sin03 , yields 

Qy,,  = + 2m^n^(Qi2  + 2Q6e)  + 4mn(m^Qi6  + n^Q2e)  + n'‘Q22 

Q,2  = + Q22  - 4Q6e)  - 2mn(m"-  n")(Q,e  - Q26)  + (m"  + n^)Q,2 

Q,e.  = m"(m'-  3n')Q,6  - m'n(Q„  - Q,^  - 2Q,,j 

+ mn'(Q22  - Q,2  - 2Qes)  - n“(n"- 

Q22  = m^Q22  + 2m^n^(Qi2  + 2Q6e)  - 4mn(m^Q26  + n^Q^g)  + 

Q26  = m'(m'-  3n')Qj6  + m'n(Q2j  - Q,^  - 2Qee) 

- mn'(Q„  - Q,2  - 2Qee)  - n"(n'-  3m')Q,e 

Qee  = m'n'(Q„  + - 20,^)  - 2mn(m^-  n')(Q,s  - + (m^  - n'j'Oee 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 

. [Q]  = [TJ  [Q'][TJ  , with  m = COS03  and  n = sin03 , yields 

+ 2m^n^(Qi2  + 2Qe6 ) - 4mn(m^Qi6  + n^Q26 ) + n^Q22 
Q,2  = m"n"(Q,.,  + Q22  - 4Qe6 ) + 2mn(m"-  n")(Q,e  - Q26)  + (m^  + n^)Q,2 

Q,6  = m'(m'-  3n')Q,6.  + m'n(Qi,.  - Q,.,  - 2Qee ) 

- mn’(Q22.  - Q,2.  - 2Q66)  - n^(n^- 

Q22  = m^Q22  + 2m^n^(Qi2  + 2Qe6 ) + 4mn(m^Q26  + n^Q^e ) + 

Q26  = m^(m^-  3n^)Q26  - m^n(Q22  - Q12  - 2Qe6 ) 

+ mn^(Qii,  - Qi-2  - 2Qe6 ) - n^(n^-  Sm^jQ^g 

Qee  = m'n'(Q,,  + Q22  - 2Q,2 ) + 2mn(m'-  n')(Q,e  - Q26 ) + (m'  - n'j'Oee 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 

. [S']  = [TJ[S][TJ  , with  m = COS03  and  n = sin03 , yields 

Syy  = + m^n^(2Si2  + Sge)  + 2mn(m^Si6  + n^Sae)  + ^^^22 

+ S22  - See)  - mn(m"-  n")(Sie  - S26)  + (m^  + n^)Si2 

S,e  = m'(m'-  3n')S,6  - m'n(2S„  - 2S,2  - See) 

+ mn"(2S22  - 2S,e  - See)  - n'(n'-  3m')S2e 

S22  = m'‘S22  + m^n^{2Si2  + See)  - 2mn(m^S2e  + n^S^e)  + n^^S^ 

See.  = m'(m'-  3n')S2e  + m'n(2S22  - 2S,e  - See) 

- mn'(2S„  - 2S,2  - See)  - n'(n'-  3m')S,e 

See'  = 4m  n"(S„  + - 2S,e)  - 4mn(m^-  n")(S,e  - S^e)  + (m^  - n^)  See 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 


. [S]  = [TJ[S'][TJ  , with  m = COS03  and  n = sin03 , yields 

+ m^n^(2Si2  + Sge ) - 2mn(m^Si6  + n^Sgg ) + n'‘S22 
Si2  = m"n"(S,,,,  + 82-2-  - Se-e-)  + mn(m"-  n")(Si-6,  - S26.)  + (m^  + n^)Si,2- 

S16  = m^(m^-  3n^)Si6  + m^n(2Si  i,  - 2Si2  - Sge ) 

- mn^(2S22  - 2Si2  - Sge ) - n^(n^-  3m^)S26 

S22  = m'‘S22  + m^n^(2Si2  + Sge ) + 2mn(m^S26  + n^S^g ) + 


S26  = m^(m^-  3n^)S26  - m^n(2S22  - 2Si2  - Sge ) 

+ mn^(2Sii  - 2Si2  - Sge ) - n^(n^-  3m^)Si6 

2 

See  = 4m  n'(S,.,.  + S^.^.  - 2S,2.)  + 4mn(m'-  n^)(S,.e.  - S2.e)  + (m'  - n^)  See- 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 

• Note  that  [Q  ] and  [Q]  can  be  expressed  as 

[Q']  = [T„(03)][Q][T,(-  63)]  and  [Q]  = [T„(-  e3)][Q'][T,(03)] 

• Thus,  one  set  of  transformed  stiffness  expressions  can  be 
obtained  from  the  other  by  simpiy  interchanging  the  primed  and 
unprimed  indices  and  repiacing  n with  -n 

• Likewise,  [s  ] and  [s]  can  be  expressed  as 

[S']  = [T,(e3)][S][TJ-03)]  and  [S]  = [T,(- e3)][S'][Tje3)] 

• Thus,  one  set  of  transformed  compiiance  expressions  can  be 
obtained  from  the  other  by  simpiy  interchanging  the  primed  and 
unprimed  indices  and  repiacing  n with  -n 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 


• — [Tg] { «}  , with  m = COS63  and  n = sinBj , yields 


— m + 2mn(Xi2  + n 0122  ci2'2'  ~ rn  0122  ~ 2mnoii2  ^ 

a.y2'  — (m^-  n^)ai2  + inn(cx,22  - otii) 


• Similarly,  - [T^]  {^'}  gives 

+ 2mncii,2'  + n^ci2'2'  <^22  — m^ci2'2'  ~ 2mncii,2'  + ^^oLyy 

a^2  = (m^-  n^)ot-,-2  + mn(ot2  2 - oti  1 ) 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONTINUED 


. {.§'}  = [Tj{y§}  , with  m = COS03  and  n = sin03 , yields 

+ 2mnPi2  + n^Pg2  P22  = 01^^22  - 2mnPi2  + 

p,2  = (m"-  n")p,2  + mn(p22  - Pn) 


• Similarly,  = [Tj  [P') 


gives 


P11  = m^Pii,  - 2mnPi2  + n^P22  P22  = rn^P22  + 2mnPi2  + n^Pi^, 

/V  / 2 2\^  ( ^ ^ \ 

p,2  = (m  - n )p,,,.  - mn(p,,,,.  - p,,,,) 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRESS  - CONCLUDED 


• Note  that  (a'}  and  {a}  can  be  expressed  as 

{«'}  = [TJ03)]{«}  and  {«}  = [T3(- 03)]{«'} 

• Thus,  one  set  of  transformed  thermal-expansion  expressions  can 
be  obtained  from  the  other  by  simply  interchanging  the  primed  and 
unprimed  indices  and  replacing  n with  -n 

• Likewise,  {^'}  and  can  be  expressed  as 

{^'}  = [T„(e3)]{^}  and  {^}  = [TJ- 03)]{^'} 

• Thus,  one  set  of  transformed  thermai-compiiance  expressions  can 
be  obtained  from  the  other  by  simpiy  interchanging  the  primed  and 
unprimed  indices  and  repiacing  n with  -n 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 

PLANE  STRESS 


• When  relatively  thin  plates,  with  uniform  thickness  h,  are  supported 
and  subjected  to  inplane  loads  such  that  the  dominant  stresses, 
strains,  and  displacements  act  only  in  planes  parallel  to  the  plane  X3  = 0 
shown  in  the  figure,  significant  simplifications  can  be  made  to  the 
equations  governing  the  elastic  response 

• Moreover,  these  dominant  response 
quantities  are  presumed  to  vary 
symmetrically  through  the  plate 

thickness,  given  by  - < X3  < + ^ , 

such  that  no  significant  bending 
deformations  are  exhibited  by  the 
plate 

• In  contrast  to  the  plane  stress  approximations  previously  presented 
herein,  when  these  conditions  exist,  with  respect  to  the  through-the- 
thickness  variations,  the  plate  response  is  described  as  a state  of 
generalized  plane  stress 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONTINUED 


• For  a state  of  generalized  plane  stress  in  an  anisotropic  soiid,  with 
respect  to  the  piane  X3  = 0,  the  dispiacement  fieids  in  the  x^-,  and  X3- 
coordinate  directions  are  approximated  by  averaging  the  through-the- 
thickness  variations  as  foiiows 


and 


X3)  dx3  = 0 


• To  exciude  bending  deformations,  U3(x„  x^)  = 0 is  required  for  the 
out-of-piane  dispiacement  fieid 

• Note  that  aiiowing  U3(x„  x^,  X3)  = X3  b , where  £ is  a constant 
satisfies  U3(x„  x^)  = 0 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONTINUED 


The  strain-displacement  relations  of  the  linear  theory  of  elasticity,  given 


by  £jj{xi,  x^,  X3)  = i 


‘ dU  . dU  : 


y aXj  aXj 


, are  approximated  as  follows 


First,  average  strains  are  defined  by  x^)  = 


1 

1^  I ^ £jj(x„  X3,  X3)  dx. 


Substituting  £jj(xi,  x^,  X3)  = i 


au  duA 

^ ^ j into  this  expression  and  using 


the  definitions  for  the  average  displacements  yields 


£ (X„  X3)  = 


_1 
2 


au,  au= 


y aXj  aXj 


, 28,3  = 2823  = 0 and  833  = 8 


• Thus,  E represent  a uniform  through-the-thickness  normal  strain 


499 


CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONTINUED 


• Next,  the  stress  field  is  approximated  such  that  033  = 0^3  = 0,3  = 0 

• For  this  case,  the  stresses  in  a thin,  flat  body,  that  are  normal  to  the 
plane  X3  = 0,  are  presumed  negligible  compared  to  the  other 
stresses 

• In  addition,  average  stresses  are  defined  by 


• The  conditions  on  the  presumed  stress  field  are  satisfied  by  the 

previously  derived  plane-stress  constitutive  equations  given  in  the  form 


On 
/ 022 
[0,2 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


and 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONTINUED 


^11  ^12  ^16 
^12  ^22  ^26 


^16  ^26  ^66 


'33 


2E23  / = 
2^13 


^13  ^23  ^36 

Si4  S24  S 


46 


^15  ^25  ^56 


a 

a 

a 


11 


22 


a 


33 


12 


2cX23  ((T  T^ef) 
2a. 


■13 


• That  is,  substituting  033  = 023  = = 0 into  the  generai  form  of  the 

constitutive  equations  and  simpiifying  yieids  the  same  piane  stress 
constitutive  equation  given  above 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONTINUED 


• Restricting  the  piate  to  homogeneous  construction,  integration  of  the 
constitutive  equations  through  the  piate  thickness  yieids 


Ql1  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


Q1I  Qi2  Qi6 
Qi2  Q22  Q 


26 


^16  ^26  ^66 


• Next,  the  temperature  change  T -7,^^  is  presumed  to  vary  symmetricaiiy 
through  the  piate  thickness  so  as  not  to  cause  bending  deformations 

• The  average  temperature  change  is  defined  as 


such  that  the  constitutive  equations  become 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONTINUED 


Ql1  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


I Ctll 
\ 0,22 
\2a,2 


0 


• Similarly, 


511  S12  S16 

512  S22  S26 
^16  ^26  ^66 


«11  _ 

0.22  /0 

2(x^2  j 


and 


^13  ^23  ^36 
Si4  S24  845 
^15  S25  S56 


2tt23  /0 

j 


• Inspection  of  the  last  matrix  equation  reveals  that  the  material  must  be 
monoclinic,  with  the  plane  X3  = 0 being  a plane  of  reflective  symmetry,  in 

order  to  satisfy  the  kinematic  hypothesis  28^3  = 2B23  = 0 and  E33  = b 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONTINUED 


• Note  that  the  symmetry  requirement  on  the  material  properties  is 
consistent  with  the  symmetry  requirements  imposed  up  front  on  the 
displacements,  stresses,  and  strains 


• Thus, 


^13  ^23  ^36 

Si4  S24  S 


46 


^15  ^25  ^56 


a 


33 


2a 

2a 


23 


13 


becomes 


'33 


'23 


2e 


^13  ^23  ^36 

0 0 0 

0 0 0 


13 


^«33^ 

J 

1 

r 

0 

[0 

1 0 J 

£ — S 13^11  S 23^22 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONTINUED 


• In  terms  of  engineering  constants, 


22 


+ 


^ 12,  3 


^33  ^ ^^336) 


and 


• Now  consider  the  previously  derived  stress-transformation  law  for 
a state  of  plane  stress  and  a dextral  rotation  about  the  X3  axis  is  given 
by 


On 

C^2'2' 

^1'2’ 


COS  6. 


sin  6. 


sin03cos03 


sin  0. 


cos  0. 


sin03cos03 


2sin03cos03 


- 2sin03cos03 


cos ^03  - sin^03 


a 

a 

a 


11 


22 


12 


This  law  was  expressed  symbolically  by  '}  = [T„(e.l]{2 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONTINUED 


where 


[T,(e.l]  s 


( 0^1-1-  I 

i.  {2>-i 

( OTii  I 

I 

^22  f , and 

I or,,,  j 

I 0^12  j 

COS^03 

■ I 

Sin  03 

2sin03cos03 

■ 

Sin  03 

COS^03 

2sin03cos03 

sin03cos03  sin03cos03  cos^03  - sin^03 

• Integrating  the  stress  transformation  law  over  the  plate  thickness  yields 


the  trans  formation  law 


where 


and 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONTINUED 

• Likewise,  the  previousiy  derived  strain-transformation  iaw  for  a 
state  of  piane  stress  and  a dextrai  rotation  about  the  Xj  axis  is  given  by 

{E'}  = [T.(e.)]{E) 

where  ^ | » ^ | | 

^ 2e^,2.  j ^ j 


[T.(e,)]  = 

COS^03 

■ 

Sin  03 

sin03cos03 

■ 

Sin  03 

COS  ^03 

- sin03cos03 

- 2sin03cos03 

2sin03cos03 

cos^03  - sin^03 
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CONSTITUTIVE  EQUATIONS  FOR  GENERALIZED 
PLANE  STRESS  - CONCLUDED 


Integrating  the  strain  transformation  law  over  the  plate  thickness  yields 
the  transformation  law  |{E'}  = rT.(8.)l{E}  , where 


and 


• Comparing  the  stress  and  strain  transformation  equations  and  the 
constitutive  equations  for  generalized  plane  stress  with  the 
corresponding  equations  for  plane  stress,  it  is  seen  that  they  have 
identicai  structure 

• As  a resuit,  the  constitutive  equations  for  generalized  plane 
stress  transform  in  exactiy  the  same  way  as  those  for  plane 
stress 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES 


• Another  practical  case  of  interest  that  is  similar  to  generalized  plane 
stress  is  the  case  of  thin,  nonhomogeneous  plates  that  undergo  inplane 
deformations  without  any  bending  deformations 

• For  this  case,  the  stresses  in  a thin, 
flat  body,  that  are  normal  to  the 
plane  shown  in  the  figure,  are 
presumed  negligible  compared  to  the 
other  stresses 

• Thus,  the  stress  field  is 
approximated  such  that  a,3  = o , 

0^23  “ 0 , and  0^33  “ ® 


• But,  cTii  = q22  = cj22(Xi,x2,x3)  ^ and  ^12  = ^i2(Xij^2jX3)  arepcrmltted 

because  of  through-the  thickness  nonhomogeneity  that  is  presumed  to 
exist 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• In  addition,  the  plate-like  body  is  required  to  have  a uniform  thickness 
h and  is  not  allowed  to  bend  when  subjected  to  inplane  loads 

• The  conditions  on  the  stress  fieid  are  satisfied  by  the  previousiy 
derived  piane-stress  constitutive  equations  given  in  the  form 


OFn 
{ O22 
(0^12 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


• in  the  present  formuiation,  the  totai  strains  are  presumed  to  be  uniform 
through  the  piate  thickness;  that  is, 


^11  — £11(^19^2)  j £22  — £22(^i’^2)  j and  ^12  — £i2(^i’^2) 


• However,  the  piate  is  aiiowed  to  be  nonhomogeneous  through  the 
thickness  such  that  the  reduced  stiffness  coefficients  and  the 
coefficients  of  thermai  expansion  can  vary  with  the  X3  coordinate 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• Because  of  the  plate’s  thinness,  the  temperature  change  T -T^^f  is 
presumed  to  be  uniform  through  the  thickness 

• The  requirement  that  the  plate  not  bend  is  fulfilled  by  picking  the  middle 
surface  of  the  plate  to  correspond  to  X3  = 0 and  then  to  require  that 
the  following  integral  be  valid 


• This  matrix  integral  equation  then  requires  the  following  through-the- 
thickness  symmetry  conditions  on  the  stress  field 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• The  requirement  that  the  plate  not  bend  also  places  requirements  on 
material  properties 

• First,  note  that  substituting  the  plane  stress  constitutive  equation  into 
the  previously  stated  integral  equation  yields 


Q1I  Qi2  Qi6 

1 

Qi2  Q22  Q26 

X3  dXg/ 

h 

Qi6  Q26  Qee 

1 

/ h 


2ei2 


Ql1  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  Qee 


«11 

tt22 

2cx^2 


• Next,  note  that  for  arbitrary  strain  and  temperature  fields,  the  two 
integrals  in  the  above  equation  must  vanish  independently;  that  is. 


f*+  y 

r ~i 

2 

Q1I  Qi2  Qi6 

Qi2  Q22  Q26 

X3  dXg  = 0 

h 

CO 

(D 

0 

(O 

CM 

0 

(O 

0^ 

2 

and 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  Qee 


«11 

®22  (^3  dXg  — 0 


512 


CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• The  integral 


/^+  ^ 

2 

Q1I  Qi2  Qi6 

Qi2  Q22  Q26 

X3  dx3  = 0 

<0 

CO 

0 

(O 

CM 

0 

(O 

0^ 

h 


requires  that  the  reduced 


stiffness  coefficients  be  symmetric  functions  about  the  piane  X3  = 0 


• Thus,  the  fuii  set  of  stiffness  and  compiiance  coefficients,  Cjj  and 
Sjj,  must  be  symmetric  about  the  piane  X3  = 0;  i.  e.,  monoclinic 


• The  integrai 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  Qee 


«11 

GL22  /X3  dXg  = 0 


and  the  symmetry 


requirement  on  the  reduced  stiffness  coefficients  require  that  the 
coefficients  of  thermai  expansion  be  symmetric  functions  about  the 
piane  X3  = 0 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 

• Recall,  that  for  a material  that  is  monoclinic  with  respect  to  the  plane 
X3  = 0,  the  general  form  of  the  constitutive  equations  is 


f E 

C11 

E22 
£33 

^ 2E23 

2e^3 
\ 2ei2  y 


/ 


16 


^11  ^12  ^13  0 0 S 

S12  S22  S23  0 0 S26 

^13  ^23  ^33  0 0 ^36 

0 0 0 S44S45  0 

0 0 0 S45  S55  0 

^16  ^26  ^36  0 0 ^66 


O 

O 

O 


11 


22 


33 


^ ^23  ( ^ 

o 

V ^12  y 


13 


a 

a 


11 


22 


a 


33 


V 


0 
0 

2<Xi2  y 


(T-T,„) 


\ 

O22 


o 
o 

V ^12  y 


33 


23 


13 


^11  ^12  ^13  0 0 ^16 

0 C2S 

0 c 

0 0 
0 0 


^12  ^22  ^23  ® 

^13  ^23  ^33  0 


36 

0 C44  C45  0 

0 ^45  ^55  0 

^16  ^26  ^36  0 0 ^66 


y 


( E ^ 

*^11 

E22 
£33 

^ 2E23 

2^13 

V 2ei2  y 


) \ 


p 
p 


' 22 


^33  \/'-r 

0 

0 

P12  j 


- Tel) 


514 


CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


In  addition, 


Ql1  Qi2  Qi6 
Qi2  Q22  ^26 
Qi6  ^26  ^66 


C. 
c 


12 


C,e- 


C13C13 


^33 

C13C23 


^^33 

C13C36 


'33 


C,,- 


C22 


^26 


C13C23 


^^33  / 

^23^23 

C33  ; 

C 23^36  1 


'33  / 


C,e- 


C13C36 


'33 


^26 


C23C36 


'33 


Cee 


^36^36 


'33 


1 

V21 

^ 1,12 

S„ 

s,, 

S.e 

E. 

E2 

Gi2 

Q 

Q 

Q 

V12 

1 

^2,12 

^12 

O22 

^26 

E. 

^ 12,1 

E2 

Gi2 

1 

S,e 

^26 

^66 

^ 12,2 

E. 

E2 

Gi2 

Q1I  Qi2  Qi6 

^11  ^12  ^16 

-1 

and 

Qi2  Q22  Q26 
Qi6  ^26  ^66 

— 

^12  ^22  ^26 
^16  ^26  ^66 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• To  facilitate  the  formulation  of  a two-dimensional  boundary-value 

problem,  the  through-the-thickness  functional  dependence  of  the  stress 
field  is  eliminated  by  introducing  the  following  stress  resultants 


• Substituting 


On 
I O22 
10^12 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  ^26  ^66 


into  the  expressions  for  the  stress  resultants  and  performing  the 
integration  yields  a two-dimensional  constitutive  equation 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


The  two-dimensional  constitutive  equation  is  given  by 


where 


AAA 

”11  ”12  ”16 

AAA 

«12  «22  ”26 

AAA 

”16  ”26  ”66 


Pj 


AAA 

”11  ”12  ”16 

2 

Q1I  Qi2  Qi6 

to 

CM 

< 

CM 

CM 

< 

CM 

< 

= 

Qi2  Q22  Q26 

dXj 

AAA 

”16  ”26  ”66 

A . 

h 

Qi6  Q26  Qee 

2 

P 

A/ 

P 

A/ 

P 


11 


22 


12 


J 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  Qee 


ail 

0.22 

2tti2 


dXc 


The  Ajj  and  Pij  are  called  the  inplane,  plate  stiffness  coefficients  and 
thermal  moduli,  respectively 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• A more  convenient  form  of  the  two-dimensional  constitutive  equation  is 
obtained  by  first  inverting  it  to  obtain 


AAA 

AAA 

12  «22  ”26 

AAA 

”16  ”26  ”66 


N.. 

N22 


AAA 

AAA 

”12  ”22  ”26 

AAA 

”16  ”26  ”66 


P11 

ll  HT  - T.,) 


P 


12 


• Next,  the  inverted  matrix  equation  is  manipulated  to  look  like  the  plane- 
stress  constitutive  equations 


^11  ^12  ^16 
S12  S22  S26 
^16  ^26  ^66 


O 

o 

o 


11 


22 


12 


• That  is,  a set  of  overall  plate  coefficients  of  thermal  expansion  are 
defined  to  make  the  construction  of  the  equations  parallel 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• The  overall  plate  coefficients  of  thermal  expansion  are  defined  as 


AAA 

J-I11  ”16 

AAA 

J-I12  «22  ”26 

AAA 

”16  ”26  ”66 


AAA 

”11  ” 12  ” 16 


AAA 

”12  ”22  ”26 


AAA 

” 16  ”26  ”66 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  Qee 


«11 

0.22 

2tti2 


dx3 


SO  that  the  two-dimensional  constitutive  equation  is  given  by 


N22 


AAA 

”11  ”12  ”16 

i 

f £11  "1 

' a,,  ] 

1 

(D 

CM 

< 

CM 

CM 

< 

CM 

< 

J 

] 1 

1 

CM 

CM 

CU 

O22 

(T-TJ 

AAA 

” 16  ”26  ”66 

1' 

(2e,2j 

CM 

CM 

1 

or 


AAA 

”11  ”12  ”16 

AAA 

”12  ”22  ”26 

AAA 

”16  ”26  ”66 


«11  ] 

>(T-T,„) 

2gi^2  j 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• For  convenience,  let 


AAA 

AAA 

12  22  ”26 

AAA 

”16  ”26  ”66 


311  3-12  ®16 

312  ^22  ®26 
®16  ®26  ®66 


SO  that 


• The  subscripted  a terms  are  plate  compliances  that  are  given  by 


^ (A22A 

^66  ■ 

- A^e) 

«11  — 1 

1 A| 

f A A - 

I”12”26 

^16^  22) 

*^16  ~ 1 

1 A| 

(A  A - 

^ l”l6”26 

^12^  66) 

*^12  ~ 1 

1 A| 

where 


A I — (A-|.|A22  A-i2)Agg  A-iiAgg  A22A-|g  + SA-igA-igA 


26 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 

• Once  a given  boundary-value  problem  is  soived,  the  strain  fieids 

£ii(Xi,x2)  ^ e22(Xi,x2)  ^ are  known 


• The  stresses  at  any  point  of  the  body  are  found  by  substituting  the 
strain  fieids  and  the  coordinates  of  the  given  point  into 


0^11 
\ CJ22 

iori2 


Q1I  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  Qee 


• The  other  strains  are  given  by 


'33 


2£ 

2£ 


23 


13 


^13  ^23  ^3 

0 0 0 

0 0 0 


a 


33 


0 HT-TJ 


which  reduce  to 


2^23  — ^^13  — ® and  £33  S-13O11  + S23O22  S3g0^2  + Cl33(T  T^ef) 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 

• Now  consider  a transformation  of  coordinates  that  corresponds  to  a 
dextrai  rotation  about  the  X3  axis 


• The  stress-transformation  law  for  a state  of  piane  stress  has  been 
given  by 


{2'}  = [T„(e.)]{2} 


where 


, and 


[T„(e.)]  s 


COS^03 

■ 

sin  03 

2sin03cos03 

■ 

Sin  03 

COS^03 

- 2sin03cos03 

- sin03cos03 

sin03cos03 

cos^03  - sin^03 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• Integrating  the  stress  transformation  law  over  the  plate  thickness  yields 


the  transformation  law 


{N')  = [T,(e.)]{N>, 


where 


• Likewise,  the  previousiy  derived  strain-transformation  iaw  for  a 
state  of  piane  stress  and  a dextrai  rotation  about  the  X3  axis  is  given  by 


{E'j 

l = [ 

T,(e3)]{E} 

where  \ 

[E'l 

[2Zi 

, \ 

[E>-i 

i£:j 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


and 


COS  ^03 

■ 

sin  03 

sin03cos03 

■ 

Sin  03 

cos  ^03 

- sin03cos03 

- 2sin03cos03 

2sin03cos03 

cos^03  - sin^03 

and 


remains  unchanged  for  thin,  nonhomogeneous  piate 


AAA 

o 

II 

Ql1  Qi2  Qi6 

• For  convenience,  iet 

> 

II 

AAA 

«12  «22  ”26 

AAA 

16  «26  ”66 

and 

Qi2  Q22  Q26 
Qi6  Q26  ^66 

such  that 


524 


CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


AAA 

Qi  r Qi  2'  Qi'6' 

• Similarly,  let 

[A']. 

AAA 

AAA 

”1'6'  ”2'6'  ”6'6' 

and 

[Q']- 

Qi-2-  Q2'2'  Q26' 
Qi  6-  Q26'  Qes' 

such  that 


• The  transformation  laws  that  relate  [A]  and  [A']  are  obtained  by  using 
the  following  plane-stress  transformation  equations 


[Q']  = [TJ[Q][TJ’ 


fQ]  = fT.]'[Q’]ff 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• Integationof  [Q']  = [T„][Q][T„]  and  [Q]  = [Tj  [Q'][Tj  over  the 


plate  thickness  yields 


[A'1  = [TJ[A1[TJ 


and 


rAi  = [Tj‘rA'i[Tj 


• From 


[A]  = f 7 [Q]  dx, 

'’z 

, it  foiiows  that 

> 

1 

II 

2 

• Noting  that 


^11  ^12  ^16 

- 1 

[S]  = 

^11  ^12  ^16 

^ ^-1 

[a]  = 

^12  ^22  ^26 
^16  ^26  ^66 

-[A] 

and 

Si2  S22  S26 
^16  ^26  ^66 

-[Q] 

it  foiiows  that 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


^1'2'  ^1'6' 

Si'i'  Si-2'  S^.g. 

- 1 

• Similarly  [a'j  = 

a 1-2'  32-2'  32-6' 

III 

I 

II 

s s s 

'^2'2'  '^2'6' 

-[Q'] 

3 1-6'  32'0'  3g,g, 

S^.g,  S2-6'  Sg-g, 

and  [a']  = r [S']  dxj 


• The  transformation  laws  that  relate  [a]  and  [a']  are  obtained  by  using 
the  following  plane-stress  transformation  equations 


[S]  = [TJ'[S'][TJ 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


Integration  of  [S']  = [Tj[S][Tj  and  [S]  = [T^]  [S'][T„]  over  the 


plate  thickness  yields  = [Tj[a][Tj  and  |[a]  = [T^]  [a'][T^] 


Now  consider  the  thermal  moduli  of  the  plate  given  by 


Ql1  Qi2  Qi6 
Qi2  Q22  Q26 
Qi6  Q26  Qee 


«11 

C122 

2(x^2 


dx3 


Q1I  Qi2  Qi6 

[ I 

• Noting  that  ^ 

P22 

; _ _ 

Qi2  Q22  Q26 

{ tt22  ) for  plane  stress,  it 

ip-J 

Qi6  Q26  Qee 

i 2tti2  j 

follows  that 


(g)=/.  (' 

2 

3}  dx. 

and  that  |P'| 

¥}  dXj 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


The  transformation  laws  that  relate  |P}  and  are  obtained  by 
using  the  following  plane-stress  transformation  equations 


(^')=  TJ(^) 


(;3>  = [T.]  m 


• Integration  of  these  equations  over  the  plate  thickness  yields 


and 


• Next,  recall  that  the  overall  plate  coefficients  of  thermal  expansion 
have  been  given  by 


ail  ®i2 
®12  ®22 
®16  ®26 


ai6 

a 26 
a 66 


^ 11 

P 

• oo 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• It  follows  logically  that 


• Substituting  [a']  = [Tj[a][Tj"  and  (P'}  = [Tj{p}  into  {&'}  = [a'](P') 
gives  {&■}  = [Tj[a][Tj'[Tj(p) 


Next,  using  [Tj  =[Tj  gives  {«'}  = [Tj[a](P} 


Then  using  («}  = [a]{P}  gives  the  result 


{«'}  = T (a) 


[TJ  ' = [T„f 

gives 

{«}  = 

[Tj'(a> 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONTINUED 


• In  summary: 


[A1  = [T„l[AlfT„l 

T 

[Al  = [T.l’[A1fT.l 

[a]  = [T.][a][T.] 

[al  = [Tj-[a'l[Tj 

• Comparing  these  equations  with  those  of  the  plane  stress  case  reveals 
that  the  specific  transformation  equations  can  be  obtained  from  those 
given  previously  for  plane  stress  as  follows 
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CONSTITUTIVE  EQUATIONS  FOR  INPLANE 
DEFORMATIONS  OF  THIN  PLATES  - CONCLUDED 

• For  plane  stress,  [Q-]  = [TJ[Q][TJ  , with  m = COS03  and 
n = sin03 , gave 

Qyy  = + 2m^n^(Qi2  + 2Q6e)  + 4mn(m^Qi6  + n^Q2e)  + 0^^022 

• Thus,  by  similarity,  [A']  = [TJ[A][T„]  gives 

Ayy  = + 2m^n^(Ai2  + 2A6e)  + 4mn(m^Ai6  + n^A2e)  + n'‘A22 

• The  other  transformation  equations  are  obtained  in  a similar  manner 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 


• When,  analyzing  solids  that  are  relatively  prismatic  and  slender, 
simplifying  assumptions  are  made  about  the  strain  state  to  facilitate 
anaiyticai  soiution  of  practicai  probiems 

• One  such  assumption  is  that  the  strains  in  a 
siender,  prismatic  body,  that  distort  the  cross- 
sectionai  pianes,  are  negiigibie  compared  to 
the  other  strains 

• This  simpiification  is  commoniy  referred  to  as 
the  generalized  plane-strain  assumption 


• For  a state  of  generalized  plane  strain  in  a 
homogeneous,  anisotropic  soiid,  with  respect  to 
the  - X2  piane,  the  strain  fieid  is  approximated 

such  that  £33  - «33(t  - = e and  2833  = 28,3  = 0 , 

where  8 is  a constant 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• For  this  special  case,  the  general  constitutive  equation 


( Cf..  \ 

^11  ^12  ^13  ^14  ^15  ^16 

f 

I E \ 

*'11 

1 I 

- c\ 

- CM 

I D 

^12  ^22  ^23  ^24  ^25  ^26 

E22 

O22 

^33 

^ _ 

^13  ^23  ^33  ^34  ^35  ^36 

J 

£33 

V _ y 

C^33 

CO 

CM 

D 

^ ” 

^14  ^24  ^34  ^44  ^45  ^46 

\ 

\ 

2f 

^^23 

2a23 

^13 

^15  C25  C35  C45  C55  C56 

2^13 

2ai, 

V ^12  y 

^16  ^26  ^36  ^46  ^56  ^66 

V 

V ^^12  y 

V ^®i2  y 

(T-Te.) 


uncouples  directly  into 


and 


^13  ^23  ^36 
^14  ^24  ^46 
^15  C25  C56 


a 


11 


0.22 

2a 


12 


(T-Tj|  + 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 

• This  equation  is  manipulated  further  by  defining  thermal  moduli 


Pii 

P22 

P12 


^11  ^12  ^16 

C12  C22  c 


26 


^16  ^26  ^66 


«11 

a.22 

2a 


12 


and 


P33 

P23 

Pl3 


^13  ^23  ^36 
^14  ^24  C 


46 


^15  ^25  ^56 


a 


11 


tt22 

2a 


12 


such  that 


{ 022 
iOi2 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


P11 

P 22  I (^  ~ Tef)  ^ 

P12 


and 


O33 
{ O23 
iOi3 


^13  ^23  ^36 
^14  ^24  ^46 


P33 

P 23  / (^  ~ Tef)  ^ 

Pl3 


• Note  that  the  stiffness  coefficients  are  obtained  by  inverting  the  fuiiy 
populated  compliance  matrix  - a nontriviai  task 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• Simplification  of  the  following  general  constitutive  equation  is  not  as 
easy 


'11 


'22 


'33 


2e 
2e 

V ^^12  J 


23 


13 


S„ 

s„ 

s„ 

s„ 

S,e 

S„ 

S22 

^23 

S24 

s.. 

^26 

S,3 

^23 

^33 

S34 

Sas 

^36 

S,4 

S24 

S34 

S44 

84s 

^46 

S,s 

S.s 

Sss 

S4S 

Sas 

Sse 

S,e 

^26 

^36 

^46 

Sae 

^66 

/ Oii^ 

[ ctii  ] 

CM 

CM 

D 

CM 

CM 

CO 

CO 

D 

V + / 

®33 

CO 

CM 

D 

2ct23 

^13 

CO 

CM 

CM 

D 

^ 2cc^2  j 

(t-TJ 


• First,  the  equation  given  above  is  expressed  as 


f f 


8 \ 

*'11 

f ctii  ] 

E22 

0.22 

E33 

V _ y 

C^33 

2E23 

f \ 

2(X23 

2^13 

CO 

CM 

CM 

T“ 

CM 

CM 

CM 

(T- 


T.e,)  ^ 


f 


^11  ^12  ^13  ^14  ^15  ^16 

Si2  S22  S23  S24  S25  S26 

^13  ^23  ^33  ^34  ^35  ^36 
Si4  S24  S34  S44  S45  S46 

^15  ^25  ^35  ^45  ^55  ^56 
^16  ^26  ^36  ^46  ^56  ^66 


I tJll  ^ 


a 

o 

o 

o 

o 


22 


33 


23 


13 


12  ) 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• Then,  elimination  of  the  transverse-shearing  strains  gives 


T„,)  ^ 


^11  ^12  ^13  ^14  ^15  ^16 

Si2  S22  S23  S24  S25  S26 

^13  ^23  ^33  ^34  ^35  ^36 
Si4  S24  S34  S44  S45  S46 

^15  ^25  ^35  ^45  ^55  ^56 
^16  ^26  ^36  ^46  ^56  ^66 


I o,,  \ 


o 

o 

o 

o 


22 


33 


23 


13 


12  y 


• Rearranging  the  rows  and  columns  into  a convenient  form  gives 


f 

( I 

y 

E22 

/ 

2Ei2 

\ 

\ 

^33 

/ “ \ 

0 

V 

0 i 

V 

A 

s„ 

S,3 

S,e 

8,3 

8,4 

8,3 

S22 

^26 

^23 

S24 

833 

T 

\ _ 

S,e 

^26 

^66 

^36 

^46 

833 

' refj 

f " 

S,3 

^23 

^36 

S33 

S34 

833 

S,4 

S24 

843 

S34 

S44 

843 

y 

S,3 

S33 

833 

833 

843 

833 

O22 

y ^12  V 

\ «33  I 
^23 

V ^13 


537 


CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 

• For  convenience,  let  the  mechanical  strains  be  denoted  by 


• Using  £33  - «33(t  - T,ef)  = e , the  previous  matrix  constitutive  equation 
becomes 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• Next,  the  matrix  constitutive  equation 


11  \ 


^11 

a 

E22 


28 


o 

12 


8 

0 

I 0 I 


S„ 

S,3 

S,e 

S,3 

S,4 

S,3 

S„ 

S22 

^26 

^23 

S24 

S33 

S,e 

^26 

^66 

^36 

^46 

833 

S,3 

^23 

^36 

^33 

S34 

S33 

S,4 

S24 

^46 

S34 

S44 

S43 

S,3 

S25 

Sse 

S35 

S45 

S33 

f 

0,, 

A 

O22 

CM 

D 

V 

\ 

^33 

/ 

^23 

[ 

^13 

y 

is  separated  to  get 


^11  ^12  ^16 

S12  S22  s 


26 


^16  ^26  ^66 


a 

a 

a 


11 


22 


12 


^13  ^14  ^15 
^23  ^24  ^25 
^36  ^46  ^56 


and 


^13  ^23  ^36 


^14  ^24  ^46 
^15  ^25  ^56 


^33  ^34  ^35 

534  S44  S45 

535  S45  S55 


0^33 
0^23  ) 

0,3) 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• Solving  the  previous  equation  with  ^ for  ^33J  ^23J  and  Qi3  gives 


I ^33 
A ^23 


533  S34  S35 

534  S44  S45 

535  S45  S55 


^33  ^34  ^35 

^13  ^23  ^36 

I 

f 0,,  I 

S34  S44  S45 

^14  ^24  ^46 

J 

I 

I ^22  / 

S35  S45  S55 

^15  ^25  ^56 

I 

CM 

D 

• Back  substitution  of  the  vector  containing  ^^33?  c^23»  and  0^3  into 


^11  S12  S-16 
S12  S22  S26 
^16  ^26  ^66 


1 0^11 1 

I 

^13  ^14  ^15 

Q 

N) 

to 

^23  ^24  ^25 

V ^12  j 

I 

^36  ^46  ^56 

yields  the  result 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• The  matrix  with  the  subscripted  d terms  is  given  by 


^11  ^12  ^16 

^11  ^12  ^16 

^13  ^14  ^15 

S33  ^34  S35 

- 1 

^13  ^23  ^36 

^12  ^22  ^26 

Si2  S22  S26 

— 

^23  ^24  ^25 

S34  S44  S45 

Si4  S24  840 

^16  ^26  ^66 

^16  ^26  ^66 

^36  ^46  ^56 

S35  S45  S55 

^15  ^25  ^56 

• The  vector  with  the  subscripted  s terms  is  given  by 


- 1 

^13  ^14  ^15 

^33  ^34  S35 

^23  ^24  ^25 

S34  S44  S45 

^36  ^46  ^56 

S35  S45  S55 

lo  j 

• Next,  expressing  the  mechanical  strains  in  terms  of  the  total  strains  and 
the  strains  caused  by  free  thermal  expansion  results  in 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


«11 

^22  /(T  — T^ef) 
2ct-i2  j 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• Thus,  the  constitutive  equations  for  generalized  plane  strain,  in  terms 
of  compliance  coefficients  and  thermal-expansion  coefficients,  become 


where 


^11  ^12  ^16 

^11  ^12  ^16 

^13  ^14  ^15 

S33  S34  S35 

- 1 

^13  ^23  ^36 

di2  ^22  ^26 

= 

^12  ^22  ^26 

— 

^23  ^24  ^25 

S34  S44  S45 

S-14  S24  S46 

^16  ^26  ^66 

^16  ^26  ^66 

^36  ^46  ^56 

S35  S45  S55 

^15  ^25  ^56 

and 


^13  ^14  ^15 
^23  ^24  ^25 
^36  ^46  ^56 


^33  ^34  ^35 

534  S44  S45 

535  S45  S55 


• The  ^jj  are  called  the  reduced  compliance  coefficients 

• When  8 = 0,  the  state  of  strain  reduces  to  that  known  simply  as  plane 
strain 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• Once  a given  generalized-plane-strain  or  regular-plane-strain  boundary- 
value  problem  is  solved  by  using  the  following  equation,  the  stresses 
and  strains  in  the  following  equation  are  known 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


«11 

0.22 

2a 


12 


(T  - + 


• The  other  stresses  are  then  given  by 


^33  ^34  ^35 

534  S44  S45 

535  S45  S55 


^33  ^34  ^35 

I 

^13  ^23  ^36 

S34  S44  S45 

Si4  S24  S46 

S35  S45  S55 

^15  ^25  ^56 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• The  relationship  between  the  reduced  compliances  and  the  stiffnesses 
is  obtained  by  first  considering  the  equation 


1 0^11 
{ 022 


C11  C12  C16 
^12  ^22  ^26 
^16  ^26  ^66 


(T  - T,, 


f 


• inverting  gives 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


cTii  I 

O22  / + 

0,2  j 


«11 

^22  “ Tef)  “ 

2cx^2  j 


^11  ^12  ^16 
C12  C22  C26 
^16  ^26  ^66 


544 


CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• Comparing 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


O22 

<Ji2 


«11 

^22  ~ Tef)  “ 

2cx^2  j 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


with 


'11 


'22 


2e 


12 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


a 

a 

a 


11 


22 


12 


a 

a 


11 


22 


2a 


12 


is,, 

("^  ~ Tef)  ■*■  A ^22 


indicates  that 


<^11  <^12  <^16 

C11  C12  C16 

(0 

CM 

CM 

CM 

CM 

= 

^12  ^22  ^26 

^16  ^26  ^66 

^16  ^26  ^66 

and 


J'’L 

^22  ( ~ 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


13 


'23 


'36 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 

• For  a material  that  is  monoclinic  in  the  plane  of  the  cross-section 
Xj  = Ooi\\\e  body,  the  generalized-plane-strain XhermaX  moduli  reduce 
to 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


a 

a 


11 


22 


2a 


12 


and 


^13  ^23  ^36 

0 0 0 

0 0 0 


a 

a 


11 


22 


2a 


12 


• The  generalized-plane-strain  consXWuXvMe  equations  become 


^11  ^12  ^16 
^12  ^22  ^26 


^16  ^26  ^66 


Ell  1 

, I 

fPn] 

, I 

C,3 

E ’ 

*^22  , 

+ 

(T-TJ  + 

C33 

to 

to 

1 

IPtJ 

1 

c. 

and 


GT33 
{ OT23 

iofi3 


^13  ^23  ^36 

0 0 0 

0 0 0 


8ii  "I  I P 33  I 

^22  [ + \ 0 H"*"  “ 

2^12  j 0 j 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• The  last  equation  is  reduced  further  to  give  ^^23  = 0^3  = 0 and 

O33  — — Ct^i^T  — T^ef))  ^ ^23(^22  ~ ®^22(T  — T^ef))  ^ 2C3g^£i2  “ *^12(T  — Tfgfj  j + C3g£ 


• Likewise,  for  a material  that  is  monocUnIc  in  the  plane  of  the  cross- 
section  o\  the  body, 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


S„ 

S,. 

S,e' 

s„ 

0 

0 

^33 

0 

0 

- 1 

Si3 

^23 

^36 

S,. 

S22 

^26 

— 

^23 

0 

0 

0 

S44 

S« 

0 

0 

0 

S,. 

^26 

^66 

^36 

0 

0 

0 

S45 

0 

0 

0 

which  simplifies  to 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


s 

s 


12 


16 


S13S13 


"^33  / 

S13S23 
S33  J 
S13S36 


'33 


S.2- 


S22  “ 


^26  “ 


s s 

^13^23 


*^33  / 

S23S23  ^ 


^^33 

s s 

^23^36 


’33  / 


S,e- 


S13S36 


'33 


^26  “ 


S23S36 


'33 


^66 


S36S36 


'33 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 

• Similarly, 

f S’-,-!  ^ S^4  S-15  S33  S34  S35  ^ A 

I •S’22  / = S23  S24  S25  S34  S44  S45  I 0 > simplifies  to 

V *^12  j S36  S46  S56  S35  S45  S55  ® 

(s  s s 

\ S22  } — S23  0 0 0 S44  S45  'I  0 / or  \ -^11  ^22  -^12  / ” ) 5 5 5 ( 

[s,J  [S3e  0 0 Jl  0 


• The  other  stresses  are  then  given  by 

^33  0 0 \ S33  0 0 Si3  S23  S36  f \ 

0 S44  S45  s 0 / - 0 S44  S45  0 0 0 022  / 

0 [ 0 [ 0 0 0 J W-i 

which  reduce  to  033  = ^[e  - 813011  - S23O22  - S36O12]  and  ^^23  = Oi3  = 0 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• For  a specially  orthotropic  material,  the  generalized-plane-strain 
thermal  moduli  reduce  to 


^11  ^12  0 
Ci2  C22  0 

0 0 Cee 


and 


33 


^13  ^23 


0 

0 


• The  generalized-plane-strain  constitutive  equations  become 


^11  ^12  0 
C12  C22  0 

0 0 Cee 


E11  I 

I I 

[Pn] 

I 

C,3 

*^22  I 

H 

I 

H 

<D 

+ 

cj. 

2Ei2  j 

' I 

i 0 I 

I 

0 I 

and 


^13  ^23  0 

0 0 0 
0 0 0 


P 33  I 

0 (T-TJ  + 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• The  last  equation  is  reduced  further  to  give  ^23  = 0^3  = 0 and 

O33  = Ci3^£ii  — Ct-|-|(T  — T^ef))  ^ ^23(^22  ~ *^22(T  — Tfgf)  j + 0338 

• In  terms  of  engineering  constants, 

^11  ~ ~ ^23  ^32)  ^22  ~ ~ ^31)  ^33  ^ ("I  ~ ^12  ^21) 

^12  “ ^^(^21  ^ ^23  ^31)  “ ^^(^12  ^13  ^32)  ^66  “ ^12 

Ci3  = + V21  V32)  = ^(Vi3  + V12  V23) 

C23  = " ^(^^23  + Vi3  V21) 

where  a = 1 - v^2  V21  - V23  V32  - v^a  V31  - V32  v^a 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• The  nonzero  thermal  moduli  are  expressed  as 


B - 

(1  - V23  V32)aii  + (V21  + V23  V3,)a22] 

I 

P 11  - 

1 - V 

12  V2,  - V23  V32  - v,3  V3,  - 2V2,  V32  V,3 

B - 

[v,2  + v,3  V32)a„  + (1  - v,3  V3,)a33] 

I 

P 22  — 

1 - V 

12  V2,  - V23  V32  - v,3  V3,  - 2V3,  V32  V,3 

(V31  + V21  V32)aii  + (V23  + Vi3  V2i)a22] 

I 

M 33  “ 

V V — V V — V V — 2 V V V 

'^12  '^21  '^23  '^32  '^13  ^^31  ^'^21  '^32  ^ 

13 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• Similarly,  for  a specially  orthotropic  material,  the  generalized-plane- 
constitutive  matrix  becomes 


<^11  <^12  <^16 

^12  ^22  ^26 
^16  ^26  ^66 


S„ 

S„ 

0 

S„ 

0 

0 

^33 

0 

0 

- 1 

S.3 

^23 

0 

S„ 

S22 

0 

— 

^23 

0 

0 

0 

S44 

0 

0 

0 

0 

0 

0 

^66 

0 

0 

0 

0 

0 

Sss 

0 

0 

0 

which  simplifies  to 


<»„  0,2  0 
0,2<»22  0 
0 0 <»66 


s s 

8^13^13 
11  ^ 


s s \ 

8^13^23 
12  ^ 


V 


<^33 


V 


S— '13^23 

12  Q 

Wi 


"^33  / 

s s 

8^23^23 
22 


'33 


V 


'33 


0 


0 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• Also 


• Similarly, 


^11 

^12 

0 

c„ 

C,. 

0 

- 1 

<^12 

CNJ 

CM 

0 

— 

c,. 

C22 

0 

0 

0 

^66 

0 

0 

^66 

^13  ^14  ^15 
^23  ^24  ^25 
^36  ^46  ^56 


533  S34  S35 

534  S44  S45 

535  S45  S55 


simplifies  to 


Si3  0 0 

S33  0 0 

0 0 0 


- 1 

S33 

0 

0 

0 

S44 

0 

7 n V 

0 

0 

Ssa 

loj 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 

• Finally,  the  generalized-plane-strain  constitutive  equations  for  a 
specially  orthotropic  material  become 


^11  ^12  ® 
^12  ^22  ® 

0 0 ^66 


f CTii  1 1 

[ ctii  'I 

I I 

+ 

CM 

CM 

D 

«22  - 

(T-TJ  + 

S^] 

1 ^12  J ' 

I 0 j 

' I 

0 i 

dii  0 

^12  ^22  ® 

0 0 ^66 


s s 

8^13^13 
11  “ - 


V "^33 

s s 

Q ^13^23 

-Q 

^33 


^13^23 


^^33 

e ^23^23 

^22  ^ 

^33 


0 


0 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONTINUED 


• The  matrix  equation  for  the  other  stresses  becomes 

^33  0 0 f ^ S33  0 0 Si3  S23  0 

0 S44  0 0 - 0 S44  0 0 0 0 

0 0 S5J  [00  S5J  [000 

which  reduces  to  033  = ^[e  - 8,30,,  - 833022  ] and  = 0,3  = 0 
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CONSTITUTIVE  EQUATIONS  FOR  PLANE  STRAIN 

CONCLUDED 

• In  terms  of  the  engineering  constants,  the  reduced  compliance 
coefficients  and  are  given  by 


^12  = 


(Vl2  + V13V32)  _ _ (V21  + V23V31) 

E,  E, 


- V23V32 

E. 


• Similarly, 


and 


O33  — E3E  + V3-1O11  + V320f22 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRAIN 


• The  two  primary  constitutive  equations  of  generaiized  piane  strain  are 
given  by 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


Pl1 

P 22  / ( T — Tfgf ) + 

P 12  j 


and 


^11  ^12  ^16 
^12  ^22  ^26 
^16  ^26  ^66 


ctii  I 

<^22  ^(T  — T^ef) 

2oi^2  j 


• To  obtain  transformation  equations  for  the  constitutive  terms  appearing 
in  these  equations,  transformation  equations  that  reiate 


are  needed 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRAIN  - CONTINUED 


• Likewise  transformation  equations  that  reiate 


are  needed 


• Consider  the  dextrai  (right-handed)  rotation  of  coordinate  frames 
shown  in  the  figure 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRAIN  - CONTINUED 


• Previously,  the  matrix  form  of  the  stress-transformation  law  for  this 
specific  transformation  was  given  as 


f Orr 

y CF3.3.  _ 

\ 03.3,  f ~ 
Ors 
V ^12  1 

COS  ^03 

■ 

sin  03 

0 

0 

0 

2sin03cos03 

I 

O22  I 

y ^33  V 

^23 

^13 

V ^12  I 

sin^03 

COS^03 

0 

0 

0 

- 2sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

- sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- sin03cos03 

sin03cos03 

0 

0 

0 

cos ^03  - sin^03 

• By  inspection,  it  follows  that 


1 1"  \ - 
i o,..  1 

COS^03 

sin  03 

2sin03cos03 

\ ^22  ( 

sin  63 

cos  ^03 

- 2sin03cos03 

- sin03cos03 

sin03cos03 

cos ^03  - sin^03 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRAIN  - CONTINUED 


• Thus,  the  stress-transformation  law  for  a state  of  generalized  plane 
strain  and  a dextral  rotation  about  the  X3  axis  is  identical  to  that  for  the 
corresponding  plane-stress  case  and  is  given  by 


[T„(8.)]{2> 


where 


[T,(e,)]  s 


COS  ^03 

■ 

sin  03 

2sin03cos03 

■ 

Sin  03 

cos  ^03 

- 2sin03cos03 

- sin03cos03 

sin03cos03 

cos ^03  - sin^03 

Likewise,  the  inverse  is  given  by 


where 


[T„(e.)]'  = [T„(-e.)]  = 

COS^03 

■ 

sin  03 

- 2sin03cos03 

■ 

Sin  03 

cos  ^03 

2sin03cos03 

sin03cos03 

- sin03cos03 

cos ^03  - sin^03 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRAIN  - CONTINUED 


• Previously,  the  matrix  form  of  the  strain-transformation  law  for  this 
specific  transformation  was  given  as 


f £ ^ 


E22' 


y 


V 


'3'3' 

\ 2e„,  I 

281,3. 

\ J 


cos"03 

sin'03 

0 

0 

0 

sin03cos03 

sin"03 

cos'03 

0 

0 

0 

- sin03cos03 

0 

0 

1 

0 

0 

0 

0 

0 

0 

COS03 

-sin03 

0 

0 

0 

0 

sin03 

COS03 

0 

- 2sin03cos03 

2sin03cos03 

0 

0 

0 

cos"03  - sin"03 

( £ ^ 
*'11 


'22 


'33  V 


28 
28 

V 28i2  j 


23 


13 


• Inspection  of  this  matrix  equation  reveals 


Err 

E2'2’ 

2Ei2 


cos''03  sin^03  sin03cos03 

{ Eli 

sin^03  cos^03  -sin03cos03 

j e 
\ ^22 

-2sin03cos03  2sin03cos03  cos^03  - sin^ 

(2Ei2 
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STRESS  AND  STRAIN  TRANSFORMATION  EQUATIONS 

FOR  PLANE  STRAIN  - CONCLUDED 


• The  last  matrix  equation  is  expressed  symbolically  by 


{E'>  = [T.(e.)]{E} 


where 


[T.(e,)]  = 

COS^03 

■ 

Sin  03 

sin03cos03 

■ 

Sin  03 

COS  ^03 

- sin03cos03 

- 2sin03cos03 

2sin03cos03 

cos^03  - sin^03 

• Similarly,  the  matrix  form  of  the  inverse  is  given  by 

{E}  = [T.(0.)] '{E'} 


562 


TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRAIN 


• In  terms  of  another  set  of  coordinates  (x^,,  x^.,  X3,)  that  correspond  to  a 
dextral  rotation  about  the  X3  axis,  the  constitutive  equations  must  also 
have  the  forms  given  as 


rr 

2'2' 

1'2' 


c,.,.  c 

c„  c 
c„.  c 


I 

[ P rr  ^ 

, I 

fc,.] 

I 

P 2'2'  I 

[(T-Tj  + j 

C.3. 

L 

I 

^ P ^'2'  ) 

, Cg.g.  j 

and 


( ^rr 

y p 

\ C2'2' 

V — 

(2e,,2J 

dyy  ^1'6' 


^2'2'  ^2'6' 
^1'6'  ^2'6'  ^6'6' 


Ol-I- 


OLyy 


^1-1' 


^2'2'  ( \ Ct2'2'  Tef)  A *^2'2'  / ^ 

1 2gI^,2'  I 1 •^1'2'  I 


^1'2' 


P rr  I 

P 2'2’  / — 
P 1'2’  j 


Qi-2  Ci 

Cr2'  C22  C 


'6' 

2'6' 


Cr6'  ^2-0'  Cg,g, 


ayy 

a.2’2' 

2a.y2 


dtrr  ^i'2'  ^i'6' 
^1'2'  ^2'2'  ^2'6' 


^1'6'  ^2'6'  ^6'6' 


Crr  Ci-2'  OyQ. 

Cr2'  ^22'  C2’0' 

^1'6'  ^2'6'  ^6'6' 


1-1 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRAIN  - CONTINUED 


and 


ccc 

'^1'2' 

- 1 

C„3. 

Ci  2'  C22'  ^2-6' 

] 

c„. 

^1'6'  ^2'6'  ^6'6' 

C,,,, 

• For  convenience,  let 

<^11  <^12  <^16 
^12  ^22  ^26 
^16  ^26  ^66 


^11  ^12  ^16 

[C]  = 

^12  ^22  ^26 

{C}=  C. 

^16  ^26  ^66 

V ^36  j 

such  that  the  corresponding  constitutive  equations  are  given  by 
(E}  = + (a}0+  (S}e  and  {2}  = [C](E}  + (;§)©+  {C}e 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRAIN  - CONTINUED 


• Additionally,  let 


^1'1'  ^1'2'  ^1'6' 

Ci-1,  C^-2'  ^1'6' 

I 

W]  = 

^1'2'  ^2'2'  ^2'6' 

[C']  = 

Ci-2'  C22'  C2'6' 

m = 

^1'6'  ^2’6'  ^6'6' 

C^-g.  C2'6'  Cg.g. 

I 

such  that  the  corresponding  constitutive  equations  are  given  by 

{E'}  = [d']{r}  + {a'}0+{S'}e  and 

{E'}  = [C']{E')  + (y8'}0+  {C'}e 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRAIN  - CONTINUED 

• Substituting  {2}  = [T„]  {2'}  and  {E}  = [T^]  {E'}  into 
{2}  = [C](E} + (;§)©+ {C}e  gives 

[TJ  ’{2'}  = [C][TJ  ’{E'}  + (j§}0+  {C}e 


• Premultiplying  by  [Tj  gives 

(2'}  = [TJ[C][TJ  ’(E'}  + [TJ{^}0+  [Tj(C}e 

• Comparing  this  equation  with  {2'}  = [C']{E'}  + {/3'}0+  {C'}e  it 
follows  that 


[C']  = [TJ[C][TJ 

J 

()§'}  = [T„](y§) 

, and 

{C'}  = [TJ{C} 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRAIN  - CONTINUED 

• Rearranging  [C']  = [T„][C][TJ  gives  [C]  = [T„]  [C'][TJ 

• Likewise,  {^}  = [Tj  and  {C}  = [T„]  {C} 

• Next,  substituting  {2}  = [T„]  {E'}  and  {E}  = [T^]  {E'}  into 
{E}  = j(E}  + {a}0+  {S}f-  gives 

[TJ’(E'}  = [^][TJ’{E'}  + {a}0+  (S}e 

• Premultiplying  by  [Tj  gives 

{E'}  = [Tj[tf][Tj’{E'}  + [Tj{a}0+  [Tj{s}e 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRAIN  - CONTINUED 


• Comparing  the  last  equation  with  {E'}  - + {a'}0+  (S'}e 

reveals  that 

W]  = [Te][<r][Tj  ’ , {«'}  = [Tj(a}  , and  {S'}  = [Tj{S} 

• Rearranging  [^  ] = [Te][tf][T„]  gives  [<]  = [T,]’[i'][TJ 

• In  addition,  {cr}  = [Tj  {a'}  and  {S’}  = [Tj  (S') 


568 


TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRAIN  - CONTINUED 


• Noting  that  for  a dextral  rotation  about  the  Xj  axis, 

[Tj  = [T„]  and  [T„]  = [Tj  it  foiiows  that 


kl  = [T.]f.,l[T.]' 

= [T„]  \^'][T^o] 

[ei  = [Tj[ci[Tj'  1 

fCl  = [T.l'[el[T.l 

{«'}  = [Tj{a} 

{a}  = [Tj  (a'} 

{C'}  = [TJ{C} 

{C}  = [TJ'{C'} 

{s’}  = [Tj{s) 

{s}  = [Tj'{s'} 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRAIN  - CONTINUED 

with 


[Tje.l]  = 

COS^03 

■ 

Sin  03 

2sin03cos03 

■ 

Sin  03 

COS^03 

- 2sin03cos03 

- sin03cos03 

sin03cos03 

cos^03  - sin^03 

and 


[T.(e.)]  ^ 

COS^03 

■ 

sin  03 

sin03cos03 

■ 

Sin  03 

cos  ^03 

- sin03cos03 

- 2sin03cos03 

2sin03cos03 

cos^03  - sin^03 

• Comparing  these  equations  with  those  of  the  piane  stress  case  reveais 
that  the  specific  transformation  equations  can  be  obtained  from  those 
given  previousiy  for  piane  stress  as  foiiows 
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TRANSFORMED  CONSTITUTIVE  EQUATIONS  FOR 

PLANE  STRAIN  - CONCLUDED 


• For  plane  stress,  [Q-]  = [TJ[Q][TJ  , with  m = COS03  and 
n = sin03 , gave 

Qyy  = + 2m^n^(Qi2  + 2Q6e)  + 4mn(m^Qi6  + n^Q2e)  + 0^^022 

• Thus,  by  similarity,  [C"]  = [T^j][C][T^j]  gives 

Cl  1-  = + 2m^n^(Ci2  + SCge)  + 4mn(m^Ci6  + n^C26)  + n'‘C22 

• The  Other  transformation  equations  are  obtained  in  a similar  manner 
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LINES  AND  CURVES  OF  MATERIAL  SYMMETRY 


• Up  to  this  point  of  the  present  study,  a locai  view  of  materiai  symmetry 
at  a specific  point  P of  a materiai  body  has  been  examined 

• The  conditions  for  the  existence  of  various  types  of  materiai 
symmetries  have  been  ascertained  by  using  refiective-symmetry 
transformations  based  on  rectanguiar  Cartesian  coordinate  frames  that 
are  iocai  to  the  point  P 

• For  some  homogeneous  materiais,  the  corresponding  pianes  of 
materiai  symmetry  for  every  point  of  the  materiai  body  are  aiigned  such 
that  it  is  possibie  to  define  at  ieast  one  straight  iine  whose  tangent  is 
perpendicuiar  to  each  corresponding  symmetry  piane 

• This  iine  is  caiied  a principal  material  direction 

• When  more  than  one  distinct  iine  connects  sets  of  contiguous  materiai 
points  with  identicai  pianes  of  refiective  symmetry,  more  than  one 
principai  materiai  direction  exists 
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LINES  AND  CURVES  OF  MATERIAL  SYMMETRY 

CONTINUED 


For  example,  a homogeneous  orthotropic  material  possesses  three 
principal  material  directions  that  are  mutually  perpendicular 

One  important  point  illustrated  herein  is  that  the  constitutive  equations 
become  simpler  when  a material  symmetry  plane  exists,  and  that  the 
inherent  simpiicity  becomes  hidden  when  the  constitutive  equations 
are  expressed  in  terms  of  another  rectanguiar  Cartesian  coordinate 
frame  whose  axes  are  oriented  differentiy 

• For  exampie,  one  coordinate  frame  exists  for  a generaiiy 

orthotropic  materiai  in  which  the  constitutive  equations  correspond 
to  a speciaiiy  orthotropic  materiai 

in  addition,  by  defining  a giobai  rectanguiar  Cartesian  coordinate  frame 
with  at  ieast  one  axis  paraiiei  to  a principai  materiai  direction,  the 
simpiicity  of  the  constitutive  equations  can  be  expioited  to  simpiify  the 
corresponding  boundary-vaiue  probiem 


LINES  AND  CURVES  OF  MATERIAL  SYMMETRY 

CONTINUED 


• In  a more  general  scenario,  a contiguous  set  of  material  points  may 
exist  with  a plane  of  elastic  symmetry,  at  a given  point,  that  is 
perpendicular  to  the  tangent  to  a curve,  at  that  point 

• For  this  case,  the  principal  material  direction  follows  a smooth 
curve,  referred  to  herein  as  a material  symmetry  curve 

• For  this  case,  a curvilinear  coordinate  system  can  be  defined  in  which 
one  coordinate  curve  coincides  with  a material  symmetry  curve 

• For  example,  consider  an  orthotropic  material  in  which  the  three 
perpendicular  principal  directions  at  a given  point  of  the  body 
coincide  with  radiai,  circumferentiai,  and  axiai  directions  of  a 
cyiindricai  coordinate  system 

• it  is  important  to  emphasize  that  the  rectanguiar  Cartesian  coordinate 
frames  used  to  define  symmetry  transformations  are  iocai  frames 
associated  with  a materiai  point  and  not  a giobai  coordinate  frame 
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LINES  AND  CURVES  OF  MATERIAL  SYMMETRY 

CONCLUDED 

• Thus,  at  a given  point  of  a materiai  symmetry  curve,  one  shouid 

envision  a iocai  rectanguiar  Cartesian  coordinate  frames  upon  which  aii 
symmetry  conditions  associated  with  that  point  are  deduced 


Curve  of  materiai 
symmetry 


Piane  of  materiai 
symmetry  at  point  P 


Coordinate  curve 


Surface  of 

materiai 

points 


Tangent  vector 
at  point  P 


Piane  of  materiai 
symmetry  at  point  Q 


Tangent  vector 
at  point  Q 


Coordinate  curve 
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